
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Extended Cesàro operators between different Hardy spaces

Karen Avetisyan a, Stevo Stević b,*
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a b s t r a c t

Let Hp denote the Hardy space of holomorphic functions on the unit ball B. This note gives
some sufficient and necessary conditions for the boundedness and compactness of the fol-
lowing extended Cesàro operators

Tgf ðzÞ ¼
Z 1

0
f ðtzÞRgðtzÞ dt

t
and Lgf ðzÞ ¼

Z 1

0
Rf ðtzÞgðtzÞ dt

t
;

where z 2 B and g is a fixed holomorphic map on B, acting from the space Hp into the space
Hq , for the case p < q. Our results extend and simplify some one-dimensional results.

� 2008 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Let B ¼ fz 2 Cn :j z j< 1g be the open unit ball in the complex vector space Cn, S ¼ oB ¼ fz 2 Cn :j z j¼ 1g its boundary, dr
the normalized rotation invariant measure on S such that rðSÞ ¼ 1, dV is the normalized volume measure on B and HðBÞ the
class of all holomorphic functions on the unit ball. Let z ¼ ðz1; . . . ; znÞ and w ¼ ðw1; . . . ;wnÞ be points in Cn and
hz;wi ¼

Pn
k¼1zk �wk. For f 2 HðBÞ with the Taylor expansion f ðzÞ ¼

P
jbjP0abzb, let

Rf ðzÞ ¼
X
jbjP0

jbjabzb

be the radial derivative of f, where b ¼ ðb1; b2; . . . ; bnÞ is a multi-index and zb ¼ zb1
1 � � � z

bn
n .

The a-Bloch space BaðBÞ ¼ Ba, a > 0, consists of all f 2 HðBÞ such that

sup
z2B
ð1� jzj2ÞajRf ðzÞj <1;

while the little a-Bloch space Ba
0ðBÞ ¼ Ba

0, a > 0, consists of all f 2 Ba such that

lim
jzj!1
ð1� jzj2ÞajRf ðzÞj ¼ 0:

With the following norm:

kfkBa ¼ jf ð0Þj þ Baðf Þ;

Ba becomes a Banach space and Ba
0 is its closed subspace. For a ¼ 1, the spaces B1 and B1

0 become the Bloch and the little
Bloch space (see, for example, [7,20,22,25,33,34] and the references therein).
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Applied Mathematics and Computation 207 (2009) 346–350

Contents lists available at ScienceDirect

Applied Mathematics and Computation

journal homepage: www.elsevier .com/ locate /amc



Author's personal copy

The Hardy space HpðBÞ ¼ Hp, where 0 < p 61, consists of all f 2 HðBÞ such that

kfkHp ¼ sup
0<r<1

Mpðf ; rÞ <1;

where

Mpðf ; rÞ ¼
Z

S
jf ðrfÞjpdrðfÞ

� �1=p

and

M1ðf ; rÞ ¼ sup
f2S
jf ðrfÞj:

The weighted Bergman space Ap
aðBÞ ¼ Ap

a, 0 < p <1, a 2 ð0;1Þ, consists of all f 2 HðBÞ such that

kfkAp
a
¼

Z
B

ð1� jzj2Þap�1jf ðzÞjpdVðzÞ
� �1=p

<1:

Extended Cesàro operators with an analytic symbol g are defined as follows

Tgf ðzÞ ¼
Z 1

0
f ðtzÞRgðtzÞ dt

t
and Lgf ðzÞ ¼

Z 1

0
Rf ðtzÞgðtzÞdt

t
; ð1Þ

where z 2 B and f 2 HðBÞ.
The operator Tg was introduced by Hu in [9] and studied in [3,8–15,19,22,29,31], while Lg was introduced by Li and Stević

in a private communication and studied in [3,11–15,19]. For closely related papers in the case of the unit polydisk see
[3–6,23,24,30].

Here we study the boundedness and compactness of the operators Tg and Lg from Hp to Hq space. The case p ¼ q ¼ 2 was
previously studied in [15]. We give some sufficient conditions for these operators to be bounded or compact, while in the
case p < q, we show that these sufficient conditions are also necessary. Our main results partially extend the main results
in paper [1], where the boundedness and compactness of the operator Tg between different Hardy spaces were investigated
in the setting of the unit disk. We would like to point out that the results in [1] are based on some strongly one-dimensional
results unlike the results in this paper. For some recent related results see also [16–18,28], as well as paper [32] concerning
weighted composition operators between Hardy spaces on the unit ball B.

Throughout this paper, constants are denoted by C, they are positive and may differ from one occurrence to the other. The
notation a � b means that there is a positive constant C such that a 6 Cb. If both a � b and b � a hold, then one says that
a � b.

2. Auxiliary results

Several auxiliary results, which are used in the proofs of the main results, are quoted in this section.

Lemma 1. For every f ; g 2 HðBÞ it holds

R½Tgðf Þ�ðzÞ ¼ f ðzÞRgðzÞ and R½Lgðf Þ�ðzÞ ¼ Rf ðzÞgðzÞ:

A proof of the first identity can be found in [8]. The second identity is proved similarly and it was mentioned for the first
time in [13].

Note that Lemma 1 is an analog of the following one-dimensional identitiesZ z

0
f ðfÞg0ðfÞdf

� �0
¼ f ðzÞg0ðzÞ;

Z z

0
f 0ðfÞgðfÞdf

� �0
¼ f 0ðzÞgðzÞ:

By using the following inequality (see, e.g. [8])

ð1� rÞMqðRf ; rÞ 6 CMq f ;
1þ r

2

� �

the next lemma easily follows:

Lemma 2. There is a positive constant C independent of f such that

jf ð0Þj þ sup
0<r<1

ð1� rÞMqðRf ; rÞ 6 C sup
0<r<1

Mqðf ; rÞ: ð2Þ

The following result is proved in a standard way. See, for example, the proofs of the corresponding results in [13,23,24].
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Lemma 3. The operator Tgðor LgÞ : Hp ! Hq is compact if and only if Tgðor LgÞ : Hp ! Hq is bounded and for any bounded
sequence ðfkÞk2N in Hp which converges to zero uniformly on compact subsets of B as k!1, we have

kTgfkkHp ! 0 as k!1ðor kLgfkkHq ! 0 as k!1Þ:

The following two inclusions go back to Hardy and Littlewood. Their proofs for the unit ball case can be found in [2, The-
orems 3.7(ii) and 5.13].

Lemma 4. Assume that 0 < p < q <1 and f 2 HðBÞ. Then

(a)

Hp � Aq
n
p�n

q
;

moreover, there is a positive constant C such that for every f 2 Hp,

kfkAq
n=p�n=q

6 CkfkHp ;

(b) if further f ð0Þ ¼ 0, then

kfkHq 6 Cðp; q; nÞkRfkAp
a
; 0 < a ¼ 1þ n

q
� n

p
:

3. The boundedness and compactness of Tg ; Lg : Hp ! Hq

In this section we consider the boundedness and compactness of the operators Tg ; Lg : Hp ! Hq. The following results are
main in this paper.

Theorem 1. Assume that 0 < p < q <1. Then Tg : Hp ! Hq is bounded if and only if g 2 B1þn
q�n

p. Moreover, if Tg : Hp ! Hq is
bounded then

kTgkHp!Hq � sup
z2B
ð1� jzj2Þ1þ

n
q�n

pjRgðzÞj ¼: M: ð3Þ

Proof. First assume that Tg : Hp ! Hq is bounded and that p; q 2 ð0;1Þ are arbitrary. Set

fwðzÞ ¼
ð1� jwj2Þa

ð1� hz;wiÞ
n
pþa

; w 2 B; ð4Þ

where a > 0. We have

fwðwÞ ¼
1

ð1� jwj2Þ
n
p
; and jRfwðwÞj ¼

n
p
þ a

� �
jwj2

ð1� jwj2Þ
n
pþ1
:

ð5Þ

By [21, Theorem 1.4.10], we know that

Mpðfw; rÞ 6 C
ð1� jwj2Þa

ð1� rjwjÞa
6 C:

Therefore fw 2 Hp, and moreover supw2BkfwkHp 6 C.
Using the boundedness of Tg : Hp ! Hq, Lemmas 2, 1 and Theorem 7.2.5 in [21], we have

1 > CkTgkHp!Hq P kfwkHpkTgkHp!Hq P kTgðfwÞkHq P C sup
0<r<1

ð1� rÞMqðRðTgfwÞ; rÞ ¼ C sup
0<r<1

ð1� rÞMqðfwRg; rÞ

P C ð1� jwj2Þ
n
qjRgðwÞkfwðwÞj

h i
ð1� jwj2Þ ¼ Cð1� jwj2Þ1þ

n
q�n

pjRgðwÞj: ð6Þ

From (6) it follows g 2 B1þn
q�n

p, moreover

M 6 CkTgkHp!Hq ð7Þ

for some positive C.
Now assume that g 2 B1þn

q�n
p and 1þ n

q� n
p P 0. Choosing sðp < s < qÞ, using the fact Tgf ð0Þ ¼ 0, Lemma 4 (b), Lemma 1,

and finally the continuous inclusion Hp � As
n=p�n=s from Lemma 4 (a), we get

kTgfkHq 6 CkRðTgf ÞkAs
1þn=q�n=s

¼ C
Z

B

ð1� jzj2Þ 1þn
q�n

sð Þs�1jf ðzÞRgðzÞjsdVðzÞ
� �1=s

6 CkfkAs
n=p�n=s

sup
z2B
ð1� jzj2Þ1þ

n
q�n

pjRgðzÞj

¼ CMkfkAs
n=p�n=s

6 CMkfkHp ð8Þ

from which it follows that kTgkHp!Hq 6 CM. This along with (7) gives the asymptotic relation (3). �
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Remark 1. Note that if 1þ n
q � n

p < 0, then by the maximum modulus theorem it follows that g � const.

The following open problem is challenging.

Open problem. Assume that 0 < p < q <1 and Tg : Hp ! Hq is bounded. Find the exact value of the norm kTgkHp!Hq .
For some recent results in the topic see [26,27].

Theorem 2. Assume that 0 < p < q 61. Then Lg : Hp ! Hq is bounded, if and only if gðzÞ � 0.

Proof. First assume that Lg : Hp ! Hq is bounded. Let fw;w 2 B, be defined by (4). We know that supw2BkfwkHp 6 C.
By Lemmas 2,1 and Theorem 7.2.5 in [21], we have

1 > kLgðfwÞkHq P C sup
0<r<1

ð1� rÞMqðRðLgfwÞ; rÞP C ð1� jwj2Þ
n
qjgðwÞjjRfwðwÞj

h i
ð1� jwj2Þ

P Cjwj2ð1� jwj2Þ
n
q�n

pjgðwÞj: ð9Þ

From (9) it follows that

Cjwj2jgðwÞj 6 ð1� jwj2Þ
n
p�n

qkLgðfwÞkHq : ð10Þ

By letting jwj ! 1 in (10), noticing that n
p� n

q > 0 and employing the maximum modulus theorem we obtain that gðzÞ ¼ 0, for
each z 2 B, as claimed.

The reverse statement is trivial. �

Theorem 3. Assume that 0 < p < q <1. Then Tg : Hp ! Hq is compact if and only if g 2 B
1þn

q�n
p

0 .

Proof. Assume that Tg : Hp ! Hq is compact. Let ðzkÞk2N be a sequence in B such that jzkj ! 1 as k!1, and hkðzÞ ¼ fzk
ðzÞ,

k 2 N (where fw is defined in (4)). Then by the proof of Theorem 1 we know that supk2NkhkkHp 6 C and hk converges to 0 uni-
formly on compact subsets of B as k!1. Since Tg is compact, by using Lemma 3 it follows that limk!1kTghkkHq ¼ 0. From
this and since in view of (6) we have that

kTghkkHq P Cð1� jzkj2Þ1þ
n
q�n

pjRgðzkÞj;

we obtain g 2 B
1þn

q�n
p

0 .
Now assume g 2 B

1þn
q�n

p

0 and 1þ n
q � n

p > 0. Then for every e > 0 there is an d 2 ð0;1Þ such that

ð1� jzj2Þ1þ
n
q�n

pjRgðzÞj < e; ð11Þ

when d 6 jzj < 1.
Assume that a sequence ðfkÞk2N in Hp is such that supk2NkfkkHp 6 L and fk converges to 0 uniformly on compact subsets of

B as k!1.
By using Lemmas 4, 1 and (11), and for any fixed s 2 ðp; qÞ, we obtain

kTgfkkHq 6 CkRðTgfkÞkAs
1þn=q�n=s

¼ C
Z
jzj<d
þ
Z

d<jzj<1

 !
ð1� jzj2Þ 1þn

q�n
sð Þs�1jfkðzÞRgðzÞjsdVðzÞ

" #1=s

6 C sup
jzj<d
jfkðzÞj sup

jzj<d
ð1� jzj2Þ1þ

n
q�n

pjRgðzÞj þ þCkfkkAs
n=p�n=s

sup
d<jzj<1

ð1� jzj2Þ1þ
n
q�n

pjRgðzÞj

6 C sup
jzj<d
jfkðzÞj þ CekfkkHp ;6 C sup

jzj<d
jfkðzÞj þ CLe: ð12Þ

Letting k!1 in (12), using the fact that e is an arbitrary positive number and by employing Lemma 3 it follows that
Tg : Hp ! Hq is compact. �

Remark 2. Note that if 1þ n
q � n

p 6 0, then by the maximum modulus theorem it follows that g � const.
The following theorem is a direct consequence of Theorem 2.

Theorem 4. Assume that 0 < p < q 61. Then Lg : Hp ! Hq is compact, if and only if gðzÞ � 0.

For the readers interested in this research area we leave the next research project.

Research project. Let p; q > 0. Find a necessary and sufficient condition for the operator Tg : Hp ! Hq, (corresp. Lg : Hp ! Hq),
p P q, to be bounded (or compact). Recall that the case p ¼ q ¼ 2 was solved in [15].
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[19] S. Li and S. Stević, Riemann–Stieltjes operators between different weighted Bergman spaces, Bull. Belg. Math. Soc. Simon Stevin, in press.
[20] S. Li, H. Wulan, Characterizations of a-Bloch spaces on the unit ball, J. Math. Anal. Appl. 343 (1) (2008) 58–63.
[21] W. Rudin, Function Theory in the Unit Ball of Cn , Springer-Verlag, New York, 1980.
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