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Abstract

We study anisotropic mixed norm spaces ofn-harmonic functions in the unit polydisc ofCn.
Bergman type reproducing integral formulas are established by means of fractional derivativ
some continuous inclusions. It gives us a tool to construct corresponding projections and
operators and prove their boundedness on the mixed norm and Besov spaces.
 2003 Elsevier Inc. All rights reserved.

0. Introduction

Let Un = {z = (z1, . . . , zn) ∈ C
n: |zj | < 1, 1 � j � n} be the unit polydisc inCn,

and letT n = {w = (w1, . . . ,wn) ∈ Cn: |wj | = 1, 1 � j � n} be then-dimensional torus
the distinguished boundary ofUn. We shall deal withn-harmonic functions on the poly
discUn, i.e. functions harmonic in each variablezj separately. Denote byh(Un) (H(Un))
the set of alln-harmonic (respectively holomorphic) functions inUn. If f (z) = f (rw) is
a measurable function inUn, then we write

Mp(f ; r) = ∥∥f (r·)∥∥
Lp(T n;dmn)

, r = (r1, . . . , rn) ∈ In, 0 < p � ∞,

whereIn = [0,1)n, dmn is the n-dimensional Lebesgue measure onT n normalized so
thatmn(T

n) = 1. The collection ofn-harmonic (holomorphic) functionsf (z), for which
‖f ‖hp = supr∈In Mp(f ; r) < +∞, is the usual Hardy spacehp (respectivelyHp).

E-mail address:avetkaren@ysu.am.
0022-247X/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2003.11.039
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The quasi-normed spaceL(p,q,α) (0 < p,q � ∞, α = (α1, . . . , αn)) is the set of those
functionsf (z) measurable in the polydiskUn, for which the quasi-norm

‖f ‖p,q,α =



(∫
In

n∏
j=1

(1− rj )
αj q−1M

q
p(f ; r)

n∏
j=1

drj

)1/q

, 0< q < ∞,

ess sup
r∈In

n∏
j=1

(1− rj )
αj Mp(f ; r), q = ∞,

is finite. For the subspaces ofL(p,q,α) consisting ofn-harmonic or holomorphic func
tions leth(p,q,α) = h(Un)∩L(p,q,α), H(p,q,α) = H(Un)∩L(p,q,α). Forp = q <

∞, the spacesh(p,q,α) andH(p,q,α) coincide with the well-known weighted Bergma
spaces. The first results on mixed norm spaces are contained in classical works o
and Littlewood [10,11], who considered functions holomorphic in the unit diskD = U1.
Later, Flett [8] essentially improved and developed methods of [10,11]. Holomo
and pluriharmonic mixed norm spaces on the unit ball and bounded symmetric doma
of C

n have been studied, for example, in [14,17,19]. Motivated by papers of Cho
Shamoyan [18], and Zhu [21], we are interested in projections in mixed norm and B
spaces on the polydiscUn. The paper is organized as follows. First, we prove several
tinuous inclusions of Hardy, Littlewood, and Flett in Theorem 1 forn-harmonic space
h(p,q,α) and Hardy spaces on the polydisc. These inclusions are used in furthe
orems. A Poisson–Bergman type reproducing integral formula is stated in Theorem
n-harmonic functions inh(p,q,α). Corresponding integral operatorsTβ,λ, T̃β,λ, Sβ,λ, S̃β,λ

of Bergman type are constructed on the basis of fractional integro-differentiation and Poi
son type reproducing kernels. In Theorem 3 of Forelli–Rudin type, given 1� p,q < ∞, we
find a necessary and sufficient condition forTβ,0 to be a bounded projection ofL(p,q,α)

ontoh(p,q,α), and also forTβ,λ to be a bounded operator inL(p,q,α). The traditional
way of stating the projection results is to use Schur test (see, e.g., [12]). Instead,
a higher-dimensional version of Hardy’s inequality and give a quick elementary pro
projection theorems. Further, Bergman typeoperators can be considered on other func
spaces. In Theorem 4, the action of the operatorsTβ,0 andT̃β,0 is studied on mixed norm
spacesL(p,q,α) for multi-indicesα = (α1, . . . , αn) with non-positive entriesαj . It turns
out that the image ofL(p,q,α) with αj � 0 underTβ,0 andT̃β,0 is the Besov spacehΛ

p,q
α

of n-harmonic functions. On the other hand, it is known that Bergman projection pres
Lipschitz spaces in the setting of the unit ball ofC

n or R
n and in strictly pseudoconve

domains ofCn (see [4,16,20]). One may ask whetherthis is still true for Besov space
In Theorem 5 we generalize the preservation property to Besov spaces under a B
type operator which projects the Besov spaceΛ

p,q
α onto itsn-harmonic subspacehΛ

p,q
α .

Theorem 5 seems to be new even for one-variable case. Finally, as an application we g
in Theorem 6 a duality result for spacesh(p,q,α).

Note that many particular results of the theorems are well known especially for
morphic Bergman spaces on the unit disk, the unit ball or the polydisc inCn, see [3,5,8
10–12,14,17–19,21]. Observe that in Theorems 1–6 forp �= q , an iteration of one-variabl
case does not work. There is an additional difficulty in the proof of Theorem 1 conn
with non-n-subharmonicity of|u|p and non-monotonicity of integral meansMp(u; r) with



K.L. Avetisyan / J. Math. Anal. Appl. 291 (2004) 727–740 729

of

ts
r

r

–

n type
respect tor for 0 < p < 1. On the other hand, a passage fromn-harmonic functions to
holomorphic ones is impossible becausen-harmonic functions need not be real parts
holomorphic functions.

1. Main theorems

We shall use the conventional multi-index notations:ζ̄ = (ζ̄1, . . . , ζ̄n), rζ = (r1ζ1, . . . ,

rnζn), dr = dr1 · · ·drn, (1−|ζ |2)α =∏n
j=1(1−|ζj |2)αj , Γ (α+|k|) =∏n

j=1 Γ (αj +|kj |)
for ζ ∈ Cn, r ∈ In, α = (α1, . . . , αn), k = (k1, . . . , kn).

Throughout the paper, the lettersC(α,β, . . .), Cα , etc., will denote positive constan
possibly different at different places and depending only on the parameters indicated. Fo
A,B > 0, the notationA ≈ B denotes the two-sided estimatec1A � B � c2A with some
inessential positive constantsc1 andc2 independent of the variable involved. For anyp,
1 � p � ∞, we define the conjugate indexp′ asp′ = p/(p − 1) (we interpret 1/∞ = 0
and 1/0 = +∞). The symboldm2n means the Lebesgue measure on the polydiscUn

normalized so thatm2n(U
n) = 1. We shall writeT :X → Y , if T is a bounded operato

mappingX to Y , i.e.‖Tf ‖Y � C‖f ‖X ∀f ∈ X.
We now formulate main theorems of the paper. Starting from the Hardy–Littlewood

Flett inclusions inh(p,q,α), we present them by the following table.

Theorem 1. Let 0 < p,q � ∞, α = (α1, . . . , αn), α0 = (α01, . . . , α0n), β = (β1, . . . , βn),
αj ,α0j , βj ∈ R, 1 � j � n. Then the following inclusions are continuous:

(i) h(p, q,α) ⊂ h(p,q,β), βj � αj ,

(ii) h(p, q,α) ⊂ h(p0, q,α), 0 < p0 < p � ∞,

(iii ) h(p, q,α) ⊂ h(p,q0, α), 0 < q < q0 � ∞,

(iv) h(p, q,α) ⊂ h(p0, q,α0), α0j � αj + 1/p − 1/p0, 0 < p � p0 � ∞,

(v) h(p, q,α) ⊂ h(p0, q0, β), βj > αj + 1/p, 0 < p0, q0 � ∞,

(vi) h(p, q,α) ⊂ h(p,q0, β), βj > αj , 0 < q0 � ∞,

(vii) Hp ⊂ H

(
p0, q,

1

p
− 1

p0

)
, 0 < p < p0 � ∞, 0 < p � q � ∞,

(viii ) hp ⊂ h

(
p0, q,

1

p
− 1

p0

)
, 1 � p < p0 � ∞, 1� p � q � ∞,

(ix) hp ⊂ h(p0, q,β), βj >
1

p
− 1

p0
, 0 < p < p0 � ∞.

(x) Besides, ifu ∈ h(p,q,α), 0< q < ∞, then(1− r)αMp(u; r) = o(1) as

rj → 1− for eachj ∈ [1, n].

The next theorem establishes a reproducing integral formula of Poisson–Bergma
for functions inh(p,q,α).
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Theorem 2. Letαj > 0 andu ∈ h(p,q,α). If either0 < p,q � ∞, βj > max{αj + 1/p −
1, αj }, or 1� p � ∞, 0 < q � 1, βj � αj (1 � j � n), then forz ∈ Un

u(z) = 1∏n
j=1 Γ (βj )

∫
Un

n∏
j=1

(
1− |ζj |2

)βj −1
Pβ(z, ζ )u(ζ ) dm2n(ζ ), (1.1)

where the kernelPβ of Poisson type is defined in Section3.

The representation (1.1) induces linear integral operators of Bergman type:

Tβ,λ(f )(z) = (1− |z|2)λ
Γ (β + λ)

∫
Un

(
1− |ζ |2)β−1

Pβ+λ(z, ζ ) f (ζ ) dm2n(ζ ),

Sβ,λ(f )(z) = (1− |z|2)λ
Γ (β + λ)

∫
Un

(
1− |ζ |2)β−1∣∣Pβ+λ(z, ζ )

∣∣f (ζ ) dm2n(ζ ),

whereβ = (β1, . . . , βn), λ = (λ1, . . . , λn). Also, we introduce similar integral operato
with “conjugate” kernelQβ of Poisson type (see Section 3):

T̃β,λ(f )(z) = (1− |z|2)λ
Γ (β + λ)

∫
Un

(
1− |ζ |2)β−1

Qβ+λ(z, ζ ) f (ζ ) dm2n(ζ ),

S̃β,λ(f )(z) = (1− |z|2)λ
Γ (β + λ)

∫
Un

(
1− |ζ |2)β−1∣∣Qβ+λ(z, ζ )

∣∣f (ζ ) dm2n(ζ ).

It is natural here to ask whether these operators are bounded in mixed norm spac
next theorem of Forelli–Rudin type answers to this question.

Theorem 3. (i) Let 1 � p,q � ∞, βj > αj > −λj (1 � j � n). Then each of the opera
torsTβ,λ, T̃β,λ, Sβ,λ, S̃β,λ continuously maps the spaceL(p,q,α) into itself. Moreover, the
operatorTβ,0 (λj = 0) projectsL(p,q,α) ontoh(p,q,α).

(ii) Let1 � p,q < ∞, αj ,βj , λj ∈ R. Then each of the operatorsTβ,λ, Sβ,λ is bounded
in L(p,q,α) if and only ifβj > αj > −λj (1 � j � n).

Remark. For functions holomorphic in the unit disk or the ball ofCn as well as for holo-
morphic Bergman spaces (p = q) the results of Theorems 2 and 3 are known even
general weights; see, e.g., [5,12,14,17,18] and references therein.

Further, a question arises: What is the image ofL(p,q,α) with negativeαj under the
mappingsTβ,λ and T̃β,λ? To answer we introduce Besov spaces of smooth enough
n-harmonic functions.

Definition. The functionf (z) given in Un, is said to belong to Besov spaceΛp,q
α

(0 < p,q � ∞, αj � 0) if Dα̃f (z) ∈ L(p,q, α̃ − α), whereα̃ = (̃α1, . . . , α̃n), α̃j is the
least integer greater thanαj , andDα is a Riemann–Liouville integro-differential ope
ator defined in Section 3. The Besov spaceΛ

p,q
α is equipped with a norm (quasinorm

‖f ‖ p,q = ‖Dα̃f ‖p,q,̃α−α .
Λα
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Let hΛ
p,q
α be the subspace ofΛp,q

α consisting ofn-harmonic functions. For a func
tion f ∈ hΛ

p,q
α , the multi-index̃α may be replaced by any multi-indexγ = (γ1, . . . , γn),

γj > αj , and the corresponding norms are equivalent:‖f ‖hΛ
p,q
α

≈ ‖Dγ f ‖p,q,γ−α .

Theorem 4. For 1 � p,q � ∞, αj � 0, βj > 0 (1 � j � n), the operators

Tβ,0 :L(p,q,−α) −→ hΛp,q
α , (1.2)

T̃β,0 :L(p,q,−α) −→ hΛp,q
α , (1.3)

are bounded. Moreover, the map(1.2) is surjective.

Remark. For p = q = ∞, αj = 0, Theorem 4 asserts the boundedness ofTβ,0 from
L∞(Un) onto the Bloch spaceBh = hΛ

∞,∞
0 of n-harmonic functions. This is familia

for the (weighted) Bergman projection and holomorphic functions in various domains
e.g., [3,5,12,21], while forp = q , αj = 1/p and holomorphic functions, the relation (1.
is due to Zhu [21].

In some papers, [4,16,20], preservation of Lipschitz spaces under the Bergman
tion is studied. Now, for similar operator

Φα̃(f )(z) = 1

Γ (̃α)

∫
Un

(
1− |ζ |2)α̃−1

P(z, ζ )Dα̃f (ζ ) dm2n(ζ ),

we study the same problem.

Theorem 5. For 1 � p,q � ∞, αj > 0 (1 � j � n), the operatorΦα̃ continuously projects
Λ

p,q
α ontohΛ

p,q
α .

Finally, as an application of projection theorems we find the dual space ofh(p,q,α)

for 1 � p � ∞, 1� q < ∞.

Theorem 6. For 1 � p � ∞, 1 � q < ∞, αj > 0 (1 � j � n), we have(h(p, q,α))∗ ∼=
h(p′, q ′, αq/q ′) under the integral pairing

〈f,g〉 =
∫
Un

f (z)g(z)
(
1− |z|2)αq−1

dm2n(z),

wheref ∈ h(p,q,α), g ∈ h(p′, q ′, αq/q ′).

Remark. For holomorphic Bergman spaces in the polydisc, a duality theorem for
general weights is established by Shamoyan [18].

2. Proof of Theorem 1

First notice that as it follows from Aleksandrov’s paper [1, Theorem 2.11], the s
h(p,q,α) is trivial if at least one of the entriesαj is less than−1 (or clearlyαj < 0 for 1�
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p � ∞). The most of the inclusions in Theorem 1 are known for functions holomor
in the unit disk (see [8]). Forn-harmonic functionsu, some difficulties appear becau
of non-n-subharmonicity of|u|p (0 < p < 1). Without loss of generality and to simplif
notation, we may assume thatn = 2.

Proof of (iii). We begin by proving the caseq0 = ∞ and show that

h(p,q,α) ⊂ h(p,∞, α). (2.1)

Note that forp � 1 or holomorphic functions, the inclusion (2.1) is elementary in view
monotonicity of integral meansMp(u; r) in each radial variablerj . For 0< p < 1, take
any functionu ∈ h(p,q,α) and fix a pointz = (z1, z2) = (r1e

iθ1, r2e
iθ2) ∈ U2. For the

pointz and bidiskBz = Bz1 × Bz2, whereBzj = {ζ ∈ C: |ζj − zj | < (1− rj )/2}, j = 1,2,
write Hardy–Littlewood inequality on subharmonic behavior of|u|p:∣∣u(z1, z2)

∣∣p � Cp

(1− r1)2(1− r2)2

∫ ∫
Bz1×Bz2

∣∣u(ζ1, ζ2)
∣∣p dm2(ζ1) dm2(ζ2). (2.2)

If ζ = (ζ1, ζ2) ∈ Bz, thenρ′
j < |ζj | = ρj < ρ′′

j , j = 1,2, where

ρ′
j = max

{
0,

3rj − 1

2

}
, ρ′′

j = 1+ rj

2
.

Hence

1

2
(1− rj ) < 1− |ζj | < 3

2
(1− rj ), j = 1,2. (2.3)

From (2.2), (2.3), and a simple inequality|1− ζj z̄j | < 3(1− |ζj |), |zj | < 1, ζj ∈ Bzj , we
obtain∣∣u(r1e

iθ1, r2e
iθ2
)∣∣p� Cp

∫
Bz1

∫
Bz2

∣∣u(ζ1, ζ2)
∣∣p dm2(ζ1)

|1− ζ1z̄1|2
dm2(ζ2)

|1− ζ2z̄2|2 . (2.4)

Next, we extend the domain of integration in (2.4) to the ringsρ′
j < |ζj | < ρ′′

j (j = 1,2)

and integrate over the torusT 2:

M
p
p (u; r1, r2) � Cp

(1− r1)(1− r2)

ρ′′
1∫

ρ′
1

ρ′′
2∫

ρ′
2

M
p
p (u;ρ1, ρ2) dρ1dρ2.

If 0 < p < q < ∞, then by Hölder inequality with indicesq/p andq/(q − p),

2∏
j=1

(1− rj )
αj qM

q
p(u; r) � C

ρ′′
1∫

ρ′
1

ρ′′
2∫

ρ′
2

2∏
j=1

(1− ρj )
αj q−1M

q
p(u;ρ) dρ1dρ2, (2.5)

and therefore(1− r)αMp(u; r) � C(p,q,α)‖u‖p,q,α , r ∈ I2.
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If 0 < q � p � ∞, then write (2.4) withq instead ofp, and apply Minkowski’s inequal
ity with exponentp/q � 1:

M
q
p(u; r1, r2) � Cq

(1− r1)(1− r2)

ρ′′
1∫

ρ′
1

ρ′′
2∫

ρ′
2

M
q
p(u;ρ1, ρ2) dρ1dρ2.

Then (2.5) follows. Thus, in both cases the inclusion (2.1) is continuous. The genera
in (iii) reduces to (2.1). Indeed, let 0< q < q0 < ∞. Then by (2.1)

‖u‖q0
p,q0,α � ‖u‖q0−q

p,∞,α ‖u‖q
p,q,α � C‖u‖q0−q

p,q,α ‖u‖q
p,q,α = C‖u‖q0

p,q,α.

Thus, the inclusion (iii) is proved.�
The inequality (2.5) implies also the assertion (x) of Theorem 1.

Proof of (iv). Actually the conditionα0j + 1/p0 � αj + 1/p is not only sufficient for the
inclusionh(p,q,α) ⊂ h(p0, q,α0), but is necessary as well. That follows from the n
lemma.

Lemma 1. Let 0 < p � p0 � ∞, αj > 0. Thenh(p,q,α) ⊂ h(p0, q,α0) if and only if
α0j + 1/p0 � αj + 1/p (1 � j � n).

Proof. Let α0j + 1/p0 = αj + 1/p (1 � j � 2), and first show the casep0 = ∞
h(p,q,α) ⊂ h(∞, q,α + 1/p). (2.6)

If 0 < p < q < ∞, then it follows from (2.2)–(2.3) that for anyr = (r1, r2) ∈ I2,

M
q∞(u; r) � C(p,q)∏2

j=1(1− rj )q/p

 ρ′′
1∫

ρ′
1

ρ′′
2∫

ρ′
2

M
p
p (u;ρ)

dρ1 dρ2∏2
j=1(1− ρj )

q/p

.

Applying Hölder inequality with indicesq/p, 1/(1 − p/q) and integrating overI2, and
then interchanging the order of integrating, we get‖u‖q

∞,q,α+1/p � C(p,q,α)‖u‖q
p,q,α .

If 0 < q � p � ∞, then we use the inequality (2.2) withq instead ofp. The same
method as above leads to (2.6). Thus, the inclusion (iv) is proved for bothp0 = ∞ and
p0 = p. For all valuesp0 ∈ [p,∞] the inclusion (iv) follows from a version of Riesz
Thorin interpolation theorem for quasi-normed spaces [2,13].

Conversely, suppose there exists an indexj ∈ [1, n], sayj = 1, such thatα01 + 1/p0 <

α1+1/p. For an arbitrary pointa = (a1, . . . , an) ∈ Un and a multi-indexγ = (γ1, . . . , γn),
γj > max{α0j + 1/p0, αj + 1/p}, 1� j � n, define the functionfγ,a(z) = 1/(1 − āz)γ .
A simple estimation shows that

‖fγ,a‖p0,q,α0

‖fγ,a‖p,q,α

≈ (1− |a|)(α0+1/p0)−(α+1/p).

Letting |a1| → 1, we get a contradiction withh(p,q,α) ⊂ h(p0, q,α0). The proof of
Lemma 1 and the inclusion (iv) is complete.�
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Proof of (v), (vi) can be obtain by (iii) and the inclusionh(p,q,α) ⊂ h(∞,∞, α+1/p)

which is contained in (iv).

The inclusion (vii) is due to Frazier [9], andthe inclusion (viii) follows from [9] in
view of n-subharmonicity of|u|p, p � 1.

Finally, the inclusion (ix) is a combination of (vi), (iv). Indeed, for anyα =
(α1, . . . , αn), αj > 0, we havehp ⊂ h(p,q,α) ⊂ h(p0, q,α + 1/p − 1/p0).

Remark. For holomorphic Bergman spaces on the unit ball ofCn, Lemma 1 can be foun
in [15]. The inclusion (ix) forn = 1, 0< p < 1, p0 = q = 1 is proved by Duren an
Shields [7]. They showed also that the limiting inclusionhp ⊂ h(1,1,1/p − 1) is false.

3. Proof of Theorems 2 and 3

For a functionf (z) = f (rw), r ∈ In, w ∈ T n, given onUn, we shall use Riemann
Liouville integro-differential operatorDα ≡ Dα

r with respect to variabler:

D−αf (z) = rα

Γ (α)

∫
In

(1− η)α−1f (ηz) dη, Dαf (z) =
(

∂

∂r

)m

D−(m−α)f (z),

where(
∂

∂r

)m

=
(

∂

∂r1

)m1

· · ·
(

∂

∂rn

)mn

,

m = (m1, . . . ,mn) ∈ Z
n+, α = (α1, . . . , αn), αj > 0, mj − 1 < αj � mj (1 � j � n). It is

clear that for anyα = (α1, . . . , αn), αj � 0, D±αf = D
±α1
r1 D

±α2
r2 · · ·D±αn

rn f , whereD
αj
rj

means the same operator acting in directionrj only. Denote

D−αf (rw) = r−αD−αf (rw), Dαf (rw) = Dα
{
rαf (rw)

}
.

It is easily seen that iff is n-harmonic, then so areDαf andD−αf , and for them the
following inversion formulas hold:

DαD−αf (z) =D−αDαf (z) = f (z). (3.1)

For n-harmonic functions the operatorsD−α and Dα have an equivalent definition
Every functionf ∈ h(Un) has a series expansionf (z) =∑

k∈Zn akr
|k|eik·θ , wherer |k| =

r
|k1|
1 · · · r |kn|

n , k · θ = k1θ1 + · · · + knθn, and we can present

D−αf (z) =
∑
k∈Zn

n∏
j=1

Γ (|kj | + 1)

Γ (|kj | + 1+ αj )
akr

|k|eik·θ ,

Dαf (z) =
∑
k∈Zn

n∏
j=1

Γ (|kj | + 1+ αj )

Γ (|kj | + 1)
akr

|k|eik·θ .

We shall consider kernelsPα and conjugate kernelsQα of Poisson type for the unit diskD
(see [6, Chapter IX]):



K.L. Avetisyan / J. Math. Anal. Appl. 291 (2004) 727–740 735

n-

h are

s

Pα(z) = Γ (α + 1)

[
Re

2

(1− z)α+1 − 1

]
, z ∈ D, α � 0,

Qα(z) = Γ (α + 1) Im
2

(1− z)α+1 , z ∈ D, α � 0.

It is easily seen thatP0(z) = P(z) and Q0(z) = Q(z) are the usual Poisson and co
jugate Poisson kernels. Denote alsoPα(z, ζ ) = Pα(zζ̄ ), Qα(z, ζ ) = Qα(zζ̄ ), z, ζ ∈ D.
For the polydiscUn the kernelsPα andQα are defined asPα(z, ζ ) = ∏n

j=1 Pαj (zj , ζj ),
Qα(z, ζ ) = ∏n

j=1 Qαj (zj , ζj ), whereα = (α1, . . . , αn), αj � 0, z, ζ ∈ Un. KernelsPα

andQα aren-harmonic both inz and inζ . Clearly,Pα(z, ζ ) = Pα(ζ, z) = Pα(z̄, ζ̄ ). Be-
fore passing to the proofs of Theorems 2 and 3, we give two auxiliary lemmas whic
proved by direct computation and estimation.

Lemma 2. For anyz, ζ ∈ Un, αj � 0 (1 � j � n),

P0(z, ζ ) =D−αPα(z, ζ ), Q0(z, ζ ) =D−αQα(z, ζ ),

Pα(z, ζ ) =DαP0(z, ζ ), Qα(z, ζ ) =DαQ0(z, ζ ).

This lemma enables us to extend the definition of the kernelsPα andQα to negative
αj < 0. We assume thatPα =DαP0 andQα =DαQ0 for anyαj ∈ R.

Lemma 3. Letαj � 0, 1/(1+ αj ) < p � ∞ (1� j � n) and letK be either of the kernel
Pα andQα . Then

∣∣K(z, ζ )
∣∣� C(α,n)

n∏
j=1

1

|1− ζ̄j zj |αj+1
, z, ζ ∈ Un,

Mp(K; r) � C(α,n,p)

n∏
j=1

1

(1− rj )
αj +1−1/p

, r ∈ In.

Proof of Theorem 2. Let first p = q = 1, βj = αj (1 � j � n) and letu(z) ∈ h(1,1, α).
Applying the inversion formula (3.1) and then changing the variables, we get

u(z) = 1

Γ (α)

∫
In

(
1− ρ2)α−1Dα

r u
(
ρ2z

)
2nρ dρ

= 1

Γ (α)

∫
In

(
1− ρ2)α−1Dα

r

{∫
T n

P (z,ρη)u(ρη) dmn(η)

}
2nρ dρ

= 1

Γ (α)

∫
In

∫
T n

(
1− ρ2)α−1Dα

r P (z,ρη)u(ρη)2nρ dρ dmn(η),

where the integral converges absolutely by Lemma 3. For other admissiblep,q,β the
proof follows from the inclusionh(p,q,α) ⊂ h(1,1, β) (see Theorem 1). �
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The representation (1.1) suggests corresponding integral operatorsTβ,λ, T̃β,λ, Sβ,λ, S̃β,λ

(see Section 1). It is natural to ask whether they are bounded inL(p,q,α). For proving
Theorem 3, we need a higher-dimensional version of Hardy’s inequality.

Lemma 4. If g(t) � 0, t ∈ In, 1 � q < ∞, βj < −1 < αj (1 � j � n), then∫
In

(1− r)α

( r1∫
0

· · ·
rn∫

0

g(t) dt

)q

dr � C

∫
In

(1− r)α+qgq(r) dr, (3.2)

∫
In

xβ

( x1∫
0

· · ·
xn∫

0

g(t) dt

)q

dx � C

∫
In

xβ+qgq(x) dx, (3.3)

where the constantsC may depend only onα,β, q,n.

The inequalities (3.2) and (3.3) are proved by iteration of those in one variable.

Proof of Theorem 3. (i) It is enough to prove the boundedness ofSβ,λ. Instead of applying
the standard Schur test (see, e.g., [12]), we use Lemma 4. Letf (z) ∈ L(p,q,α), 1 �
q < ∞. By Minkowski’s inequality and Lemma 3,

Mp(Sβ,λf ; r) � (1− r2)λ

Γ (β + λ)

∫
Un

(
1− |ζ |2)β−1∣∣Pβ+λ(r, ζ )

∣∣Mp(f ;ρ) dm2n(ζ )

� C(1− r)λ

( r1∫
0

· · ·
rn∫

0

+
1∫

r1

· · ·
1∫

rn

)
Mp(f ;ρ)

(1− ρ)β−1

(1− rρ)β+λ
dρ.

By the triangle inequality and Lemma 4,

‖Sβ,λf ‖p,q,α = ∥∥(1− r)αMp(Sβ,λf ; r)
∥∥

Lq(dr/(1−r))

� C

∥∥∥∥∥(1− r)α+λ

r1∫
0

· · ·
rn∫

0

Mp(f ;ρ)
dρ

(1− ρ)1+λ

∥∥∥∥∥
Lq(dr/(1−r))

+ C

∥∥∥∥∥(1− r)α−β

1∫
r1

· · ·
1∫

rn

(1− ρ)β−1Mp(f ;ρ) dρ

∥∥∥∥∥
Lq(dr/(1−r))

� C

[∫
In

(1− r)(α+λ)q−1
(

1− r

(1− r)1+λ
Mp(f ; r)

)q

dr

]1/q

+ C

[∫
In

x(α−β)q−1

( x1∫
0

· · ·
xn∫

0

ηβ−1Mp(f ;1− η) dη

)q

dx

]1/q

� C‖f ‖p,q,α.
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The caseq = ∞ can be proved easier. Of course, the boundedness of the op
Tβ,0 (λj = 0) means thatTβ,0 is a n-harmonic projection ofL(p,q,α) ontoh(p,q,α).
This completes the proof of part (i) of Theorem 3.

We now turn to the proof of part (ii) of Theorem 3. It suffices to prove that boun
ness ofTβ,λ on L(p,q,α) implies βj > αj > −λj . Let Tβ,λ be a bounded operator o
L(p,q,α), i.e. ‖Tβ,λ‖p,q,α � C‖f ‖p,q,α ∀f ∈ L(p,q,α), where the constantC is in-
dependent off . Taking a multi-indexN = (N1, . . . ,Nn) with the componentsNj large
enough (Nj + αj > 0, Nj + βj > 0) such thatfN(z) = (1 − |z|2)N ∈ L(p,q,α), we de-
duceTβ,λ(fN)(z) = C(β,λ,N)(1− |z|2)λ. Hence

+∞ >
∥∥Tβ,λ(fN)

∥∥q

p,q,α
� C(β,λ, q,N,n)

∫
In

(1− r)(α+λ)q−1dr,

so the inequalityαj + λj > 0 holds for allj ∈ [1, n]. Further, letT ∗
β,λ be the adjoint oper

ator ofTβ,λ. It is given explicitly by

T ∗
β,λ(f )(z) = (1− |z|2)β−αq

Γ (β + λ)

∫
Un

(
1− |ζ |2)λ+αq−1

Pβ+λ(z, ζ )f (ζ ) dm2n(ζ ).

According to [2, p. 304], the dual spaceL∗(p, q,α) of L(p,q,α) can be identified with
L(p′, q ′, αq/q ′). The boundedness ofTβ,λ on L(p,q,α) is equivalent to that ofT ∗

β,λ on
L∗(p, q,α) ∼= L(p′, q ′, αq/q ′), i.e.∥∥T ∗

β f
∥∥

p′,q ′,αq/q ′ � C‖f ‖p′,q ′,αq/q ′ ∀f ∈ L(p′, q ′, αq/q ′). (3.4)

We now distinguish two cases.

Case 1 < q < ∞. The action ofT ∗
β,λ on a functionfN(z) = (1−|z|2)N ∈ L(p′, q ′, αq/q ′),

with the componentsNj large enough, givesT ∗
β,λ(fN)(z) = C(1− |z|2)β−αq . Hence

+∞ >
∥∥T ∗

β,λ(fN)
∥∥q ′

p′,q ′,αq/q ′ � C

∫
In

(1− r)q
′(β−αq)+αq−1dr,

where the constantC depends only onα,β,λ, q,N,n. So it follows thatq ′(βj − αjq) +
αj q > 0, or equivalently,βj > αj for all j, 1 � j � n.

Case q = 1. Then the inequality (3.4) turns to∥∥T ∗
β,λf

∥∥
p′,∞,0 � C‖f ‖p′,∞,0 ∀f ∈ L(p′,∞,0). (3.5)

The action ofT ∗
β,λ on the functionfN(z) gives

+∞ >
∥∥T ∗

β,λ(fN)
∥∥

p′,∞,0 = C sup
r∈In

(
1− r2)β−α

.

Henceβj − αj � 0 for all 1 � j � n. It remains to show that forq = 1, 1� p < ∞
the equalityβj = αj holds for no indexj . Assumeβ1 = α1, say. Then, given paramet
a ∈ Un, we consider functionsga(z) = |Pβ+λ(a, z)|/Pβ+λ(a, z), whereβj + λj � αj +
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f
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e

as 3

of

e

by
λj > 0. Clearly, |ga(z)| ≡ 1 andga(z) ∈ L(p′,∞,0) for eacha ∈ Un. Then by (3.5),
T ∗

β,λ(ga) ∈ L(p′,∞,0). Forz = a we have

T ∗
β,λ(gz)(z) = C

n∏
j=2

(
1− |zj |2

)βj −αj

n∏
j=1

∫
D

(
1− |ζj |2

)λj +αj −1∣∣Pβj +λj (zj , ζj )
∣∣dm2(ζj ).

In view of boundedness of harmonic conjugation in spacesh(1,1, α) (see, e.g., [5,8]),

T ∗
β,λ(gz)(z) � C(α,β,λ,n) log

1

1− |z1| .

Letting here |z1| → 1, we obtain a contradiction with the boundedness ofT ∗
β,λ on

L(p′,∞,0). Thus, the equalityβj = αj holds for no indexj . This completes the proo
of Theorem 3.

4. Proofs of Theorems 4–6

We now briefly sketch proofs of Theorems 4–6.

Proof of Theorem 4. Given a functionϕ(z) ∈ L(p,q,−α), 1 � p,q � ∞, αj � 0
(1 � j � n) we shall prove that‖Tβ,0(ϕ)‖hΛ

p,q
α

� C‖ϕ‖p,q,−α for anyβ = (β1, . . . , βn),
βj > 0. Let f (z) = Tβ,0(ϕ)(z), then for anyγj > αj (1 � j � n), the desired inequalit
can be written in the form‖Dγ f ‖p,q,γ−α � C‖ϕ‖p,q,−α. To prove these inequalities, w
differentiate the equalityf (z) = Tβ,0(ϕ)(z) by means of the operatorDγ and then, by
analogy with the proof of Theorem 3(i), estimate using Minkowski’s inequality, Lemm
and 4.

To prove the surjectivity of (1.2), we need several additional lemmas.

Lemma 5. The inclusionshΛ
p,q
α ⊂ h(1,1, β) andhΛ

p,q
α ⊂ hΛ

1,1
0 are continuous for any

1 � p � ∞, 0 < q � ∞, αj > 0, βj > 0.

Proof. Lemma follows from the inclusions (ii), (vi) of Theorem 1 and the definition
Besov spaces.�
Lemma 6. Suppose thatu(z) is in hΛ

p,q
α for 1 � p � ∞, 0 < q � ∞, αj > 0, 1 � j � n.

Then for anyδ = (δ1, . . . , δn), δj > 0, 1 � j � n, the functionu can be represented in th
formu(z) = Φδ(u)(z), z ∈ Un.

Proof. By the second inclusion of the previous lemma,Dδu(z) ∈ h(1,1, δ) for anyδj > 0.
It is enough to representDδu(z) = Tδ,0(Dδu)(z) by Theorem 2, and then to integrate
means ofD−δ using (3.1). �
Lemma 7. For βj > 0, γj � 0 (1 � j � n), k ∈ Z

n, z = rw, r ∈ In, w ∈ T n, the following
identities hold:
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Tβ,γ

{
r |k|wk

}= (
1− |z|2)γ Γ (β)Γ (|k| + 1+ β + γ )

Γ (β + γ )Γ (|k| + 1+ β)
r |k|wk, (4.1)

Tβ,0
{(

1− |z|2)γ r |k|wk
}= Γ (β + γ )Γ (|k| + 1+ β)

Γ (β)Γ (|k| + 1+ β + γ )
r |k|wk. (4.2)

Proof. Substituting the series expansion of the kernelPβ+γ = Dβ+γ P into the left-hand
side of (4.1), we get the identity (4.1). Formula (4.2) can be proved in the same way�
Lemma 8. For any 1 � p � ∞, 0 < q � ∞, αj � 0, βj > 0, γj � 0, 1 � j � n, the
operatorTβ,0 ◦ Tβ,γ is the identity map onhΛ

p,q
α .

Proof. If f (z) =∑
k∈Zn akr

|k|wk is in hΛ
p,q
α , then in view of (4.1), the operatorTβ,γ can

be written in the form

Tβ,γ (f )(z) = (1− |z|2)γ
Γ (β + γ )

∑
k∈Zn

ak
Γ (β)Γ (|k| + 1+ β + γ )

Γ (|k| + 1+ β)
r |k|wk. (4.3)

It follows from (4.2) thatTβ,0(Tβ,γ f (z)) = f (z). �
Lemma 9. For any1� p � ∞, 0< q � ∞, αj � 0, βj > 0, m ∈ Z

n+, mj > αj , 1 � j � n,
the operatorTβ,m mapshΛ

p,q
α boundedly intoL(p,q,−α).

Proof. By the representation (4.3), we have

Tβ,mf (z)

(1− |z|2)m = C
∑
k∈Zn

(|k|m + C|k1|m1−1|k2|m2 · · · |kn|mn + · · · + C
)
akr

|k|wk

= C
[
Dmf (z) + Cβ,mD(m1−1,m2,...,mn)f (z) + · · · + Cβ,mf (z)

]
.

Thus, the condition(1− r)mDmf (z) ∈ L(p,q,−α) impliesTβ,mf (z) ∈ L(p,q,−α).
Finally, the operatorTβ,0 :L(p,q,−α) → hΛ

p,q
α is onto by Lemmas 8 and 9.�

Proof of Theorem 5. Given a function (notn-harmonic)f (z) ∈ Λ
p,q
α , we need to prove

‖Dγ Φα̃(f )‖p,q,γ−α � C‖Dα̃f ‖p,q,̃α−α , wherẽα ∈ Z
n+, αj < α̃j � αj + 1, γj > αj (1 �

j � n). The rest of the proof runs as before in Theorem 3(i).�
Proof of Theorem 6. A functiong ∈ h(p′, q ′, αq/q ′) induces a bounded linear function
onh(p,q,α), F(f ) = 〈f,g〉 ∀f ∈ h(p,q,α). Indeed, applying Hölder’s inequality twic
we get |F(f )| � C(α,q,n)‖f ‖p,q,α‖g‖p′,q ′,αq/q ′ . Conversely, letF ∈ (h(p, q,α))∗.
Then by the Hahn–Banach extension theorem,F can be extended to a bounded line
functional (still denoted byF ) on L(p,q,α) without increasing its norm. By the duali
theory of mixed norm spaces, see [2, p. 304],(L(p,q,α))∗ ∼= L(p′, q ′, αq/q ′). There ex-
ists a functiong0 in L(p′, q ′, αq/q ′) such thatF(f ) = 〈f,g0〉 and‖F‖ = ‖g0‖p′,q ′,αq/q ′ .
Writing, by Theorem 2,f = Tαq,0f , we haveF(f ) = 〈Tαq,0(f ), g0〉 = 〈f,Tαq,0(g0)〉.
Takingg = Tαq,0(g0) and using Theorem 3, we conclude thatg is in L(p′, q ′, αq/q ′) and
F(f ) = 〈f,g〉 ∀f ∈ h(p,q,α), such that‖g‖p′,q ′,αq/q ′ � C‖g0‖p′,q ′,αq/q ′ � C‖F‖. This
completes the proof of Theorem 6.�



740 K.L. Avetisyan / J. Math. Anal. Appl. 291 (2004) 727–740

)

oc. 108

roc.

5,

,

er.

Anal.

. J.

es

the ball,

. Math.

hat
n:

d

. 79
References

[1] A.B. Aleksandrov, On boundary decay in the meanof harmonic functions, Algebra i Analiz 7 (4) (1995
1–49 (in Russian); English translation:St. Petersburg Math. J. 7 (4) (1996) 507–542.

[2] A. Benedek, R. Panzone, The spacesLP , with mixed norm, Duke Math. J. 28 (1961) 301–324.
[3] B.R. Choe, Projections, the weighted Bergman spaces, and the Bloch space, Proc. Amer. Math. S

(1990) 127–136.
[4] A.E. Djrbashian, Integral representations for Riesz systems in the unit ball and some applications, P

Amer. Math. Soc. 117 (1993) 395–403.
[5] A.E. Djrbashian, F.A. Shamoyan, Topics in the Theory ofA

p
α Spaces, in: Teubner–Texte Math., vol. 10

Leipzig, 1988.
[6] M.M. Djrbashian, Integral Transforms and Representations of Functions in the Complex Domain, Nauka

Moscow, 1966 (in Russian).
[7] P.L. Duren, A.L. Shields, Properties ofHp (0 < p < 1) and its containing Banach space, Trans. Am

Math. Soc. 141 (1969) 255–262.
[8] T.M. Flett, The dual of an inequality of Hardy and Littlewood and some related inequalities, J. Math.

Appl. 38 (1972) 746–765.
[9] A.P. Frazier, The dual space ofHp of the polydisc for 0< p < 1, Duke Math. J. 39 (1972) 369–379.

[10] G.H. Hardy, J.E. Littlewood, Some properties of fractional integrals (II), Math. Z. 34 (1932) 403–439.
[11] G.H. Hardy, J.E. Littlewood, Theorems concerning mean values of analytic or harmonic functions, Quart

Math. (Oxford) 12 (1941) 221–256.
[12] H. Hedenmalm, B. Korenblum, K. Zhu, Theory ofBergman Spaces, Springer-Verlag, Berlin, 2000.
[13] T. Holmstedt, Interpolation of quasi-normed spaces, Math. Scand. 26 (1970) 177–199.
[14] M. Jevtíc, Bounded projections and duality in mixed norm spaces of analytic functions, Complex Variabl

Theory Appl. 8 (1987) 293–301.
[15] M. Jevtíc, X. Massaneda, P.J. Thomas, Interpolating sequences for weighted Bergman spaces of

Michigan Math. J. 43 (1996) 495–517.
[16] E. Ligocka, The Hölder continuity of the Bergmanprojection and proper holomorphic mappings, Studia

Math. 80 (1984) 89–107.
[17] G.B. Ren, J.H. Shi, Bergman type operator on mixed norm spaces with applications, Chinese Ann

Ser. B 18 (1997) 265–276.
[18] F.A. Shamoyan, Diagonal mapping and problem of representation in anisotropic spaces of functions t

are holomorphic in a polydisk, Sibirsk. Mat. Zh. 31(2) (1990) 197–215 (in Russian); English translatio
Siberian Math. J. 31 (2) (1990) 350–365.

[19] J.H. Shi, On the rate of growth of the meansMp of holomorphic and pluriharmonic functions on bounde
symmetric domains ofCn, J. Math. Anal. Appl. 126 (1987) 161–175.

[20] E.M. Stein, Singular integrals and estimates for the Cauchy–Riemann equations, Bull. Amer. Math. Soc
(1973) 440–445.

[21] K. Zhu, Weighted Bergman projectionson the polydisc, Houston J. Math. 20 (1994) 275–292.


