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Abstract: In this paper we show that the following integrals
∫

B

|f(z)|p(1− |z|)αdV (z),
∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z),

and
∫

B

|f(z)|p−q|Rf(z)|q(1− |z|)α+qdV (z),

where p > 0, q ∈ [0, p], α ∈ (−1,∞), and where f is a holomorphic function on
the unit ball B in Cn are comparable. This result confirms a conjecture proposed
by the second author at several meetings, for example, at the International two-
day meeting on complex, harmonic, and functional analysis and applications,
Thessaloniki, December 12 and 13, 2003. Also we generalize the well-known
inequality of Littlewood-Paley in the unit ball.
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1 Introduction

Let z = (z1, . . . , zn) and w = (w1, . . . , wn) be points in the complex vector space
Cn. By 〈z, w〉 ≡ z w =

∑n
k=1 zkw̄k we denote the inner product of z and w, and

|z| =
√
〈z, z〉.



Let B denote the unit ball of Cn, B(a, r) = { z ∈ Cn | |z − a| < r } the open
ball centered at a of radius r, dV the normalized Lebesgue measure on Cn and
dσ the normalized surface measure on the boundary S of B.

By H(B) we denote the class of all functions holomorphic in B. For f ∈ H(B)
we usually write

Mp(f, r) =
(∫

S

|f(rζ)|pdσ(ζ)
)1/p

, p ∈ (0,∞) for 0 ≤ r < 1

for the integral means of f and

M∞(f, r) = sup
ζ∈S

|f(rζ)| for 0 ≤ r < 1.

For p ∈ (0,∞) and α ∈ (−1,∞), the weighted Bergman space Ap
α(B) is the

space of all holomorphic functions f on B such that

||f ||p,α =
(∫

B

|f(z)|p(1− |z|)αdV (z)
)1/p

< ∞.

Weighted Bergman spaces of analytic functions of one variable have been
studied, for example, in [7, 8, 17, 20, 23, 27], while weighted Bergman spaces
of analytic functions of several variables have been studied, for example, in
[3, 5, 10, 13, 15, 16, 21, 25, 26] (see, also the references therein).

In papers [20, 21] we have investigated relationships among various type of
integrals on the Bergman space on the unit disk, unit ball and unit polydisc.
In [22] we posed several open problems and conjectures concerning this topic.
Among other conjectures, we posed the following:

Conjecture 1. Let p > 0, q ∈ [0, p], α ∈ (−1,∞), and f ∈ H(B). Show that
∫

B

|f(z)|p(1− |z|)αdV (z) ³ |f(0)|p +
∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z).

(1)

The above means that there are finite positive constants C and C ′ indepen-
dent of f such that the left and right hand sides L(f) and R(f) satisfy

CR(f) ≤ L(f) ≤ C ′R(f)

for all analytic f.

Remark 1. Note that for q = 0 the relationship (1) is obvious. On the other
hand, we know that

|f(0)|p +
∫

B

|∇f(z)|p(1− |z|)α+pdV (z) ³
∫

B

|f(z)|p(1− |z|)αdV (z) (2)



see, for example, [16, 21, 25], and hence (1) holds also when p = q.

The paper is organized as follows. In Section 2 we give several auxiliary
results which we use in the proof of the main results. In Section 3 we confirm
Conjecture 1, that is, we prove the following result:

Theorem 1. Let p > 0, q ∈ [0, p], α ∈ (−1,∞), and f ∈ H(B). Then
∫

B

|f(z)|p(1− |z|)αdV (z) ³ |f(0)|p +
∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z).

Some generalizations of the Littlewood-Paley inequality on the unit ball are
given in Sections 4 and 5.

2 Auxiliary results

In order to prove the main results we need several auxiliary results which are
incorporated in the following lemmas. Throughout the following we will use C
to denote a positive constant which may vary from line to line.

Lemma 1. Suppose 0 ≤ p < ∞ and f ∈ H(B). Then
∣∣|f(ρζ)|p − |f(rζ)|p

∣∣ ≤ (ρ− r) sup
r<s<ρ

p|f(sζ)|p−1|∇f(sζ)| (3)

almost everywhere, where r < ρ and ζ ∈ ∂B.

Proof. For f ≡ 0 the result is obvious. If f 6≡ 0, at points z where f is not
zero we have∣∣∣ d

ds
(|f(z)|p)

∣∣∣ = p|f(z)|p−1
∣∣〈∇|f |(sζ), ζ〉

∣∣ ≤ p|f(z)|p−1|∇f(z)|, (4)

where z = sζ. Integrating (4) in s from r to ρ we obtain (3). ¤

Lemma 2. Suppose 0 < q ≤ p < ∞ and α > −1. Then, there is a constant
C = C(p, q, α, n) such that

Mp
∞(f, 1/2) ≤ C

(
|f(0)|p +

∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)q+αdV (z)
)

,

for all f ∈ H(B).

Proof. By Lemma 1, we have
∣∣|f |p/q(z)− |f |p/q(0)

∣∣ ≤ p

q
|z| sup

|w|<1/2

|f(w)| p
q−1|∇f(w)|,

for every |z| < 1/2. Hence

|f(z)|p ≤ C

(
|f(0)|p + sup

|w|<1/2

|f(w)|p−q|∇f(w)|p
)

, (5)

for some positive constant C independent of f.



We have

|∇f(w)|q ³
n∑

k=1

∣∣∣∣
∂f

∂zk
(w)

∣∣∣∣
q

. (6)

From (6) and since the functions |f(w)|p−q| ∂f
∂zk

(w)|q, k ∈ {1, . . . , n} are
subharmonic, we have that there is a positive constant C independent of f such
that

|f(z)|p−q|∇f(z)|q ≤ C

n∑

k=1

|f(z)|p−q

∣∣∣∣
∂f

∂zk
(z)

∣∣∣∣
q

≤ C

n∑

k=1

∫

|w|<3/4

|f(w)|p−q|
∣∣∣∣
∂f

∂zk
(w)

∣∣∣∣
q

dV (w)

≤ C

∫

|w|<3/4

|f(w)|p−q|∇f(w)|qdV (w), (7)

for every |z| < 1/2.
From (5) and (7), it follows that

|f(z)|p ≤ C

(
|f(0)|p +

∫

|w|<3/4

|f(w)|p−q|∇f(w)|qdV (w)

)

≤ C

(
|f(0)|p +

∫

|w|<3/4

|f(w)|p−q|∇f(w)|q(1− |w|)αdV (w)

)

≤ C

(
|f(0)|p +

∫

B

|f(w)|p−q|∇f(w)|q(1− |w|)αdV (w)
)

,

for every |z| < 1/2, as desired. ¤

Lemma 3. Let 0 < p < ∞, q ∈ [0, p] and 0 ≤ r < 1. Then there is a constant
C independent of f and r such that

∫

S

sup
0≤τ<1

|f(τrζ)|p−q|∇f(τrζ)|qdσ(ζ) ≤ C

∫

S

|f(rζ)|p−q|∇f(rζ)|qdσ(ζ)

for all f ∈ H(B).

Proof. By [18, p.165] there is a positive constant C independent of nonneg-
ative subharmonic function u on the unit ball B ⊂ Rm such that

∫

S

sup
0≤τ<1

u(τrζ) dσ(ζ) ≤ C

∫

S

u(rζ) dσ(ζ)

for every r ∈ (0, 1). From this, (6), using the fact that the functions |f(w)|p−q| ∂f
∂zk

(w)|q,
k ∈ {1, . . . , n} are subharmonic, and choosing m = 2n we can easily obtain the
result. ¤



We also need the following technical lemma.

Lemma 4. ([14]) Suppose that g(r) is a nonnegative continuous function on
the interval [0, 1), b > 0 and α > −1. Then there is a constant C = C(α, b)
such that
∫ 1

0

gb(r)(1− r)αdr ≤ C

(
max

r∈[0,1/2]
gb(r) +

∫ 1

0

∣∣∣∣g
(

1 + r

2

)
− g(r)

∣∣∣∣
b

(1− r)αdr

)
.

3 Proof of Theorem 1

In this section we prove the main result of this paper.

Proof of Theorem 1. The existence of a positive constant C such that
∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z) ≤ C

∫

B

|f(z)|p(1− |z|)αdV (z)

follows from Theorem 2 in [20], with ω(z) = (1− |z|)α. Assume first that q ≤ 1.
By Lemma 4 (the case b = 1), Lemma 2, Lemma 3 and polar coordinates, we
obtain

||f ||pp,α = 2n

∫ 1

0

Mp
p (f, r)(1− r)αr2n−1dr

≤ C

(
Mp

p (f, 1/2) +
∫ 1

0

∣∣Mp
p (f, (1 + r)/2)−Mp

p (f, r)
∣∣ (1− r)αdr

)

≤ C

(
Mp

p (f, 1/2) +
∫ 1

0

∣∣∣Mq
q (|f |p/q, (1 + r)/2)−Mq

q (|f |p/q, r)
∣∣∣ (1− r)αdr

)

≤ C

(
Mp
∞(f, 1/2) +

∫ 1

0

∫

S

∣∣∣|f |p/q((1 + r)ζ/2)− |f |p/q(rζ)
∣∣∣
q

dσN (ζ)(1− r)αdr

)

≤ C

(
Mp
∞(f, 1/2) +

∫ 1

0

∫

S

∣∣∣∣∣
p

q
sup

r<ρ< 1+r
2

|f(ρζ)| p
q−1|∇f(ρζ)|

∣∣∣∣∣

q

dσN (ζ)(1− r)α+qdr

)

≤ C

(
Mp
∞(f, 1/2) +

(
p

q

)q ∫ 1

0

∫

S

sup
0<ρ< 1+r

2

|f(ρζ)|p−q|∇f(ρζ)|qdσN (ζ)(1− r)α+qdr

)

≤ C

(
Mp
∞(f, 1/2) +

(
p

q

)q ∫ 1

0

∫

S

∣∣∣∣f
(

1 + r

2
ζ

)∣∣∣∣
p−q ∣∣∣∣∇f

(
1 + r

2
ζ

)∣∣∣∣
q

dσN (ζ)(1− r)α+qdr

)

= C

(
Mp
∞(f, 1/2) + 2α+q+1

(
p

q

)q ∫ 1

1/2

∫

S

|f(rζ)|p−q|∇f(rζ)|qdσN (ζ)(1− r)α+qdr

)

≤ C

(
Mp
∞(f, 1/2) + 2α+q+2n

(
p

q

)q ∫ 1

0

∫

S

|f(rζ)|p−q|∇f(rζ)|qdσN (ζ)(1− r)α+qr2n−1dr

)

≤ C

(
|f(0)|p +

∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z)
)

,



finishing the proof in this case.
Now assume that q > 1. Then by Lemma 4 with b = q and Minkowski’s

inequality, we have

||f ||pp,α = 2n

∫ 1

0

(Mp/q
p (f, r))q(1− r)αr2n−1dr

≤ C

(
Mp

p (f, 1/2) +
∫ 1

0

∣∣∣Mp/q
p (f, (1 + r)/2)−Mp/q

p (f, r)
∣∣∣
q

(1− r)αdr

)

≤ C

(
Mp

p (f, 1/2) +
∫ 1

0

∣∣∣Mq(|f |p/q, (1 + r)/2)−Mq(|f |p/q, r)
∣∣∣
q

(1− r)αdr

)

≤ C

(
Mp
∞(f, 1/2) +

∫ 1

0

∫

S

∣∣∣∣|f |p/q
(1 + r

2
ζ
)− |f |p/q(rζ)

∣∣∣∣
q

dσN (ζ)(1− r)αdr

)

≤ C

(
Mp
∞(f, 1/2) +

∫ 1

0

∫

S

∣∣∣∣∣
p

q
sup

r<ρ< 1+r
2

|f(ρζ)| p
q−1|∇f(ρζ)|

∣∣∣∣∣

q

dσN (ζ)(1− r)α+qdr

)

≤ C

(
Mp
∞(f, 1/2) +

(
p

q

)q ∫ 1

0

∫

S

sup
0<ρ< 1+r

2

|f(ρζ)|p−q|∇f(ρζ)|qdσN (ζ)(1− r)α+qdr

)
.

The rest of the proof is the same as in the first case and will be omitted. ¤.

4 Fractional derivative

For holomorphic functions in the ball consider fractional integrodifferentiation
of order α ∈ R. If f ∈ H(B) has a series expansion

f(z) =
∑

k∈Zn
+

akzk, z ∈ B,

then define
Dαf(z) =

∑

k∈Zn
+

(1 + |k|)αakzk, z ∈ B.

Theorem 2. Suppose 0 < q ≤ p < ∞, α > 0, f(z) ∈ Hp(B), and a holo-
morphic function g(z) belongs to the mixed norm space H(p, q, α) in B, that
is

‖g‖q
H(p,q,α) =

∫ 1

0

Mq
p (g, r)(1− r)αq−1dr < +∞.

Then
∫

B

|f(z)|p−q|g(z)|q(1− |z|)αq−1dV (z) ≤ C‖f‖p−q
Hp ‖g‖q

H(p,q,α).



In particular, if Dαf ∈ H(p, q, α), then
∫

B

|f(z)|p−q|Dαf(z)|q(1− |z|)αq−1dV (z) ≤ C‖f‖p−q
Hp ‖Dαf‖q

H(p,q,α).

Proof. Assuming that ‖f‖Hp 6= 0, we can apply Jensen’s inequality to the
integral

∫

S

|f(rζ)|p−q|g(rζ)|qdσ(ζ)

= Mp
p (f, r)

[
1

Mp
p (f, r)

∫

S

∣∣∣∣
g(rζ)
f(rζ)

∣∣∣∣
q

|f(rζ)|pdσ(ζ)
] p

q
q
p

≤ Mp
p (f, r)

[
1

Mp
p (f, r)

∫

S

∣∣∣∣
g(rζ)
f(rζ)

∣∣∣∣
p

|f(rζ)|pdσ(ζ)
]q/p

= Mp−q
p (f, r)

[∫

S

|g(rζ)|pdσ(ζ)
]q/p

= Mp−q
p (f, r)Mq

p (g, r). (8)

Multiplying (8) by (1−r)αq−1r2n−1dr, then integrating from 0 to 1 it follows
that

∫

B

|f(z)|p−q|g(z)|q(1− |z|)αq−1dV (z)

≤ C

∫ 1

0

Mp−q
p (f, r)Mq

p (g, r)(1− r)αq−1dr

≤ C‖f‖p−q
Hp

∫ 1

0

Mq
p (g, r)(1− r)αq−1dr,

and the proof is complete. ¤

Now we introduce some more notation to formulate several auxiliary lemmas.
In what follows, for a fixed δ > 1 let Γδ(ζ) = {z ∈ B : |1− ζz| ≤ δ(1− |z|)} be
the admissible approach region whose vertex is at ζ ∈ S. Let also Iζ,t = {η ∈
S : |1− ζη| < t} and Îζ,t = {z ∈ B : |1− ζz| < t}.

Following [6, 12], consider the functions

Ap(f)(ζ) =

(∫

Γδ(ζ)

|f(z)|p
(1− |z|)n+1

dV (z)

)1/p

, p < ∞,

A∞(f)(ζ) = sup{|f(z)| : z ∈ Γδ(ζ)},

Cp(f)(ζ) = sup
t

(
1

|Iζ,t|
∫
bIζ,t

|f(z)|p
1− |z| dV (z)

)1/p

, p < ∞, ζ ∈ S.



Lemma A. ([6, 12]) For any functions f(z) and g(z) measurable in B
∫

B

|f(z)||g(z)|
1− |z| dV (z) ≤ C

∫

S

Ap(f)(ζ) Cp′(g)(ζ) dσ(ζ), 1 < p ≤ ∞,

where p′ = p/(p− 1) is the conjugate index.

Lemma B. ([6, 12]) For 0 < q < ∞, α > 0, β > 0 and a function f(z) measur-
able in B

∥∥∥∥Cq

(|f(z)|(1− |z|)α
)∥∥∥∥

q

L∞
³ sup

w∈B
(1− |w|)β

∫

B

|f(z)|q(1− |z|)αq−1

|1− wz|β+n
dV (z).

Theorem 3. Let 0 < q < 2, q < p, γ > 0, 0 < α < γq/n. Then for any
λ > (p− q)/α,

∫

B

|f(z)|p−q|Dγf(z)|q(1− |z|)γq−1dV (z) ≤ C‖f‖p−q
Hλ

∥∥Dαn/qf
∥∥q

Hq . (9)

Proof. Denote by L the integral on the left-hand side of (9). Choosing any
α, 0 < α < γq/n and estimating L by Lemma A gives

L =
∫

B

|Dγf(z)|q(1− |z|)γq−αn · |f(z)|p−q(1− |z|)αn dV (z)
1− |z|

≤ C

∫

S

A2/q

(
|Dγf(z)|q(1− |z|)γq−αn

)
(ζ) · C(2/q)′

(
|f(z)|p−q(1− |z|)αn

)
(ζ) dσ(ζ)

≤ C

∥∥∥∥C(2/q)′

(
|f(z)|p−q(1− |z|)αn

)∥∥∥∥
L∞

∫

S

A2/q

(
|Dγf(z)|q(1− |z|)γq−αn

)
(ζ) dσ(ζ).

We estimate here L∞-norm and the last integral separately. By Lemma B,
choosing β > 0 large enough, the L∞-norm can be estimated as follows

∥∥∥∥C2/(2−q)

(
|f(z)|p−q(1− |z|)αn

)∥∥∥∥
2/(2−q)

L∞

≤ C sup
w∈B

(1− |w|)β

∫

B

|f(z)|2(p−q)/(2−q) (1− |z|)2αn/(2−q)−1

|1− wz|β+n
dV (z)

≤ C‖f‖2(p−q)/(2−q)

Hλ sup
w∈B

(1− |w|)β

∫

B

(1− |z|)2αn/(2−q)−(2n/λ)(p−q)/(2−q)−1

|1− wz|β+n
dV (z)

≤ C‖f‖2(p−q)/(2−q)

Hλ sup
w∈B

(1− |w|)2n/(2−q)·(α−(p−q)/λ)

≤ C‖f‖2(p−q)/(2−q)

Hλ .

where |f(z)| ≤ C‖f‖Hλ(1−|z|)−n/λ, z ∈ B, and another well-known inequality
([15]) in the unit ball are used. Hence for any λ > (p− q)/α

∥∥∥∥C2/(2−q)

(
|f(z)|p−q(1− |z|)α

)∥∥∥∥
L∞

≤ C‖f‖p−q
Hλ . (10)



On the other hand,

J ≡
∫

S

A2/q

(
|Dγf(z)|q(1− |z|)γq−αn

)
(ζ) dσ(ζ)

=
∫

S

[∫

Γδ(ζ)

|Dγf(z)|2(1− |z|)2(γ−αn/q)−n−1 dV (z)

]q/2

dσ(ζ).

According to a result on fractional differentiation ([11, pp. 179, 186])

J ≤ C
∥∥Dαn/qf

∥∥q

Hq . (11)

This completes the proof of Theorem 3. ¤

Remark 2. Note that taking p = 2 and γ = 1 in (9) and formally passing to the
limit as q → 2− and α → 0+ we get the classical Littlewood-Paley inequality
for the unit ball.

5 Radial derivative

In this section consider radial derivative

Rf(z) =
n∑

k=1

zk
∂f(z)
∂zk

.

If f ∈ H(B) has a series expansion

f(z) =
∑

k∈Zn
+

akzk, z ∈ B,

then
Rf(z) =

∑

k∈Zn
+

|k|akzk, z ∈ B.

Theorem 4. Suppose 0 < q ≤ p < ∞, f ∈ H(B) and

Lp,q(f) =
∫

B

|f(z)|p−q|Rf(z)|q(1− |z|)q−1dV (z).

Then
|f(0)|p + Lp,q(f) ≤ C‖f‖p

Hp , q ≥ 2. (12)

Conversely, if f(0) = 0, then

‖f‖p
Hp ≤ CLp,q(f), q ≤ 2. (13)



Proof. First we prove that for q = 2

‖f‖p
Hp ³ |f(0)|p + Lp,2(f) (14)

(compare with [19]). Indeed, we can apply a one variable analogue of (14) (see,
e.g., [24]) to the slice function fζ(λ) = f(λζ), λ ∈ U, ζ ∈ S,

‖fζ‖p
Hp(U) ³ |f(0)|p +

∫

U

|fζ(λ)|p−2|f ′ζ(λ)|2(1− |z|)dm(λ), (15)

where dm is the area Lebesgue measure on the unit disk U . Note that

f ′ζ(λ) = λ−1Rf(λζ) and R(fζ) = (Rf)ζ , λ ∈ U, ζ ∈ S. (16)

We integrate (15) over the sphere S, making use of (16) and the formula (see,
e.g., [1])

∫

Cn

g(w)|w|−2ndV (w) = n

∫

S

(∫

C
g(zζ)|z|−2dm(z)

)
dσ(ζ), (17)

to obtain

‖f‖p
Hp ³ |f(0)|p +

∫

B

|f(w)|p−2|Rf(w)|2(1− |w|)dV (w), (18)

which coincides with (14).
On the other hand, the inequality

|f(0)|p +
∫

B

|Rf(z)|p(1− |z|)p−1dV (z) ≤ C‖f‖p
Hp , 2 ≤ p < ∞, (19)

is well-known, see, e.g., [1] and also [11] for a more general result. Therefore,
by the Riesz–Thorin interpolation theorem (see, e.g., [28]) the inequalities (19)
and (18), that is the inequality (12) for q = 2 and q = p imply the inequality
(12) for all 2 ≤ q ≤ p.

Passing now to the proof of (13) we use a similar interpolation result.
Namely, if a function g is in Lq1(dµ) ∩ Lq2(dµ) for 0 < q1 < q2 < ∞, then
g ∈ Lq(dµ) for all q, q1 ≤ q ≤ q2, and furthermore there exists a number
θ ∈ (0, 1) such that

‖g‖Lq ≤ ‖g‖1−θ
Lq1 ‖g‖θ

Lq2 . (20)

To prove (20) we choose θ such that 1/q = (1 − θ)/q1 + θ/q2, and then apply
Hölder’s inequality with indices q2/(qθ) > 1 and (q2/(qθ))′ = q2/(q2 − qθ).

We use also an inequality converse to (19), see [1, 2, 11],

‖f‖p
Hp ≤ C|f(0)|p + C

∫

B

|Rf(z)|p(1− |z|)p−1dV (z), 0 < p ≤ 2. (21)

Consider now three cases. If 0 < q < p < 2, then choosing

g(z) =
Rf(z)
f(z)

(1− |z|), dµ = |f(z)|p dV (z)
1− |z| ,



1
p

=
1− θ

q
+

θ

2
, that is θ =

2(p− q)
p(2− q)

,

by (19), (20), (14), we obtain

‖f‖p
Hp ≤ CpLp,p(f) = Cp‖g‖p

Lp(dµ) ≤ Cp‖g‖p(1−θ)
Lq(dµ)‖g‖pθ

L2(dµ)

= Cp

(Lp,q(f)
)p(1−θ)/q(Lp,2(f)

)pθ/2

≤ Cp

(Lp,q(f)
)p(1−θ)/q‖f‖p2θ/2

Hp .

Thus,
‖f‖p(1−pθ/2)

Hp ≤ Cp

(Lp,q(f)
)p(1−θ)/q

,

or
‖f‖p

Hp ≤ CpLp,q(f).

If 0 < q ≤ 2 = p, then we may pass in the last inequality to the limit as p → 2−
because the constant Cp in view of (20) is bounded in p ∈ (q, 2).

If 0 < q ≤ 2 < p, then choosing θ, satisfying

1
2

=
1− θ

q
+

θ

p
, that is θ =

p(2− q)
2(p− q)

,

by (21), (20), (14), we obtain

‖f‖p
Hp ≤ CLp,2(f) = C‖g‖2L2(dµ) ≤ C‖g‖2(1−θ)

Lq(dµ)‖g‖2θ
Lp(dµ)

= C
(Lp,q(f)

)2(1−θ)/q(Lp,p(f)
)2θ/p

≤ C
(Lp,q(f)

)2(1−θ)/q‖f‖2θ
Hp .

Thus,
‖f‖p−2θ

Hp ≤ C
(Lp,q(f)

)2(1−θ)/q
,

or
‖f‖p(1/2−θ/p)

Hp ≤ C
(Lp,q(f)

)(1−θ)/q
.

In all cases (13) follows.

The next result is an analogue and consequence of Theorem 1.

Theorem 5. Let α > −1, 0 < q ≤ p < ∞, f ∈ H(B). Then

|f(0)|p +
∫

B

|f(z)|p−q|Rf(z)|q(1− |z|)α+qdV (z) ³ ‖f‖p
p,α. (22)

Proof. For n = 1, Theorem 1 asserts that
∫

U

|f(z)|p(1− |z|)αdm(z) ³ |f(0)|p +
∫

U

|f(z)|p−q|f ′(z)|q(1− |z|)α+qdm(z).



Apply it to the slice function fζ(z) = f(zζ), z ∈ U, ζ ∈ S,
∫

U

|fζ(z)|p(1− |z|)αdm(z) ³ |f(0)|p +
∫

U

|fζ(z)|p−q|f ′ζ(z)|q(1− |z|)α+qdm(z).

(23)
Using (16) and (17) we integrate (23) over the sphere and obtain (22).

From Theorems 1 and 5 the following corollary follows.

Corollary 1. Suppose α > −1, 0 < q ≤ p < ∞ and f ∈ H(B). Then

‖f‖p
p,α ³ |f(0)|p +

∫

B

|f(z)|p−q|Rf(z)|q(1− |z|)α+qdV (z)

³ |f(0)|p +
∫

B

|f(z)|p−q|∇f(z)|q(1− |z|)α+qdV (z).

Corollary 2. Suppose 0 < q ≤ p < ∞, α > −1 and f ∈ H(B), then the
following relationship holds

||f ||pp,α ³ |f(0)|p +
∫ 1

0

Mp−q
p (f, r)Mq

p (Rf, r)(1− r)α+qdr.

Proof. The case p = q follows from Theorem 5. Hence assume that q < p.
From the proof of Theorem 2 for g = Rf and Theorem 5, we obtain that

||f ||pp,α ≤ C

(
|f(0)|p +

∫

B

|f(z)|p−q|Rf(z)|q(1− |z|)α+qdV (z)
)

≤ C

(
|f(0)|p +

∫ 1

0

Mp−q
p (f, r)Mq

p (Rf, r)(1− r)α+qdr

)
.

The reverse inequality, follows by applying Hölder’s inequality with expo-
nents p/(p− q) and p/q to the last integral, and by Theorem 5 for p = q.
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