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A. 1. Petrosyan

ON WEIGHTED HARMONIC BERGMAN SPACES

Abstract. This paper is devoted to the investigation of the weighted Bergman har-
monic spaces b5 (B) in the unit ball in R™. The reproducing kernel R, for the ball is
constructed and the integral representation for functions in % (B) by means of this ker-
nel is obtained. Besides an linear mapping between the bZ(B) spaces and the ordinary
L?-space on the unit sphere, which has an explicit form of integral operator along with
its inversion, is established.

Introduction

This paper is devoted to the investigation of the weighted Bergman har-
monic spaces bh(B) in the unit ball in R". In Section 1 we introduce the
spaces bh(B) and prove some preliminary statements. Section 2 is devoted
to the construction of reproducing kernel R,, to the integral representa-
tion of b%,(B) by means of R, (Theorems 1 and 2) and to the orthogonal
projection from LP(B,dV,) to b%(B) (Theorem 3). Section 3 gives an in-
tegral representation of the considered spaces b2(B) over the unit sphere.
This leads to an linear mapping between the b2 (B) spaces and the ordinary
L?-space on the unit sphere, which has an explicit form of integral operator
along with its inversion (Theorems 4 and 5).

1. Bergman spaces
We start by some notation which we use all over the paper.

B ={x € R": |z| < 1} is the open unit ball in R™ and S is its boundary,
i.e. S is the unit sphere in R";

o is the normalized surface-area measure on S, so that o(S) = 1;

H.n(R™) is the set of all complex-valued homogeneous harmonic polynomials
of degree m in R";
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74 A. I Petrosyan

H., (S) is the set of all spherical harmonics of degree m, i.e. the restrictions
of functions from H,,(R™) on the sphere S;

Zm(x,y) is the zonal harmonic of degree m;
P[u] denotes the Poisson integral of wu:
1—|z|?
1) Pl = [P0 do(c). where Pla.0) = o
S
For 1 < p < 400 and —1 < a < +00 the weighted Bergman space bh(B) of
the unit ball is the space of harmonic functions in LP(B, dV,), where
dVa(z) = (1 - \x|2)a dV (z), and dV(z) is the Lebesguae measure.
When u is in LP(B, dV,), we write

il o = |§ 1u(@)]? dVa(a)
B

1/p

The next assertion states the continuity of p-dilatation in bh(B).
PROPOSITION 1. Let u € bh(B) and uy(x) = u(ox). Then |lup — ullpa — 0
as o —1—0.

Proof. Using the expression of the volume element in polar coordinates
2) dV(z) =nV(B)r" tdrdo(C)
(see, for instance, [3]), for any § € (0,1)
3 = ulfe < | lu(ew) — u@)l? dVa(a)
lz|<é

1
+ 220V (B) [ {(lu(er Q)P + u(rOP)do(¢) bt (1 —+2) dr
6 S
since (a + b)? < 2P(a? +bP) (a,b > 0). Further m(o) = (¢ |u(or()[Pdo(C) is
nondecreasing and m(g) < m(1) since |u(x)|P is subharmonic. Hence by (3)

lup —ullb o< § |uloz) —u(@)P dVa(z) + 2771 | fu(z)PdVa(z).
|z|<é o|z|<1
It remains to see that the right-hand side of this inequality can be made

arbitrarily small by taking § and then p close enough to 1. U

It is well known that any function harmonic in a domain containing B
can be uniformly approximated on B by harmonic polynomials. Using this
fact, one can prove the following corollary of Proposition 1.

COROLLARY 1. Harmonic polynomials are dense in bh(B).

The following proposition shows that the point evaluation is continuous

on bh(B).
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PROPOSITION 2. For any function u € bh(B) and any point v € B

1

a 71/p
——— nV(B) S el (1 - r2) dr ||l w]p.a-
(1 |a) Wp( (1+]2))/2 ) '

n/p
fu(z)]| < ——2

Proof. The following estimates obviously are true for the Poisson’s ker-
nel (1):

1— |z 1 2
- |x|n = - |x1|171 = n—1-

€= = (1 —1a) (1—lz)
Let x € B and [z] < R < 1. Using the subharmonicity of the function
|u(Rz)|P in the neighborhood of the ball B and (4), we get

2

(5)  |u(Re)[” < V[u(RO)[PP(2,¢) do(¢) < —————= | [u(RO do(¢).
S (1—1z]) S

Let © = r(, where r = |z|, ¢ € S. Using (2) and taking into account, that
the integral means M (R) = {4 |u(R()|P do(() is nondecreasing by R, we get

(4) P(z,Q)

1
(6) nV(B)|r (1 —7*)"dr | [w(RQPdo(¢) <
R S
1

<aV(B) § §lu(rQ)P v~ (1= %)% drdo(C)
RS
= | Ju@)P (112" dV(2) < |ul2,.
R<|z|<1
By (5) and (6)
1

[u(Rx)[P < ﬁ (nV(B) frot (10" dr)71||u|]£’a,
R

and the change of a variable Rx — x gives

21/p 1 1 N —-1/p
< n- — .
)| < e (nv(B) Pt =) ar) " llulpa
Taking R = (1 + |z|)/2 we come to our assertion. O

PROPOSITION 3. For any 1 < p < oo, bh(B) is closed subset of LP(B,dV,).

Proof. Suppose |[u; — ul|po — 0 as j — oo, where u; is a sequence of
functions in b4 (B) and u € LP(B,dV,). We shall show that u is equivalent
to some function harmonic on B.
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76 A. I Petrosyan

Let K € B be a compact. Proposition 2 implies that there exists a
constant C' = C(K, p, ) such that

<C
%%\U(JJ)! < Ollullp,a

for any u € b5 (B). Hence |u;(z) — ug(x)| < Clluj — ugl/po for any z € K
and j, k. The sequence u; is fundamental in b5 (B), and hence u; converges
uniformly on compact subsets of B to a function v harmonic on B. Be-
sides, u; — u in LP(B,dV,). Therefore, by Riesz’ theorem there exists a
subsequence of u; converging to u pointwise almost everywhere in B. Thus,
u = v almost everywhere in B, and u € b5 (B). O

COROLLARY 2. bh(B) is a Banach space.

2. Reproducing kernels

Taking p = 2, we see that the last proposition shows that b2(B) is a
Hilbert space with inner product

(u,v) = S uv dVy.
B
It follows from the Proposition 2, that the map u +— u(x) is a bounded linear
functional on b2(B) for each € B. Hence there exist a unique function
Ro(z,-) € b2(B) such that u(x) = (u, Ro(w,-)). The reasoning similar to
those in [1] shows that R, is real valued, hence

(7) u(@) = {u(y)Ra(z,y) dVa(y)
B

for every u € b2(B). The function R, is called the reproducing kernel of B.
For the constructing of R, we previously prove the following

LEMMA 1. If m # k, then H,,(R™) is orthogonal to Hy(R™) in b2 (B).
Proof. Let p € Hn(R"), ¢ € Hr(R"™) and = = r(, with r = |z|, ( € S.
Using formula (2) and the homogeneity of p and ¢,

r (1 =) dr [ p(r()a(r¢) do(¢)

S

pPratn=l (1 — )% dr S p(€)a(¢) do(¢) = 0.
S

| p(2)q(z) dVa(z) = nV(B)
B

=nV(B)

Ot = O e

The last equality follows by the orthogonality of the spherical harmonics of
different degrees. O
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On weighted harmonic Bergman spaces 77

THEOREM 1. Ifx,y € B then

2 S TIEZ+m+a+l)
(8) Ralw,y) = nV(B) mzor(g2 Fm)(a+ 1)Z’”($’y)

The series on the right-hand side of (8) converges absolutely and uniformly
on the set {(z,y) € R*: |z||ly| <q, 0 < ¢ < 1} and particularly on K x B,
where K is arbitrary compact subset of B.

Proof. Note, that in (8) we suppose that the zonal harmonics Z,, are
harmonically extended on R™ x R"™. Let x =r(, y = pn, where (, n € 5.
Taking into account that the function Zg(z,y) is homogeneous by both
variables, we obtain

(9) |Zi(, )| = 0" Z0(Com)| < r* "y,
where dy, is the dimension of Hy(.S). The desired convergence follows from
(9) in view of the estimate dp < Ck" 2 from [1] and by virtue of Stirling’s
formula. Thus if F(x,y) denotes the right-hand side of (8), then F(x,-) is
a bounded harmonic function on B for each z € B. In particular,
F(z,-) € b2(B) for each x € B.

Now fix « € B. Recall that the zonal harmonics are reproducing kernels

for the space H,,(R™). Thus for u € H,,(R")
(10) u(@) = {u(() Zm(z. Q) do(¢)
S

for each € R"™. We derive the analogue of (10) for integration over B with
respect of measure dV,. For every u € H,,(R") we have

P (1= 1) §u(rQ) Zon(, 7€) do () dr
S

V u(y) Zin(z,y) dValy) = nV(B)
B

=nV(B) {1 (1= )" {u() Zm(2, ) do(C) dr

S

O e = O ey

= nV(B) u(x) §t%+m_1 (1—t)“dt
0

2

nV(B)T(3 +m)(a+1)

B F(%+m+a+1)u(x)

for each € R". Taking into account the orthogonality in b2 (B) of homo-
geneous harmonic polynomials of different degrees, we receive that u(z) =
(u, F'(x,-)) whenever u is harmonic polynomial. Because point evaluation is
continuous in b due to Proposition 2 and harmonic polynomials are dense

Unauthenticated

Download Date | 12/3/17 12:27 PM



78 A. I Petrosyan

in b2 (B) (see the Corollary 1), we have u(z) = (u, F(z,-)) for all u € b(B).
Hence F' is the reproducing kernel. (]

It is easy to see that integral representation (7) is true not only for b2 (B),
but also for any function u € b5 (B):

THEOREM 2. Let u € bh(B), 1 <p < +oo. Then

(11) u(z) = {u(y)Ra(z,y) dVa(y)
B
The right-hand side integral of (11) defines the orthogonal projection of
L?(B,dV,,) onto its subspace b2 (B), i.e. the following assertion is true.

THEOREM 3. The operator

Qalu)(z) = Vu(y)Ra(x,y) dVuly), uwe L*(B,dV,), =z € B,
B

is the orthogonal projection of L*(B,dV,) onto b2(B).

Proof. As L2(B,dV,) = b2(B) @ (b2(B))", any u € L3(B,dV,) can be
written in the form u = uj + ug2, where u; € b2(B) and us € (bi(B))J'.
Hence Qqlu] = Qqlui] + Qalusz], where Qului] = u; by Theorem 2. On the

other hand,
Qaluz](z) = S uz(y)Ra(z,y) dVa(y) = (u2, Ra(z, ')>a =0,
B

since due to Theorem 1 for a fixed € B the function R, (x,y) is harmonic
in y on a domain containing B, and uy is orthogonal to b2 (B). Thus Qq[u] =
uy, i.e. Qq is the orthogonal projector L%(B,dV,) — b2(B). O

We suppose that for any z € B the Poisson kernel P(z,y) can be har-
monically extended to B as follows:

1 — |z*|y|?
(1 =22y +|z2y[*)
where - denotes the usual Euclidean inner product. To obtain an expression
of R, by means of the Poisson kernel P, we use some well known facts

from the theory of fractional integro-differentiation in the Riemann-Liouville
sense. The primitive of f € L'(0,1) of order a > 0 is defined as

P(x’y) =

o
2

1t
D ef(t) = —\(t =72 f (1) dr.
()= 1y 0= 7 0)
The derivative of order « is defined to be
D*f(t) = S { D= (1)}
dtr ’
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On weighted harmonic Bergman spaces 79

where the integer p is determined by the inequalities p — 1 < a < p. Using
the simple equality

Da-i—lt'y — P(l + ’Y) t’y—a—l
v—a)
we find that
T2 +m+a+l) = n
2 _ +1 (2 4mit
2. T(%+m) Zm(w,y) =Y D <t2 " aZm(x7y)>‘t:1
m=0 m=0

t=1

oo
_ Da+1< t%—l—m—i—az ) ’
7;) m(x,y) =1

9]
— DOH‘l (Z t%-ﬁ-aZm(tx’ y)> ‘
m=0

= D>*! (t%JraP(tx, y)) ’ -
t—

Thus
2

nl'(a+ 1)V (B)

Ru(z,y) = Dot! (t%JFO‘P(tm,y))’

=1

When « is a nonnegative integer, the operator D®*! is the usual derivation,
and this allows to calculate R,(x,y) in an explicit form. Particularly, for
« = 0 this calculation results in the formula
2 d(n nP(z,y) + 2% P(tz,y)l,_,
Ro(z,y) = —(ﬁPt, ) = d =,
o@y) = TvE @ \UPE)| nV (B)

which coincides with that of [1] in view of

d

d
—p At

dt

t=1

3. Representation of b?(B) over the sphere

For 1 < p < oo denote by h?(B) the harmonic Hardy space, i.e. the class
of functions v harmonic on B for which

ullpe = sup [lurllppcg) < oo
<r<

PROPOSITION 4. Let f be a harmonic function in B and let
[ee]
fl@)=> pr()
k=0

be the homogeneous expansion of f in B. Then f € h?(B) if and only if

[ee)

2
> lIpkll72(s) < oo
k=0
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Proof. For any r € (0,1)

o0

15y = L O do(0) = [ (S metr0)) (3,00 ) (<)
S

S k=0 j7=0

=ZZ pi(rQ)p;(r¢) dor(¢) = Z§|pk<rc>12da<o,

and the passage r — 1 gives

oo
2
1£172 = okl s - O
k=0

PROPOSITION 5. Let u be a harmonic function in B and uw(x) = > p g uk(z)
be its homogeneous ea:pansion Then u € b2 (B) if and only if
5 +k)

12
(12) < T(3 +a+1+k)

e 72s) < +oo-

Proof. For any r € (0, 1)
V@) ava(y) = § Ju@)? (1= |y dvV(y)

B(r) B(r)

v (B) | dp(Zuk p0) > (50)) dr
k=0 s=0

0

o o r
Zzspn 1+k‘+s _ 0‘ d S (C)
k:o S: 0 S
o0 7r
Z J ez (1 =) dt [ lur(Q)” do(Q).
=0 0 S
Taking into account that
1
24+ ElN(a+1
St__1+k( 1) dt = (721 )T (a )
) (2 +a+1+k)
and letting » — 1 — 0 we get
nV(B)['(a+1) < 5+ k)
2 2
o =) V) = ZOF g

U
Reminding that L?(S) = @oe_ Him(S), we prove

PROPOSITION 6. Let f € L*(S) and let f = > o°_opm be its spherical
harmonic expansion (i.e. pm € Hu(S) and the sum converges in L*(S)).
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On weighted harmonic Bergman spaces 81

Then the following formulas are true for homogeneous harmonic polynomials
Pm(T):
(13) pm(.%') = Sf(C)Zm(x7C) dU(C)? m=0,1,...
S
Proof. For any fixed x =rn (r >0, n € 5)

pn(@) = 1P (n) = ™ § pn () Zin (1, ¢) dor ()
S

where the third equality follows by the orthogonality of the spherical har-
monics of different degrees. O
THEOREM 4. Let u € b2 (B) and

1
f(x) = Vu(te)ts 1 (1= 1) dt.

0
Then f € h*(B) and
u(e) = "BV () R (2.0 ().

S

Proof. Let u(z) = > 72, ug(z) be the homogeneous expansion. Then

o) 1
)= (@) 37 (1= )7 at
k=0 0
TG+ R S
= 2 T(ny Sy ug(r) = ];)Pk(l“%
where
D3+ k()
(14) pr(r) = F(Q% T ag +2/<:) ug ().

By Stirling’s formula

02 +k 2z
(15) lim — 2tk TG
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(From convergence of series in (12) and from (15) it follows, that
= 12(3 + K)T3(2g))

kZO Ipkll72 = :

= T3+ 9+ k)

and due to Proposition 4 this means, that f € h?(B). Further, using (13),
(14) and (8), we obtain

2
725y < 400,

@) =3 nlo) = X o
T+ 4k Ve
= i F(% i k)r(aTl) éf(C)Zk( ’C)d (C)
T2 yaefl g
= $ O[5 T 2t 0@
= B Q) Rt (2, () 0
S
THEOREM 5. The operator
7,1f1(e) = "B () B (2.0 do()

maps one-to-onely L?(S) onto b2(B); in other words, the formula u(x) =
T,[f](x) is a parametric representation® of b2 (B).

Proof. Let f is an arbitrary function in L?(S), and let f = > pg be its
decomposition (p; € Hy(S)). Then the function

Plf)a) = pela),
k=0

where P[f] is a Poisson integral of f, belongs to h?(B). The function

o~ (% + 2 + k)

u(z) = P ()
2 T+ )
belongs to b2 (B), due to (15) and Propositions 4, 5. Using the Proposition 6
as above we obtain

u(z) = J F(Q)Razs (2,¢) do((). 0

S

'The term parametric representation is used for a representation, which completely
describes the considered class of functions, i.e. any function of the class is representable
in some form and any function representable in that form belongs to the considered class.
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On weighted harmonic Bergman spaces 83

Note that at first the parametric representation for the weighted classes
of functions, analytic on the unit disk in the complex plain, is given by
M. M. Djrbashian in [2]:
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