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Abstract

We study anisotropic mixed norm spacesreharmonic functions in the unit polydisc @".
Bergman type reproducing integral formulas are established by means of fractional derivatives and
some continuous inclusions. It gives us a tool to construct corresponding projections and related
operators and prove their boundedness on the mixed norm and Besov spaces.

0 2003 Elsevier Inc. All rights reserved.

0. Introduction

Let U" ={z = (z1,...,20) € C". |zj] <1, 1< j < n} be the unit polydisc irC",
and let7" = {w = (w1, ..., w,) € C": |w;| =1, 1< j < n} be then-dimensional torus,
the distinguished boundary &f". We shall deal withz-harmonic functions on the poly-
discU", i.e. functions harmonic in each variaklgseparately. Denote by U") (H(U™))
the set of allz-harmonic (respectively holomorphic) functions th". If f(z) = f(rw) is
a measurable function i, then we write

My = £ rgragmye 7= 01 €1, 0 p <00,

whereI" = [0, 1), dm, is the n-dimensional Lebesgue measure Bfi normalized so
thatm, (T") = 1. The collection of:-harmonic (holomorphic) functiong(z), for which
Il fline =SURen Mp(f; 1) <400, is the usual Hardy spaée (respectivelyHd ?).
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The quasi-normed spaé€p, g, @) (0 < p,qg <00, = (a1, ..., a,)) isthe set of those
functions f (z) measurable in the polydidk”, for which the quasi-norm

1/q
(/H(l—r )iq= lM‘I(f r)l_[dr,> , O0<g<oo,
Ifllpga=14 1" ="

esssupl_[(l—rj)“/M (f;r), g =00,
rel” -1

is finite. For the subspaces i p, g, @) consisting ofn-harmonic or holomorphic func-
tionsleth(p,q,a0) =h(U")NL(p,q,a), H(p,q,a) = HU")NL(p,q,a). Forp=q <

00, the spaces(p, g, @) andH (p, g, «) coincide with the well-known weighted Bergman
spaces. The first results on mixed norm spaces are contained in classical works of Hardy
and Littlewood [10,11], who considered functions holomorphic in the unit Bisk U*.

Later, Flett [8] essentially improved and developed methods of [10,11]. Holomorphic
and pluriharmonic mixed norm spaces oe tmit ball and bounded symmetric domains

of C" have been studied, for example, in [14,17,19]. Motivated by papers of Choe [3],
Shamoyan [18], and Zhu [21], we are interested in projections in mixed norm and Besov
spaces on the polydid¢”. The paper is organized as follows. First, we prove several con-
tinuous inclusions of Hardy, Littlewood, and Flett in Theorem 1 Aemarmonic spaces
h(p,q,a) and Hardy spaces on the polydisc. These inclusions are used in further the-
orems. A Poisson—Bergman type reproducing integral formula is stated in Theorem 2 for
n-harmonic functions itk (p, ¢, o). Corresponding integral operatdig., Tﬁ Ay SBLa S,g A

of Bergman type are constructed on the basisaxftfonal integro-differentiation and Pois-

son type reproducing kernels. In Theorem 3 of Forelli-Rudin type, givemplg < oo, we

find a necessary and sufficient condition 1o to be a bounded projection @f(p, g, «)
ontoh(p, g, ), and also forTg ; to be a bounded operator if(p, ¢, «). The traditional

way of stating the projection results is to use Schur test (see, e.g., [12]). Instead, we use
a higher-dimensional version of Hardy's inequality and give a quick elementary proof of
projection theorems. Further, Bergman typerators can be considered on other function
spaces. In Theorem 4, the action of the operaljrgand s o is studied on mixed norm
spaced.(p, g, «) for multi-indicesae = (a1, . .., ay) with non- positive entrieg; . It turns

out that the image af (p, ¢, o) with; <O underT,g 0 andT,g o is the Besov spacdeA’?

of n-harmonic functions. On the other hand, it is known that Bergman projection preserves
Lipschitz spaces in the setting of the unit ball@f or R” and in strictly pseudoconvex
domains ofC" (see [4,16,20]). One may ask whethkis is still true for Besov spaces.

In Theorem 5 we generalize the preservation property to Besov spaces under a Bergman
type operator which projects the Besov spade? onto itsn-harmonic subspadea’?.
Theorem 5 seems to be new even for one-\Aeigase. Finally, as an application we give

in Theorem 6 a duality result for space, ¢, «).

Note that many particular results of the theorems are well known especially for holo-
morphic Bergman spaces on the urigld the unit ball or the polydisc i€”, see [3,5,8,
10-12,14,17-19,21]. Observe that in Theorems 1-@fgrq, an iteration of one-variable
case does not work. There is an additional difficulty in the proof of Theorem 1 connected
with non#-subharmonicity ofu|” and non-monotonicity of integral meams, («; r) with
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respect tar for 0 < p < 1. On the other hand, a passage frerharmonic functions to
holomorphic ones is impossible becaus@armonic functions need not be real parts of
holomorphic functions.

1. Main theorems

We shall use the conventional multi-index notations: (¢1, ..., ), r¢ = (rié, ...,
raln),dr =dry---dry, (1= 213 = [[j1 (A= 1813%, T+ kD) = Tj_q I (@) +1k;D)
forceC'rel",a=(a1,...,a,), k= (k1,...,ky).

Throughout the paper, the lettefg«, 8, ...), Cy, etc., will denote positive constants
possibly different at different places and éeging only on the paraeters indicated. For
A, B > 0, the notationrA ~ B denotes the two-sided estimated < B < c2A with some
inessential positive constants andcz independent of the variable involved. For apy
1 < p < o0, we define the conjugate index asp’ = p/(p — 1) (we interpret Yoo =0
and /0 = +00). The symboldm2, means the Lebesgue measure on the polydisc
normalized so thatiz, (U") = 1. We shall writeT : X — Y, if T is a bounded operator
mappingX to Y, i.e.[Tflly <Cllfllx Vf € X.

We now formulate main theorems of thaper. Starting from the Hardy—Littlewood—
Flett inclusions im(p, ¢, @), we present them by the following table.

Theorem 1. LetO < p,q <00, a = (a1, ...,0,), a0 = (a01, - - -, don), B = (B1, ..., Bn),
aj,ag;, Bj € R, 1< j <n. Then the following inclusions are continuous

(i) h(p.q.a) Ch(p,q,p), Bj = aj,
(i) h(p,q,0) Ch(po,q,a), 0<po<p<oo,
(i) h(p,q,a) Ch(p,qo0,a), 0<g <qo< oo,

(v) h(p,q,a) Ch(po,q,x0), agj=>a;+1/p—1/po, 0< p< pg<oo,
V) h(p,q,a) Ch(po,qo.B), Bj>aj+1/p, 0< po,qo< oo,
i) h(p,q,@) Ch(p,qo,B), Bj>aj, 0<qo< oo,

) 1 1
(vii) Hch(po,q,;—%) O<p<po<oo, O0<p<g<oo,

1 1
(viii) hpch<po,q,;—%>, 1<p<po<oo, 1< p<qg<oo,

. 1 1
(ix) P Ch(po,q,B), B; i 0 < p < po<oo.

(X) Besides, it € h(p,q,a), 0<g < oo, then(1—r)*M,(u;r)=0(1) as
r; — 1—foreachj € [1, n].

The next theorem establishes a reproducing integral formula of Poisson—-Bergman type
for functions ini(p, g, ).
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Theorem 2. Leta; > Oandu € h(p, g, ). If eitherO < p,q < oo, B; > maXa;+1/p —
Loajl,orl<p<oo,0<¢g<1B;>a; (1<j<n), thenforzeU"

/3/
u@) = F(ﬁ])[]"[ — 161377 Py ©u(e) dman(©), (1.1)

j =1

where the kernePs of Poisson type is defined in Sectign

The representation (1.1) induces linear integral operators of Bergman type:

1—z[5H* -
Tﬂ,x(f)(z)=% (1= 122 Ppsn (e, £) £ ) dman (@),
Uﬂ
1-1z»* N1
$52(N@ = =i (= 16D 2 Ppare. 0 £ © dmano).
Un

where = (B1, ..., Bu), A = (A1, ..., Ay). Also, we introduce similar integral operators
with “conjugate” kernelQ 4 of Poisson type (see Section 3):

7, (f)(z)=m (1= 1212 Qpia(z, ) £(©) dman(0)

B.A TG +n g+x(2, 2n(8),
Ull

~ 1—1z»* -

SprN@=Fo (1=1213° 7 Qp12z O] F(©) dmon(C).
Un

It is natural here to ask whether these operators are bounded in mixed norm spaces. The
next theorem of Forelli-Rudin type answers to this question.

Theorem 3. (i) Let1 < p,qg < o0, Bj > a; > —1; (1< j <n). Then each of the opera-
tors Tg 5, Tp.5., Sp.1.» Sp.. continuously maps the spatép, ¢, «) into itself. Moreover, the
operatorTg o (A; = 0) projectsL(p, ¢, a) ontoh(p, q, o).

(i) Let1 < p,g < o0, aj, Bj,1; € R. Then each of the operatof ;., Sg, 5 is bounded
iNnL(p,q,a)ifandonlyif; >o; > —1; (1< j <n).

Remark. For functions holomorphic in the unit disk or the ball@f as well as for holo-
morphic Bergman spacep & ¢g) the results of Theorems 2 and 3 are known even for
general weights; see, e.g., [5,12,14,17,18] and references therein.

Further, a question arises: What is the imagé @b, ¢, ) with negativex; under the
mappingsTg ;. and T,g »? To answer we introduce Besov spaces of smooth enough and
n-harmonic functions.

Definition. The function f(z) given in U", is said to belong to Besov spact),?
(0<p,qg<oo,a;>0)if Df(z) € L(p,q,d& — a), Whered@ = (@1, ..., ), @; is the
least integer greater than;, andD* is a Riemann-Liouville integro-differential oper-
ator defined in Section 3. The Besov spat&? is equipped with a norm (quasinorm)
£l g2 = 1D fll p.g.5—a-
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Let h ALY be the subspace of}'? consisting ofn-harmonic functions. For a func-
tion f € hAL?, the multi-indexa may be replaced by any multi-index= (y1, ..., yu),
y; > a;, and the corresponding norms are equival¢ﬁuthAg,q ~ DY fllp.q.y—a-

Theorem4. For1< p,g <oo,a; >0, 8; > 0 (1< j <n), the operators
Tgo:L(p,q, —a) — hARY, 1.2)
Ts.0:L(p.q. —a) —> hAL4, (1.3)
are bounded. Moreover, the méb.2)is surjective.
Remark. For p = g = 00, «; = 0, Theorem 4 asserts the boundednes§f from
L>°(U") onto the Bloch spac8h = hAg"> of n-harmonic functions. This is familiar
for the (weighted) Bergman projection and holomorphic functions in various domains, see,

e.g., [3,5,12,21], while fop = ¢, «; = 1/p and holomorphic functions, the relation (1.2)
is due to Zhu [21].

In some papers, [4,16,20], preservation of Lipschitz spaces under the Bergman projec-
tion is studied. Now, for similar operator

1 na—1 &
O3(f)(2) = W/(l_ ED)F P 0) DF £(0) dman (@),
Un

we study the same problem.

Theorem5.For 1< p, ¢ < oo,a; > 0 (1< j <n), the operatody continuously projects
AT ontoh ALY,

Finally, as an application of projection theorems we find the dual spa&émfy, )
forl<p<oo,1<qg <o0.

Theorem 6. For 1< p<o0,1<g <00, j >0 (1< j<n), we haveth(p, q,a))* =
h(p',q',aq/q’) under the integral pairing

(fog) = / FOIDA— 12D dman(2),
Uﬂ

wheref € h(p,q,a), g €h(p’.q',aq/q’).

Remark. For holomorphic Bergman spaces in the polydisc, a duality theorem for more
general weights is established by Shamoyan [18].

2. Proof of Theorem 1

First notice that as it follows from Aleksandrov’s paper [1, Theorem 2.11], the space
h(p,q, ) istrivial if at least one of the entries; is less than-1 (or clearlyo; < 0 for 1<
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p < 00). The most of the inclusions in Theorem 1 are known for functions holomorphic
in the unit disk (see [8]). For-harmonic functions:, some difficulties appear because
of non+-subharmonicity ofu|” (0 < p < 1). Without loss of generality and to simplify
notation, we may assume that 2.

Proof of (iii). We begin by proving the cagg = co and show that
h(p,q,a) Ch(p,o0, ). (2.1)

Note that forp > 1 or holomorphic functions, the inclusion (2.1) is elementary in view of
monotonicity of integral meanaf, (x; r) in each radial variable;. For 0< p < 1, take
any functionu € h(p, g, ) and fix a pointz = (z1, z2) = (r1¢'%, r2¢2) € U2. For the
pointz and bidiskB; = B;, x B,, whereB,, ={¢ € C: [¢; —z;| < (1—r;)/2},j=1,2,
write Hardy—Littlewood inequality on subharmonic behaviof:gf’:

C
|M(Z1,Z2)|p<(1_r1)2€1_r2)2 / f (21, ¢2)|” dma(g1) dma(t2). (2.2)
Bz, xB;

<2

If ¢ = (¢1.¢2) € Bz, thenp); < ¢l = p; < p}, j =1,2, where

o= max{o, 3”2_ 1}, o=t

J 2
Hence

1 3
SA-rp<l-lgl<sA-r), j=12 (23)

From (2.2), (2.3), and a simple inequality— ¢;z;| < 3(1 - [;]), |zl <1,¢; € B;;, we
obtain

‘M(rleiel’rzeiez)‘pgcp/ /‘M(é'l, ok dma(1)  dm2(2) (2.4)

11— 12112 |11 = ¢27212
By, B,
Next, we extend the domain of integration in (2.4) to the ripg& gl < ,0;.’ (j=12
and integrate over the toru%:

"o

P1 P
Cp

— M} (u; p1. p2) dprdpo.
(1—r1)(1—r2)// r
Py Py

Mp (u; r1,r2) <

If 0 < p < g < o0, then by Holder inequality with indiceg/p andg /(g — p),

" "

2 P P2 o
H(l—r,-)aquZ(u;r)<C//H(l—pj)“ﬂflMg(u;p)dpldpz, (2.5)
Jj=1 ;Y j=1

Py P2

and thereforél — r)* M, (u; r) < C(p, q, ) |l p.g.a» 7 € I2.
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If0 < g < p < oo, then write (2.4) withy instead ofp, and apply Minkowski’s inequal-
ity with exponentp/q > 1:

"non

Py P2
M3 (u;r1,r2) < L//MZ(u;pl, p2) dp1dpa.
1-r0)1—r2)
Py Py

Then (2.5) follows. Thus, in both cases the inclusion (2.1) is continuous. The general case
in (i) reduces to (2.1). Indeed, let8 g < go < co. Then by (2.1)

q0—4q
”M”pqoa ||M||pooa||u||pqa C”u”p,q,a ”M” qa—C”u”pqa

Thus, the inclusion (iii) is proved. O
The inequality (2.5) implies also the assertion (x) of Theorem 1.

Proof of (iv). Actually the conditiorwo; +1/po > «j + 1/ p is not only sufficient for the
inclusioni(p, q,«) C h(po, g, ®o), but is necessary as well. That follows from the next
lemma.

Lemma 1. Let0 < p < po < oo, «j > 0. Thenh(p, g, o) C h(po, q, ao) if and only if
agj +1/pozaj+1/p (A< j<n).

Proof. Letag; +1/po=a; +1/p (1< j < 2), and first show the cage = oo
h(p,q,a) Ch(oco,q,a+1/p). (2.6)
If 0 < p < g < oo, then it follows from (2.2)—(2.3) that for any= (r1, r2) € I2,

" 4

P Py q/p

’ H, 1(1—r,>w I5- = pp)

Applying Holder inequality with indiceq/p, 1/(1 — p/q) and integrating over?, and
then interchanging the order of integrating, we @atq gatl/p S <C(p,q, a)||u||p g.a-

If 0 < g < p < o0, then we use the inequality (2 2) withinstead ofp. The same
method as above leads to (2.6). Thus, the inclusion (iv) is proved for fxpth co and
po = p. For all valuespg € [p, oo] the inclusion (iv) follows from a version of Riesz—
Thorin interpolation theorem for quasi-normed spaces [2,13].

Conversely, suppose there exists an ingex1, n], sayj = 1, such thatg1 + 1/ po <
a1+ 1/p. Foran arbitrary poind = (a1, ..., a,) € U" and amulti-index = (y1, ..., ¥u),

v; > maxao; + 1/po, a; + 1/p}, 1< j < n, define the functiory, ,(z) =1/(1 —az)”.
A simple estimation shows that

Ifyallpog.co g |4 @ottipo—@+i/p)
I fy.allp.g.e

Letting |a1| — 1, we get a contradiction with(p, g, «) C h(po, g, @0). The proof of
Lemma 1 and the inclusion (iv) is completer
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Proof of (v), (vi) can be obtain by (iii) and the inclusidrip, g, «) C h(co, 00, a+1/p)
which is contained in (iv).

The inclusion (vii) is due to Frazier [9], anthe inclusion (viii) follows from [9] in
view of n-subharmonicity ofu|?, p > 1.

Finally, the inclusion (ix) is a combination of (vi), (iv). Indeed, for ang =
(01,...,an),a; >0, we haver? C h(p,q,a) C h(po,q,a+1/p—1/po).

Remark. For holomorphic Bergman spaces on the unit balLéf Lemma 1 can be found
in [15]. The inclusion (ix) forn =1, 0< p < 1, po=¢ = 1 is proved by Duren and
Shields [7]. They showed also that the limiting inclusighc h(1,1,1/p — 1) is false.

3. Proof of Theorems?2 and 3

For a functionf (z) = f(rw), r € I", w € T", given onU", we shall use Riemann—
Liouville integro-diﬁ‘erential operatob® = D% with respect to variable:

a m
D f(z) = / A= tfmdn, D f@)=(—) D" f),
F( ) or
where
9 m 9 mq 9 my

() =) ()
m=(mi,....,mp) €2, a=(a1,....,en),0; >0,mj —1<o;<m; (1<j<n). ltis
clear that for anyr = (a1, ..., a,), a; > 0, DX f = Di‘”Di"‘2 i“”f whereD,; X

means the same operator acting in directiponly. Denote
D frw)=r"*D7% f(rw), DY f (rw) :Da{ro‘f(rw)}.

It is easily seen that iff is n-harmonic, then so ar®* f and D~ f, and for them the
following inversion formulas hold:

"D f() =D D f(2) = f(2). (3.1)
For n-harmonic functions the operato®™* and D have an equivalent definition.
Every functionf € h(U") has a series expansigz) = 3,z axr'Kle’®?, wherer !kl =
r'lk1I ol k0 =ki01 4 - - + ku6,, and we can present

n

—a _ I(kjl+1) k| ik-0
D f(Z)_ZH—F(|kj|+1+aj)akr et

keZ"j—l
I'(kj|+1+a)) ol ko
Df(z)= Z 1_[ —akr| ik
Kz j—1 I'(lkjl+1)

We shall consider kernelg, and conjugate kernel8,, of Poisson type for the unit disk
(see [6, Chapter IX]):
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Pa(Z)ZF(a+1)|:Re zeD, a >0,

(1— 7)o+l - 1:|’

0u@)=T(a+1Im zeD, a >0,

(1 _ Z)onrl’

It is easily seen thaPy(z) = P(z) and Qo(z) = Q(z) are the usual Poisson and con-
jugate Poisson kernels. Denote alBe(z, ¢) = Py (z8), Qu(z,¢) = Qu(z8), z,¢ € D.

For the polydisdy” the kernelsP,, and Q, are defined a®,(z, ¢) = ]’[’}zl Po;(z),8)),
04(z,8) = ]’[’}zl Qu,;(zj.¢;), Wherea = (a1, ..., a,), @ > 0,z,¢ € U". Kernels P,

and Q, aren-harmonic both irc and inz. Clearly, Py (z, ¢) = Py (¢, z) = Py(Z, 7). Be-

fore passing to the proofs of Theorems 2 and 3, we give two auxiliary lemmas which are
proved by direct computation and estimation.

Lemma2. Foranyz,; e U", oj 20 (1< j <n),

PO(Za é‘):DiaPOl(Za §)7 QO(Za é‘):DiaQa(Za §)7
Pa(z’ {:):’DQPO(Z, {:)a QU(Z7 é’):,DaQO(Z7 {:)

This lemma enables us to extend the definition of the kerRgland Q,, to negative
a; < 0. We assume that, = D* P andQ, = D* Qg for anya; € R.

Lemma3.Lete; > 0,1/(1+ ;) < p <oo (1< j<n)andletk be either of the kernels
P, and Q.. Then

n
K(z,0)| < C(a,n) ———, z,0€U",
- 1
Mp(K;r)§C(a,n,P)nm, rel”.
1 .

Proof of Theorem 2. Letfirstp=¢=1,8; =«; (1< j<n)andletu(z) e h(1, 1, @).
Applying the inversion formula (3.1) and then changing the variables, we get

1 =1l n
u(z) = m/(l—pz) lDru(pzz)Z odp
In
_ 1 no—1 o
S Dr{
In

i i _ 2 a—1 o i3
=T //(l p%)* " DEP(z, pmu(pn)2” pdp dmy (),
lll Tn

/ P(z, pm)u(pn) dmn(n)}Z”p dp
Tn

where the integral converges absolutely by Lemma 3. For other admigsible3 the
proof follows from the inclusio(p, g, «) C h(1, 1, B) (see Theorem 1). O
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The representation (1.1) suggests corresponding integral opefg,t,prﬁg,k, S8, 5,“
(see Section 1). It is natural to ask whether they are boundédng, «). For proving
Theorem 3, we need a higher-dimensional version of Hardy’s inequality.

Lemmad. If g(r) >0, e",1<g <00, Bj <—1<a; (1< j<n), then

/(1—1') (/ /g(t)dt) dr < /(1—r)“+qg (r)dr, (3.2)

mn

/xﬂ</.../g(t)dt> dxéC/xﬂJrng(x)dx, (3.3)

In 0 0 In
where the constants may depend only of, 8, g, n.

The inequalities (3.2) and (3.3) are proved by iteration of those in one variable.
Proof of Theorem 3. (i) Itis enough to prove the boundednessgj, . Instead of applying

the standard Schur test (see, e.g., [12]), we use Lemma 4f (®te L(p,q, ), 1<
g < oo. By Minkowski’s inequality and Lemma 3,

(1—r?*
re+m.)

o[- o] [Jurnitie

By the triangle inequality and Lemma 4,

1S5 f I p.g.a = H(l_ r)*Mp(Sp.f; r)”Lq(dr/(l )
cll@-re+ / / M5 ) o )m

cla—-rn= ﬂ/ /(1 2V M, (f: p)dp

M, (Spafir) < (L= 1212 7 Posn(r, O| My (f; p) dmoa(C)

Li(dr/(1-r))

Li(dr/(1=r))

q 1/q
[/(1 ry@tha= 1( )HM o (fs r)> dr:|

"

X1 Xn q 1/q
+C|:/x(aﬂ)q1(/.../77/31Mp(f;1—n)dn> dxj|
0 0

I}’l
<Clflpga-
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The caseq = oo can be proved easier. Of course, the boundedness of the operator
Tg0 (A; = 0) means thaflg o is an-harmonic projection of(p, g, @) ontoh(p, q, ).
This completes the proof of part (i) of Theorem 3.

We now turn to the proof of part (ii) of Theorem 3. It suffices to prove that bounded-
ness ofTg; on L(p,q,a) implies ; > a; > —A;. Let Tg; be a bounded operator on
L(p,q,0),i.e. Tgsllpga < Clfllpga VS € L(p,q,a), where the constant is in-
dependent off. Taking a multi-indexV = (N1, ..., N,) with the component®/; large
enough (V; +«; > 0, N; + B; > 0) such thatfy (z) = (1 — |z|1>)" € L(p, ¢, a), we de-
duceTs ;. (fx)(z) = C(B, », N)(1— |z|5*. Hence

q (a+1)g—1
+00 > | T (/M5 , 0 = CB. A q. N.n) /(1— )T dr,
Ill
so the inequalityr; + 1 ; > 0 holds for allj € [1, n]. Further, IetTg_A be the adjoint oper-
ator of Ty ;.. Itis given explicitly by '
(1—|z]3Ff

Tg, (NH(2) = B+

f(l— 1212 T Py (2, ©) £(2) dmaa (2).

U}’l

According to [2, p. 304], the dual spaée (p, ¢, «) of L(p, g, «) can be identified with
L(p'.q',aq/q"). The boundedness @}, on L(p, ¢, «) is equivalent to that of;, on

L*(p,q. ) =L(p'.q',aq/q’), 1.e.
17511 i ara SCNVFUpgragrg V€L q' 0q/q"). (3.4)
We now distinguish two cases.

Case 1< g < oco.Theaction ong,A onafunctionfy(z) = (1—1z19N € L(p', 4", aq/q"),
with the component®/; large enough, giveﬁg"k(fN)(z) =C(1—|z|%#~*4. Hence

oo > | 75, (/w)]

¢ > C/(l_r)q/(ﬁ—aq)-i-aq—ldr’
r'.qaq/q
I}'l

where the constar@ depends only ow, 8, 1, ¢, N, n. So it follows thaty'(8; — «q) +
ajq > 0, or equivalently; > «; forall j, 1< j <n.

Case ¢ = 1. Then the inequality (3.4) turns to
1755/ 1 o0 S CIf o0 VS €L(p',00,0). (3.5)

The action ofT/;‘,A on the functionfy (z) gives

+00 > || Tgx)h(fN)Hp/,oo,O =C Sljp(l— r2)/3—0£’
rel”

Hencep; —«; > 0 for all 1< j < n. It remains to show that fog =1, 1< p < o0
the equality8; = «; holds for no indexj. Assumeg; = a1, say. Then, given parameter
a € U", we consider functiong, (z) = | Pg+x(a, 2)|/ Pg+a(a, 2), wheref; +1; > a; +
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Aj > 0. Clearly,|g.(z)| =1 and g, (z) € L(p’, 00, 0) for eacha € U". Then by (3.5),
Ty, (8a) € L(p', 00,0). Forz = a we have

Ti(g)@=C (=127 ] f (L= 151N Py s, (2. £)| dma(z)).
j=2 i=1p

In view of boundedness of haomnic conjugation in spacégl, 1, «) (see, e.g., [5,8]),

T,ékx(gz)(Z)EC(a,ﬂ,k,n)log .
’ 1—Jz4]
Letting here|z1| — 1, we obtain a contradiction with the boundednessTgi_fA on

L(p', 00,0). Thus, the equalityy; = «; holds for no index;j. This completes the proof
of Theorem 3.

4. Proofsof Theorems4-6
We now briefly sketch proofs of Theorems 4—6.

Proof of Theorem 4. Given a functiong(z) € L(p,q, —a), 1 < p,g < 00, aj > 0
(1< j < n) we shall prove tha} g o(¢) [l gz« < Cll@llp.q.—a fOr any g = (Ba,.... ),
B; > 0. Let f(2) = Tp,0(p)(z), then for anyy; > o; (1< j < n), the desired inequality
can be written in the formiDY £, 4.y -« < Cll¢llp.4,—«- TO prove these inequalities, we
differentiate the equality’ (z) = Ts,0(¢)(z) by means of the operatd@” and then, by
analogy with the proof of Theorem 3(i), estimate using Minkowski’s inequality, Lemmas 3
and 4.

To prove the surjectivity of (1.2), we need several additional lemmas.

Lemma 5. The inclusiongi ALY c h(1,1, B) andhAL? hA(l)’l are continuous for any
1<p<o0,0<g<oo,a;>0p8;>0.

Proof. Lemma follows from the inclusions (ii), (vi) of Theorem 1 and the definition of
Besov spaces. O

Lemma 6. Suppose that(z) isinhAy? for 1< p <00,0<g <00,a; >0,1< j < n.
Then for anys = (81, ...,8,), 8; > 0, 1< j < n, the functioru can be represented in the
formu(z) = ®5(u)(z),z € U".

Proof. By the second inclusion of the previous lemm¥u(z) € h(1, 1, §) for anys; > 0.
It is enough to represem’u(z) = Ts.0(D’u)(z) by Theorem 2, and then to integrate by
means ofD~¢ using (3.1). O

Lemma7.For8; >0,y; 20(1<j<n), keZ', z=rw,r € I",w e T", the following
identities hold
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rBr(kl+1+B+7y)

Ky — (1 12 el 4.1

T Artw == 1) F o T rr e g Y @

_T@BANTAKI+14P)
TR (k| +1+B8+7) '

Tg.0} (1 — |z1%)7 rFlwk} (4.2)

Proof. Substituting the series expansion of the kerPgl,, = D#*7 P into the left-hand
side of (4.1), we get the identity (4.1). Formula (4.2) can be proved in the same way.

Lemma 8. Foranyl< p<oo,0<g<oo,a; 20 8;,>0 v, >0 1< <n,the
operatorTg g o T, is the identity map on A%™9.

Proof. If f(z) =Y ycpm axr'Mwk isin hAL?, then in view of (4.1), the operatdj , can
be written in the form

L — [z Y FELA+LI+B+Y)
re+v) 5. I (kl+14 B) '

It follows from (4.2) thatTs o(Tp,, f(2)) = f(z). O

(4.3)

Tgy (f)(2) =

Lemma8.Foranyl< p<o00,0<g<o0,a; 20,8 >0, meZ} ,m;>a;,1<j<n,
the operator7g ,, mapshAy'? boundedly intd(p, ¢, —a).

Proof. By the representation (4.3), we have

Tgmf(2)

(1_ lle)m :C Z(Iklm_i_CIklIml*l'kZ'mz.”|kn|mn +"‘+C)akr‘k‘wk

keZ

Thus, the conditioril — )" D™ f(z) € L(p, q, —a) impliesTg ., f(z) € L(p, g, —a).
Finally, the operatof,0: L(p, q, —a) — hA%? is onto by Lemmas 8 and 9.0

Proof of Theorem 5. Given a function (not-harmonic) f(z) € AL we need to prove
”,DyQTi(f)”p,q,yfa < CHIDaf”p,q,&'faa Wher_e& € Z’Jlra o < ?Zj < o+ 1, Vi =) 1<
J <n). The rest of the proof runs as before in Theorem 3(i}

Proof of Theorem 6. A functiong € h(p’, q’, aq/q’) induces a bounded linear functional
onh(p,q,a), F(f)=(f,g) Vf €eh(p,q,a). Indeed, applying Holder's inequality twice,
we get|F(f)| < Cla,q, M fllp.qg.alglly g .aq/q- CONversely, letF € (h(p,q,a))*.
Then by the Hahn—Banach extension theordéimncan be extended to a bounded linear
functional (still denoted by) on L(p, g, «) without increasing its norm. By the duality
theory of mixed norm spaces, see [2, p. 3@4)p,q,a)* = L(p’,q',aq/q’). There ex-
iStS a functiongo in L(p’, ¢', aq/q") such thatF' (f) = (f, go) and || F|l = llgoll p' .4’ cq/q'-
Writing, by Theorem 2,f = Ty4.0f, We haveF(f) = (Tuq.0(f), g0) = ([, Tuq.0(80))-
Taking g = Toq,0(g0) and using Theorem 3, we conclude tgas in L(p’, ¢', ag/q’) and
F(f)=(f.g) Yf €h(p,q,a), such that”g”p’,q’,aq/q/ < Cllgollp.q'.aq/q’ < CIF- This
completes the proof of Theorem 601
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