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Abstract: In this paper we show that the following integrals

/If )P = [z)*dV (= /If WPV ()11 = [2)* T dV (2),

/B F@IPIRF ()17 (1 = [2)*TdV (2),

where p > 0, ¢ € [0,p], @ € (—1,00), and where f is a holomorphic function on
the unit ball B in C™ are comparable. This result confirms a conjecture proposed
by the second author at several meetings, for example, at the International two-
day meeting on complex, harmonic, and functional analysis and applications,
Thessaloniki, December 12 and 13, 2003. Also we generalize the well-known
inequality of Littlewood-Paley in the unit ball.
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1 Introduction

Let z = (z1,...,2,) and w = (w1, ..., w,) be points in the complex vector space
C™. By (z,w) = 2w = y_,_, 2xW;, we denote the inner product of z and w, and

2l = /G2, 2.



Let B denote the unit ball of C", B(a,r) = {2z € C"||z — a| < r} the open
ball centered at a of radius r, dV the normalized Lebesgue measure on C" and
do the normalized surface measure on the boundary S of B.

By H(B) we denote the class of all functions holomorphic in B. For f € H(B)
we usually write

Mp<f,r>=(/s If(TC)Ide(C))l/p7 pe(0.00) for 0<r<1

for the integral means of f and

Moo (f,r) =sup|f(r¢)] for 0<r<l1.
¢eS

For p € (0,00) and a € (—1,0), the weighted Bergman space A2 (B) is the
space of all holomorphic functions f on B such that

17

pa = ( [ 1sera- |z|>adv<z>)l/p o

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [7, 8, 17, 20, 23, 27], while weighted Bergman spaces
of analytic functions of several variables have been studied, for example, in
[3, 5, 10, 13, 15, 16, 21, 25, 26] (see, also the references therein).

In papers [20, 21] we have investigated relationships among various type of
integrals on the Bergman space on the unit disk, unit ball and unit polydisc.
In [22] we posed several open problems and conjectures concerning this topic.
Among other conjectures, we posed the following:

Conjecture 1. Letp >0, g € [0,p], @ € (—1,00), and f € H(B). Show that

/Blf(Z)V’(l — )%V (z) < |fF(0) +/B|f(2)|p_"|Vf(Z)|"(1 — |2)*TdV (2).
(1)

The above means that there are finite positive constants C' and C” indepen-
dent of f such that the left and right hand sides L(f) and R(f) satisfy
CR(f) < L(f) < C"R(f)
for all analytic f.

Remark 1. Note that for ¢ = 0 the relationship (1) is obvious. On the other
hand, we know that

|f(0)|p+/B|Vf(Z)|”(1—IZI)a“’dV(Z)X/Blf(Z)I”(l—IZI)“dV(Z) (2)



see, for example, [16, 21, 25], and hence (1) holds also when p = q.

The paper is organized as follows. In Section 2 we give several auxiliary
results which we use in the proof of the main results. In Section 3 we confirm
Conjecture 1, that is, we prove the following result:

Theorem 1. Letp >0, ¢ € [0,p], a €

(-1,00), and f € H(B). Then
/B ()P = [z)%aV (z) < |f(0)|” + ; [FIP=UVF(2)]7(1 = [2])*T7dV (2).

Some generalizations of the Littlewood-Paley inequality on the unit ball are
given in Sections 4 and 5.

2 Auxiliary results

In order to prove the main results we need several auxiliary results which are
incorporated in the following lemmas. Throughout the following we will use C'
to denote a positive constant which may vary from line to line.

Lemma 1. Suppose 0 < p < 0o and f € H(B). Then
£ O = 1f (O] < (p—7) sup plf(sOPHVf(sC) (3)

r<s<p

almost everywhere, where r < p and ¢ € 0B.

Proof. For f =0 the result is obvious. If f # 0, at points z where f is not
zero we have

5P| = sl P (I60, O < APV, (@)
where z = s¢. Integrating (4) in s from r to p we obtain (3). O

Lemma 2. Suppose 0 < ¢ < p < oo and o > —1. Then, there is a constant
C =C(p,q,a,n) such that

MZ,(f.1/2) < C <|f<o>|p + /B FEP Vi - |z|>q+adV<z>) ,
for all f € H(B).
Proof. By Lemma 1, we have

1f1P/9(2) = |fIP9(0)] < 5|Z\ bup/zlf(w)lg’llvf(w)l,

Jwl<
for every |z|] < 1/2. Hence
f)P <C (If(0)|p+ sup If(@U)l”qlvf(@U)l”) (5)
|w|<1/2

for some positive constant C' independent of f.



‘We have

n
IV f(w Z (6)
k=
From (6) and since the functions |f(w)|p_‘1|a7k(w)|‘17 k e {1,...,n} are
subharmonic, we have that there is a positive constant C' independent of f such
that

n

P viEr < oY Iser |2
k=1
- p—ay| 91 w ! w
< oy [ P ) v
< of P Vi@, (7)
Jw|<3/4
for every |z| < 1/2.
From (5) and (7), it follows that
P < C(If I(w)lquVf(w)quV(w)>
w\<3/4
< o<|f s (w)l’“’IVf(w)lq(lIw)"dV(w))
w\<3/4
< c(Ifor+ [ P - u)avw).

for every |z| < 1/2, as desired. O

Lemma 3. Let 0 < p < 00, ¢ € [0,p] and 0 < r < 1. Then there is a constant
C' independent of f and r such that

/S sup | f(rrQ) P9V £ (rr)|4do (¢) < C / FrOP Y £(rQ)|4do(C)

0<r<1
for all f € H(B).

Proof. By [18, p.165] there is a positive constant C' independent of nonneg-
ative subharmonic function v on the unit ball B C R™ such that

[ 5w u(rrQ)do(©) <€ [ u(r)do0
50<7<1 s
for every r € (0, 1). From this, (6), using the fact that the functions | f(w)[P 9| %(w) |,

k € {1,...,n} are subharmonic, and choosing m = 2n we can easily obtain the
result. O



We also need the following technical lemma.

Lemma 4. ([14]) Suppose that g(r) is a nonnegative continuous function on
the interval [0,1), b > 0 and o > —1. Then there is a constant C = C(a,b)

such that
1 b — d C max b + 1 L+r — ' — d
1 @ < 1 « .
/0 g (T)( T) r= re[O?Jl/z] g (7’) /0 g< 9 > g(?“) ( 7“) r

3 Proof of Theorem 1

In this section we prove the main result of this paper.

Proof of Theorem 1. The existence of a positive constant C' such that
/ [FPUVf(2)|7(1 = [2)*TdV (2) < C/ If(2)P(1 = |z)*aV (2)
B B

follows from Theorem 2 in [20], with w(z) = (1 — |z|)®. Assume first that ¢ < 1.
By Lemma 4 (the case b = 1), Lemma 2, Lemma 3 and polar coordinates, we
obtain

A5,

1
2n/0 Mﬁ(f,r V(1 — )2y

< o(mpra+ / M (L r)/2) = M| 4= )

< o (mgram+ [ e aong - agseen| o - )

< o / [P ez = 10| doxtorn - near)

< 0<M s [ [[2 7 s 10l |Vf<p<)|qdoN@)(l—r)“*‘fdr)

< 0<M an+(0) [ IV )€ )(1—r>“+er>

< 0<M (£.1/2)+ )// (1”) w(lg%)"do—N«)a—mwdr)
_ c<M (e (2)) /1/2 / f(?"C)IpqIVf(TC)quN(C)(l—T)“”dT)

< o (mzira e (B) [ aap-aw a0 i@ - e -tar)
< c(ifor+ [ irep- i - ke )



finishing the proof in this case.
Now assume that ¢ > 1. Then by Lemma 4 with b = ¢ and Minkowski’s
inequality, we have

1
1l = 20 [ Q@)1= et

0

< C(M”(f,l/Q /’Mp/q £, (1+7)/2) — MP/9(f,7) (lr)adr>

< c (M,i’(f, 1/2) + / [ M, (111779, (1 7)/2) = My 7179,0)] " (1 —r)“dr)

< oz / / \|f|p/q (550) = 112600 dow (611 = rar)

- (M” (F.1/2)+ o <p<>?—1|w<po|qdm<o<1ﬁ“”d’")
< c(w (1.1/2)+ () / [ s 1P v () o (€ )(1—r>“+qdr>.

O<p<1+’

The rest of the proof is the same as in the first case and will be omitted. [I.

4 Fractional derivative

For holomorphic functions in the ball consider fractional integrodifferentiation
of order @« € R. If f € H(B) has a series expansion

= Z a2, z € B,

kezZ

then define
Df(z) = Z (1 + |k *arz", z € B.

kez?y

Theorem 2. Suppose 0 < ¢ < p < 00, o > 0, f(z) € HP(B), and a holo-
morphic function g(z) belongs to the mixzed norm space H(p,q,«) in B, that
18

1
190 % (p.g.0) = /0 M (g,r)(1 —r)*" dr < +oo.

Then

/B FEPg(2)]*(L = 2D aV () < ClLAB91% 0



In particular, if D*f € H(p,q, ), then
/B [F()P7IDf(2)|%(1 = [2[)*7 1AV (2) < CUFIG " ID Fll (g

Proof. Assuming that || f|z» # 0, we can apply Jensen’s inequality to the
integral

/g FrOPg(rC) [7do(C)

- gy ] ]
< w00 [y [ [ oorano]”

a/p
= | [laeoras©] =y omgen.

Multiplying (8) by (1 —7)*?~172"~1dr then integrating from 0 to 1 it follows
that

/ [F()P~g()|*(1 = [2])*7 " dV (2)
B

IN

1
C’/ M;;fq(f7 r)Mg(g,r)(l —r)o‘qfldr
0

IN

1

Clll [ My(a.r)(a =),
0

and the proof is complete. [

Now we introduce some more notation to formulate several auxiliary lemmas.
In what follows, for a fixed 6 > 11let T's(¢) = {z € B: |1 —(z| < §(1 —|z])} be
the admissible approach region whose vertex is at ¢ € S. Let also Io; = {n €

S:|1—(n| <t} and f@g:{zeB: |1 — (2| <t}
Following [6, 12], consider the functions

1/p
[fR)IP
</r5(4) (1= |z dV(z)) e

sup{[f(2)] : z € Ts(O)},

N
g =
8 3
Kﬁ- &H
N— S~—r
— —
~ o~
~— N—
T

1/p
_ 1 [f ()7
Cp(N)(Q) = sgp<|1<)t| f()tlz|dV(2)> , p<oo, (€S



Lemma A. ([6, 12]) For any functions f(z) and g(z) measurable in B

[y < ¢ [ 4,000 6@ dote). 1<p= .

where p’ = p/(p — 1) is the conjugate index.
Lemma B. ([6, 12]) For 0 < ¢ < co,a > 0,3 > 0 and a function f(z) measur-

able in B
! |f(2)]9(1 = [2])>~t

1-— « = )

‘Cq(lf(Z)I( 12))%) . ffé% — |wl) / |1_wz|5+n avi(z)

Theorem 3. Let 0 < ¢ < 2,g < p,v > 0,0 < a < yq/n. Then for any
A>(p—aq)/a,

/]glf(Z)Ip_qID”f(Z)lq(l—\Zl)”‘ldV(z)SCIIfHZZqHD“”/quZq~ (9)

Proof. Denote by L the integral on the left-hand side of (9). Choosing any
a, 0 < a < yg/n and estimating L by Lemma A gives

L= [ e P - ) e

-4

IN

C/SAz/q <|D7f(z)|q(1 - z|)7q_a"> (©) - Cia/qy <|f(z)p—q(1 B |Z|)an> Ol
C HC’@/«;)/ <|f(z)|17q(1 B |Z)Om)

We estimate here L°>°-norm and the last integral separately. By Lemma B,
choosing > 0 large enough, the L°°-norm can be estimated as follows

IN

[ Assa (D@0~ 2 ) (oo

L oe

2/(2—q)
’ Cajamay (P10 = 2
Lo
i (1= |2])2en/ @)1
< Csup(l—|w])’ 2(p—0)/(2—0) { .
- S’lel%( k) /B|f(z>| |1 —wz|ftn (2)
1-— |Z|)2an/(2—q)—(Qn/)\)(p_q)/(z_q)_l

< C 2(p—q)/(2—q) 1 5/( "
< CIfIRS sup (1~ ful)’ [ o .

< C’||f||2(p 0/2ma) Slé%(l — |wl)?/ G- (a=(p=a)/)
w

< C||f||2(p q)/(2— Q)_

where |f(2)| < C||f|lg»(1—|2])~"/*, 2z € B, and another well-known inequality
([15]) in the unit ball are used. Hence for any A > (p — q)/«

< ol sl (10)

oo (|f<z>ﬂ<1 - lzl)") .




On the other hand,

J

[ Assa (1275 P0 2 ) ©dolo

J

According to a result on fractional differentiation ([11, pp. 179, 186])

q/2

do(().

/ D7 F()P(L — |20 om0 -n=1 gy ()
T's(¢)

J < O f g (11)
This completes the proof of Theorem 3. [
Remark 2. Note that taking p = 2 and v = 1 in (9) and formally passing to the

limit as ¢ — 2— and o — 04 we get the classical Littlewood-Paley inequality
for the unit ball.

5 Radial derivative

In this section consider radial derivative

If f € H(B) has a series expansion

f(z) = Z a2, z € B,

keZl

then
Rf(z) = Z |k|a2", z € B.

keZy

Theorem 4. Suppose 0 < g <p < oo, f € H(B) and

»Cp,q(f)=[B\f(Z)Ip_q|Rf(2)|q(1—\Zl)“‘ldV(z)-

Then
LFO + Lpg(f) < OISy a2 (12)

Conversely, if f(0) =0, then

15 < CLyo (), g <2, (13)



Proof. First we prove that for ¢ = 2
If e = LFO)F + Lp2(f) (14)

(compare with [19]). Indeed, we can apply a one variable analogue of (14) (see,
e.g., [24]) to the slice function fe(A) = f(N),A € U, € S,

el n oy =< If(O)\“r/UIfg(A)Ip’Q\fé(/\)lz(l — [z[)dm(}), (15)
where dm is the area Lebesgue measure on the unit disk U. Note that
SEQ) =XT"RI(AQ)  and  R(fo) = (Rf)e,  A€U,CeS. (16)

We integrate (15) over the sphere S, making use of (16) and the formula (see,
e.g., [1])

L sttt avw) =n [ ([0l 2ane) a0, an)
to obtain
10 =150 + [ 1f@P 2RI = whav(w),  (8)

which coincides with (14).
On the other hand, the inequality

[F(O)IP + /B IRF)PA =)V (2) < ClIf I, 2<p<oo, (19)

is well-known, see, e.g., [1] and also [11] for a more general result. Therefore,
by the Riesz—Thorin interpolation theorem (see, e.g., [28]) the inequalities (19)
and (18), that is the inequality (12) for ¢ = 2 and ¢ = p imply the inequality
(12) for all 2 < ¢ < p.

Passing now to the proof of (13) we use a similar interpolation result.
Namely, if a function ¢ is in L% (dp) N L% (dp) for 0 < ¢1 < ¢2 < 00, then
g € Li(du) for all ¢, ¢1 < ¢ < ¢a, and furthermore there exists a number
6 € (0,1) such that

lgllze < Nlgllza’ gl e (20)

To prove (20) we choose 0 such that 1/qg = (1 — 0)/q1 + 0/q2, and then apply
Hélder’s inequality with indices g2/(¢6) > 1 and (g2/(¢0)) = q2/(q2 — ¢9).
We use also an inequality converse to (19), see [1, 2, 11],

1% < CLFO)" + C/B [RFPA—[))PdV(z), 0<p<2. (21)

Consider now three cases. If 0 < ¢ < p < 2, then choosing

_RI) L dV(2)

93) = 70 P

(A —=1[z0),  du=1f(2)|




1-60 0 . 2(p—q)
=—+_, that is 0= ,
q 2 p(2—q)

, we obtain

SRR

by (19), (20), (14

~—

1-6
150 < Colpn(F) = Collglh gy < Collglraam 915

= Cp(Lya (1) (L2 (1))"?

1-60 0
< Cp(Lpa (D) 1.
Thus,
- 1-0
||fH117ﬁ p8/2) gcp(gpvq(f))z’( )/q’
or

£z < CpLopa(f)-

If 0 < g < 2 = p, then we may pass in the last inequality to the limit as p — 2—
because the constant C), in view of (20) is bounded in p € (g, 2).

If 0 < ¢ <2 < p, then choosing 6, satisfying
1-60 6 P2 -4

= —+ - that is 0= ,
q p 2(p —q)

\/ l\D\H

, we obtain

by (21), (20), (14
17112 < CLp2(F) = CllglZaa < Cllgl2 g2

2(1-60 26

— C(Ly o) (L, (1))
2(1—-0
< C (Lo 1128,
Thus,
2(1—-0
1A% < C(Lyq(£)2 0,

or

_ 1-0
IO < C(Lya ()00,

In all cases (13) follows.
The next result is an analogue and consequence of Theorem 1.

Theorem 5. Leta > —1,0< ¢ <p<oo, f € H(B). Then

0)[F + /B FEPIRFI — D4V () = [ (22)

Proof. For n =1, Theorem 1 asserts that

/If(Z)Ip(l—IZI)"dm(Z)XIf(O)\”+/ LF@IPI ()L = [2])*Fdm(z).
U U



Apply it to the slice function f¢(2) = f(2(), z € U, ¢ € S,

/Ifg(Z)\p(l—IZ\)“dm(Z)X|f(0)|”+/ [fe ()P fER)| (1 = |2])* T dm(2).
U U

(23)
Using (16) and (17) we integrate (23) over the sphere and obtain (22).

From Theorems 1 and 5 the following corollary follows.

Corollary 1. Suppose a > —1,0< g<p< oo and f € H(B). Then

/]

X

\f(0)|p+/BIf(Z)Ip_q\Rf(Z)\q(l — [2))*T1dV (2)

= \f(0)|p+/BIf(z)l”*q\vf(Z)lq(l—IZI)’”qu(z)

Corollary 2. Suppose 0 < ¢ < p < 00, > —1 and f € H(B), then the
following relationship holds

1
|vwﬂxu@w+éA@ﬂqqumﬁmu—m%wn

Proof. The case p = ¢ follows from Theorem 5. Hence assume that ¢ < p.
From the proof of Theorem 2 for g = R f and Theorem 5, we obtain that

1. chmw+Luwwwwm%vaHW@)

IN

C <|f(0)|p + /01 M2, r)MI(Rfr)(1 — T)O‘+qdr> .

The reverse inequality, follows by applying Hélder’s inequality with expo-
nents p/(p — ¢) and p/q to the last integral, and by Theorem 5 for p = q.
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