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A Bergman type operator is constructed on the unit disc, that continuously projects a Besov space
onto its harmonic subspace.

§1. INTRODUCTION
Let n(ID) (H(ID)) denote the set of all harmonic (respectively holomorphic) functions in the unit

disc ID. For a measurable in ID function f(z) = f(re?®) we denote

1 ™ . 1/17
(2/ | f(re®)|P d0> , 0<p<oo,
M, (f;r) = T ) x ‘
esssup |f(re'), p = o0,
—m<O<m

where 0 <r < 1. The set of those harmonic (holomorphic) functions f(z), for which
[fllne = sup Mp(f;r) < o0,
0<r<1

is the usual Hardy space h? (respectively H?).
The quasi-normed space L(p,q,a) (0 < p,q¢ < o0, @ € IR) with mixed norm is the set of the

measurable in ID functions f(z), for which the quasi-norm defined by

1 1/q
ag—1 .
(/0 (1 —r)™ Mg(f,r)dr> , 0<g< oo,

esssup (1 —7)*My(f;r), q = oo,
0<r<1

1fllp..0 =
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is finite. The harmonic and holomorphic spaces with mixed norms are defined to be the subspaces

of L(p,q,a) consisting of harmonic or holomorphic functions:
h(p,q,a) = h(ID) N L(p,q, ), H(p,q, ) = H(ID) N L(p, q, ).

Note that h(p,oc0,0) = h? and H(p,c0,0) = HP. The first results on mixed norm spaces are contained
in the classical works by Hardy and Littlewood [1], [2]. Observe that for p = ¢ < 0o the spaces
h(p,q,a) and H(p,q,a) coincide with the well-known weighted Bergman spaces (see [3] — [6]). Later,
the methods and results of [1], [2] were essentially improved and developed by Flett [7]. Analytic
projections in Bergman and mixed norm spaces were investigated in [8], [9].

The present paper considers Besov spaces that are closely related to the mixed norm spaces

and study Bergman type projections in these spaces.

§2. NOTATION AND PRELIMINARIES
Throughout the paper, the letters C(a,3,...),C, etc. will denote different positive constants de-
pending on the parameters as indicated. For A, B > 0 the notation A ~ B stands for the two-sided
estimate c;A < B < c;A with some positive constants ¢; and ¢;. The symbol dm, denotes the
Lebesgue measure on the disc normalized so that mo(ID) = 1. If T is a bounded operator mapping
the space X to Y, i.e. |[Tf|ly <C|fllx, f € X, then we write T: X —— Y.

For a function f(z) = f(re?) defined on ID, by D* = D& we denote the Riemann—Liouville

integro-differential operator given by

D f(z) =

1
F(a) A (1 - U)ailf(nz) d777
0

D)= s, 25 = () g
where o > 0 and & is an integer such that k —1 < o < k. We also set
D= f(rw) = r~*D*f(rw), D*f(rw) = D*{r*f(rw)}.
It is easy to see, that for harmonic f the functions D*f and D~*f also are harmonic, and the
following inversion formulas are valid:
DD f(2) = DD f(2) = £(2). 1)
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We will consider Poisson type kernels P, and conjugate kernels @, ([10, Ch. IX]):

2

Qa(z):F(a—&—l)Imﬁ, zelD, «a>0.

Notice that Py(z) = P(z) and Qo(z) = Q(z) are the usual Poisson and conjugate Poisson kernels. The

kernels
Po(2,¢) = Pa(20);  Qa(2,() = Qa(2(), 2, (DD
are harmonic with respect to both » and ¢. Clearly,
Pa(2,€) = Pa(C, 2) = Pa(z,0).
Also for a >0
Po(2,¢) = D™ Pa(2,(),  Qo(2,¢) =D "Qal(z,),
Po(2,0) =DPy(2,(),  Qalz,¢) = D*Qo(z,().

Lemma 1. For any a >0 and p satisfying - < p < oo the following estimates hold:

1
|Pa(270|§c(a)ma z,¢ € ID,
1
|Q(X(Z7C)| SC(“)W) Z7<€]Da
MP(Pa§T)SC(Oé7p)m7 0<r<l,
M, (Qa;7) < Cla,p) = 0<r<l1.

(1— T)a+1—1/p )
The proof is straightforward, and so we omit it.

The next lemma contains versions of the Hardy’s well-known inequality [11].

Lemma 2. If gt) >0 (0<t<1), 1<g<oo, B<—1<a, then
1 r q 1
/ (I —r)~ (/ g(t) dt) dr < C(a,q)/ (1- r)“+ng(r) dr, (2)
0 0 0

/ o ( [ a0 dt)q dz < C(Ba) | o) de 3)

The next lemma presents some continuous embeddings of Hardy—Littlewood and Flett type.
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Lemma 3. For a,ay,3 € 1R, 0 < p,q < oo the following continuous embeddings hold:

(i) h(p,q.@) Chlp,q.0),  B>a

(i) h(p.g,@) C h(po,¢,@), 0 <po<p< oo,

(iii)  h(p,q,@) C h(p,qo, @), 0 <q<qo < o0,

(iv)  h(p,q,@) C h(po,q, ), @ >a+1/p—1/py, 0<p<py < o0,

(v) h(p,g,) Ch(po,qo. B), B> a+1/p, 0<po,qo < oo,

(vi) h(p,q.@) Ch(p,q0,8), B>a, 0<qo < 0.
Besides, for a > 0 the condition ag > o+ 1/p — 1/py is necessary for embedding (iv).
Proof: The first two embeddings (i) and (ii) are trivial; the embeddings (iii) and (iv) are proved in
[7], the embeddings (v) and (vi) can be found in [12]. Now we prove the necessity of the condition

ag > a+1/p—1/py for the embedding (iv) when a > 0. Let

[ullpo,g,00 < Cllullp,gas u € h(p, g, ),

where the constant C does not depend on the function «. Assume that the reverse inequality
ao+1/po < a+1/p holds. For any a € ID and index v > max{ag +1/po, a + 1/p} we define the function

fr.a(2) =1/(1 —az)?. A simple calculation shows that

1
(1 = lafr)r=1/e"

b1 =)ot J Ha 1
1fv.allp,g.0 & </0 W r> NW'

1
Hf’Y,a”po,q,Oto ~ (1 _ |a‘)V*1/PO*O‘O .

MP(f’Y,a”a) ~

Similarly

This implies

I frvallpoaan o (1 _jqpy@oti/m-tasism,
| £v.allpa,0

It is easy to see, that the right-hand side becomes infinitely large as |a] — 1, and so we get a
contradiction with h(p,q,a) C h(po,q,a0). Lemma 3 is proved.
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3. BERGMAN TYPE PROJECTIONS
Area integral representations in the weighted Bergman spaces H(p,p,«) on the disc are well-known
(see [3]-[6]). Below we give a short elementary proof for integral representations of harmonic

functions from h(p, ¢,a) with mixed norm.

Theorem 1. Let a > 0 and u € h(p,q,a). If either 0 < p,q < oo, B> max{a+1/p—1,a}, or1 <p < oo,

0<qg<1, 8>« then

//l—m 8= 1P5( ,Ou(C)dma(¢), ze€ID, )
D

_%// — ¢ Qplz. Q) u(C) dma((), =€ D, .
D

where v(z) is the harmonic conjugate of u(z) normalized so that v(0) = 0.
Proof: First consider the case where p = ¢ =1, 3 = a and u(z) is an arbitrary function in a(1,1,«).

In view of inversion formula (1)

1 ' a=lpoy(r2) dr
a7 |, =t Drut) o

By changing the variable = p? and applying Poisson formula, we get

u(z) = D, *Du(z) =

) = g | = DR 20

(o

1 1 peota [ 1 7 i i )
- @/o (L=p )"0y {%/Wpo(z,pe Nu(pe®) dﬂ} 2pdp =
_ %a) //(1 — €)™ Po(z,0) u(¢) dma(C),
D

where the integral converges by Lemma 1. For other admissible p, ¢, 3 the proof follows from the
embedding h(p,q,«) C h(1,1,3) in Lemma 3.

If v(2) is the harmonic conjugate of u(z) normalized by v(0) = 0, then we apply the conjugate
Poisson formula instead of the Poisson formula. The rest of the proof repeats the above arguments.
Theorem 1 is proved.
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The representations (4) and (5) generate the following Bergman type linear integral operators:

Ty(f)(2) = ﬁ / / (1= (¢35 Py(=,€) £(C) dma(C).
D

Ty(f)(2) = %ﬁ) / / (1= [P Qal2,C) £(C) dma(C),
D

The well-known Forelli-Rudin type theorems (see [5], [8], [9]) realize an analytic projection of the
space L(p,q,a) into its holomorphic subspace. A similar question is of interest for other function

spaces, in particular, for Besov spaces.

Definition. We say that a function f(z) defined on the disc ID belongs to the Besov space A4
(0<p,g <00, a>0), if

Df(2) € L(p, ¢,@ — ),

where a is the smallest integer greater than «, and D is the Riemann—Liouville integro-differential

operator. The Besov space A% is equipped with the norm (quasinorm)

1fllage = ID* A1 5 .

Let hAP9 be the subspace of AP¢ consisting of harmonic functions. For a function f € hAZ9 the

index & can be replaced by any other index v > o with an equivalent norm

Hf”h/\{;"’ ~ D7 fllp.gy—a-

Usually the space hAZ? for 1 < p,q < o is defined in terms of boundary values f(e?) of a function

f(2) with an equivalent norm (see [11])

i 1/q
™ | AFF(E)I]
I fllee + (/ d L2L9) g <400, 1<g<oo,

|t|1+aq

where
ALF(E) = F(e ) = f(e¥),  AFF(e”) = AJATT (), keZ, k>a
In the case ¢ = oo the L,-norm becomes into sup-norm.
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The Lipschitz spaces are invariant under the Bergman projection, see [13] — [15]. Below we prove

similar results for Besov spaces and the following Bergman type projection operators:

o~(f)(2) :L// 1— [¢)L P(2,¢) DYF(C) dma (),
D

~ 1 o
B2N6) = i / — CPP QU= Q) D) dma(C).

D

We need two additional lemmas.

Lemma 4. For1<p< oo, 0<q< oo the embeddings
hAZY C h(1,1,8), «a>0, (>0,

hAPT C RAYY,  a >0

are continuous.

Proof: Let u € hA24. We have DVu € h(p,q,7 — a) for any v > a. According to the embeddings (ii),
(vi) of Lemma 3, we get DYu € h(1,1,3 ++). Using the properties of fractional integro-differential
operators in the spaces h(p,q,a) (see [7]), we obtain u € h(1,1,8), yielding the first embedding.
To prove the second embedding, observe that hAL? c hAR? for any 0 < § < a, meaning that
Dou € h(p,q,6 — B) for any § > 8. Again according to the embeddings (ii), (vi) and the properties
of fractional integro-differential operator in the spaces h(p, ¢, a), we get D’u € h(1,1,6) for any & > 0,

i.e. uehAy'. Lemma 4 is proved.
Corollary. The operator Tj is the identity map on hAR? for any 1 <p < oo, 0 < ¢ <00, a >0, 8> 0.

Lemma 5. For1<p<oo,0<qg<o0, a>0and§ >0, any u(z) € hAL4 is representable in the form
1
w5 /A1 PEO PO dma(). 2 e, (6)
D

Proof: According to the second embedding of Lemma 4, D?u(z) € h(1,1,6) for any § > 0. By Theorem
1 Dou(z) = T5(D’u)(z). The inversion formula (1) and integration using the operator D~% complete
the proof.
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Theorem 2. For 1 <p,q < o0, a >0, m=a we have
B, AP9— BAPY D, AR —s AR, (7)

and the operator ®,, continuously projects the Besov space A?:? onto the whole subspace hAP:1.

Proof: Given a function f(z) (not harmonic in general) from A2? we need to prove the inequality

[@m (F)lnaze < Cllfllaze, (8)

or
DY@ ()llp.gv—a < CID™ fllp.gm—a; (9)
where m € ZZ., a <m < a+1, v > a. Differentiating @,,(f)(z) by means of the operator D and

using Lemma 1, we obtain

DV®,,.(f)(2) < C // IR DYP (=, O] (D™ F(C)] dma(C) <

— 1™ D7 (el i
<C// 11— C|7+1| f(¢e) dma(C), z=re".

By Minkowski’s inequality

1_K| ml . ml _—
M (D7 @ ( C// 1= crpt M, (D deP<C/ W M,(D™ f;p) dp

If 1 < g < oo, then

My (DD <C(/ /) 1_pr My (D™ f; p) dp

By the triangle inequality

DY@ (F)llpgr—a = [[(1 = )77 Mp (D7 @ (f) < C(h + Iy),

HL‘?((h /(1—=r)) —

where

)

I = H(l - r)”‘“/ (1= p)™ =7~ M, (D™ f; p)dp
0 La(dr/(1-1))

n=|a-n-= | (U ) M (D )i

La(dr/(1-r))
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We estimate I, and I, separately, using Hardy’s inequalities (2) and (3),

1 q
—a)g— I—r m m
e [amne et (S a0 i ) dr = OO

1
< c/o (1—r)= = (1 = )™M, (D™ f;7)]"dr = C| D™ f|2

g, —
yielding the inequalities (8) and (9). If ¢ = o, then

DT?L _
My(D B (f);r) < LT ncimc

=T
Therefore
M (£)57) < CID" Flp oo | ey N S,
o (L—pr) (1—rpe

Thus,

D7 @i ()lp.oey—a < CIP™ fllp,00,m—a

and the result follows. To complete the proof it remains to observe that the surjectivity of the

first mapping (7) follows immediately from Lemma 5.

Theorem 3. For1 <p,q<o00, a >0, 3> 0 the operators
T3 : L(p,q, —a) — hADY, Tg : L(p,q, —a) — hAPA

are bounded.
Proof: It suffices to prove the theorem for the operator T;. Given a function ¢(z) € L(p,q, —a),

1 <p,q<oo, a>0, we need to prove that for any g >0

1T3()lnazs < Cligllp,g,—a- (10)

Setting f(z) = Ts(p)(2), for any vy > « the inequality (10) can be written in the form

HD’YfHP#L’Y—Oé < C||%0||p,q7—a- (11)

To prove (11), we differentiate the equality f(z) = Ts()(z) applying the operator D7:
1
D 1) = g [ [ (1= IV D Pz, 0Q) dma(0)
D
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Let p=¢=1. Then

1D 11y 0 < C / / 1 221D f(2)] dma(z) <

// (L=l [// ~ KPP DD P(=, ) |¢<<>|dm2<c>] dms(2) <
<C// — 1¢1P)P Y (0) |://1—|z Y= DIDAP(z, ()| de(z)] dms(0).

Using Lemma 1, we obtain

— |z “/ a—1
1Dl 10 < € // ~ 1P e(c) l// b dmz<z>] dma(€) <
Clas 8,7) / / (1= [¢2) 2 o(Q)| dma(C).
D

Therefore,
D7 fll117-a < Cla, 8,7) lloll11,-a- (12)

Let now p = ¢=o00. Then
D7 (2 7 / / P DY Pz, 0] (1~ C2) " |(O)] dma(C) <
D

C(@,6) ¢l .- // — €)™ D7 Py, ) dma€) <

(L= [g[A)+i- !
Cla, 3,7) 1]l 000, a// e dma(C) < C(a, 3,7) |¢]ls0,00,~a (1—|z)r—=

Therefore,
D7 fllso,00,v—a < €l B,7) [|@loo,00,~a- (13)
By a version of Riesz-Thorin interpolation theorem [16] the inequalities (12) and (13) imply (11)

for all 1 < p,q < oco. This completes the proof of Theorem 3.

Note that for p = ¢ = 0o, @ = 0 Theorem 3 asserts, in particular, the boundedness of the
operator T from L°°(ID) into the Bloch space Bh = hA;>> of harmonic functions. This fact is well

known for holomorphic functions, see [5], [17].
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