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Abstract
The paper continues the investigation of holomorphic mixed norm
spaces AZ? in the unit polydisc of C". We prove that a mixed norm
is equivalent to a “derivative norm” for all 0 < p < 00,0 < ¢ < o0 and a
large class of weights . As an application, we prove that pluriharmonic
conjugation is bounded in these mixed norm spaces.
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1 Introduction

Let U! = U be the unit disc in the complex plane, U™ the unit polydisc in C”,
and H(U™) the set of all holomorphic functions on U™.
For the integral means of a function f given in U™, we write

1/p
Mp(f7r) = ((27‘()” /[\072ﬂ—)n |f(7"1€ yee oy I'm€ )| d9> B

r = (r,...,m),0 < r; < 1,5 € {l,....,n},0 < p < o0, 0 = (bh,...,0,),
df = db; - - - db, and
My (f,r) = sup |f(rie?, ... rpe®)|
0el0,2m)"
Let w(x),0 < z < 1, be a weight function which is positive and integrable
on (0,1). We extend w on U by setting w(z) = w(]z]), and also on U™ by
&= (wl,...,wn).
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Let £2? = L29(U™),0 < p < 00,0 < ¢ < 00, denote the mixed norm space,
the class of all measurable functions defined on U™ such that

0z = [ Mg T <
) ]:1

and AZ? = AZ9(U™) be the intersection of £5? and H(U™). When p = ¢ we

come to weighted Bergman spaces ALY = A% with general weights &. Mixed

norm, weighted Bergman and closely related spaces have been studied, for ex-

ample, in [1, 2, 3, 4, 6, 7, 8, 10, 11, 13, 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
Following [12], for a given weight w on U, define the distortion function of

w by

1
w(r)

P(r) = vu(r) =

We put 9(z) = ¢(|z]) for z € U. Also, a class of admissible weights, a large class

of weight functions w in U is defined in [12]. For a list of examples of admissible
weights, see [12, pp. 660-663].

In [20, Theorem 1] the second author, among others, proved the following

result.

1
/ w(t)dt, 0<r<l.

Theorem A. Let f € H({U") and w;(z;), j =1,...,n are admissible weights
on the unit disc U, with distortion functions ¥;(z;). If 0 < p,q < oo, and
fe A% then for all j =1,...,n, wj(zj)a%(z) € LY, and there is a positive
constant C = C(p, q,d,n) such that

nmmwsz|+c§j%a (1)

Zj P,q,&

For 1 <p,q < oo the reverse inequality holds as well.

Remark 1. For all 0 < p,q < oo the equivalence between the left-hand and
right-hand sides of (1.1) is established in [15, 20] for standard weights w;(z;) =
(1 —2;1)™, aj > —1. See also [13] and [14].

In [9] the authors solved an open problem posed by S. Stevié ([13, 14])
regarding the reverse inequality in (1.1) for the case of the unit disk, by proving
the following result:

Theorem B. Assume 0 < p < 00,0 < ¢ < o0, and that w is a differentiable
weight function on U satisfying the following condition

/ 1
:}2((77:)) / w(s)ds < L < o0, re(0,1), (1.2)
for a positive constant L. Then

/Aﬂﬂ M@W+Aﬂauux%vwwmw (1.3)
for all f € H(U).
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We write a < b if the ratio a/b is bounded from above and below by two
positive constants when the variable varies, and say that a and b are comparable.
Note that condition (1.2) is weaker than that of admissible weights, see [9].

An interesting problem is to extend Theorem B to the polydisc case. This
will be done by proving the next theorem.

Theorem 1. Let f € HU"),0 < p < 00,0 < g < oo, and the weights
w;(z;), 7 =1,...,n, satisfy condition (1.2), with distortion functions 1;(z;), j =
1,...,n. Then f € A%? if and only ifwj(zj)g—zfj(z) e L% forall j=1,...,n

Moreover,

[1f1lp.qs = 1£(0) (1.4)

%

J P,q,&

Theorem 1 generalizes both Theorems A and B. In Section 2 we present
several auxiliary results which will be used in the proofs of the main results of
this paper. A proof of Theorem 1 is given in Section 3. In Section 4 we turn to
pluriharmonic functions in U™, that is, the real parts of holomorphic functions.
As an application of Theorem 1, we prove that the operator of pluriharmonic
conjugation is bounded in mixed norm spaces ﬁg’q(U ™) for all 0 < p < 00,0 <
q < oo.

2 Auxiliary results

In this section we collect and prove several auxiliary lemmas which we use in the
proof of the main result. Throughout the paper, the letters C(p, ¢, o, 3, ...), Cqy
etc. stand for positive constants depending only on the parameters indicated
and which may vary from line to line.

Lemma 1. ([9]) Let {Ar}32, be a sequence of complex numbers, o,y > 0.
Then the quantities

oo o0
Q1= Ze_ka\Ak\’Y, Q2 = [Ao|” + Ze_ka|z4k+1 — Ag|”

k=0 k=0

are comparable.

Lemma 2. ([9]) Given a function ¢ on [0,1) define the sequence {ri}3>, C

[0,1) by p(rx) = €*, k > 0.
(a) If the function ¢ satisfies p(0) =1 and

S _
0<r21 02 <M < 0, (2.1)

then for every k > 0,

SeZM, T <x <y < Tgia.
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(b) If the function ¢ satisfies

" ()]e(r)
sup —————> < M < oo, 2.2
S e (22)

then for every k > 0,

—2M < ¢'(y) < o2M

e TP , T, Y € [k, ita)-

~

Lemma 3. Let f € H{U"),0 < p < oco0,¢ = min{1,p}. Then for any r;,pj,
0<rj<p;<l,j=1,...,n,

n a
Mﬁ(f,pl,...,pn) —sz(f,rl,...,rn) < C'Z(pj —rj)ZMZf (aj,ph...,pn) ,
j=1 J

where the positive constant C' depends only on p and n.

Proof. First assume that n = 2. Then by [20, Lemma 3] and the monotonicity
of the integral means, we have that

M]f(fv PlaPQ) - Mg(f, 7’1,1"2)
_ (Mﬁ(f, pr,p2) — My (f, rl,m)) + (Mﬁ(f, r1,p2) — MX(f, rl,m))

0 0
<C(pr— Tl)lM;f <6i,l)1702> + C(p2 — Tz)eMﬁ (85277’171)2)

0 0
<C(p — T1)£M5 <ai,f’1792> + C(p2 — 7"2)EM1§ (aivplaPZ) .

For n > 2 the proof is similar and will be omitted.

Lemma 4. Let f € H{U™) and 0 < p < oo.
(a) Then for any 0 <r; < p; <1, j,ke{l,...,n}

Mp ﬁﬂj,...,rn SCMP(fvpl,-..7pn)’
6Zk Pk — Tk

where the positive constant C' depends only on p and n.
(b) If u = Re f in U™ and 1 < p < oo, then for any 0 < r; < p; < 1,
jked{l,...,n}

MP ﬁarlv"‘vrn SC p(qul’ P )v
Oz, PE — Tk

where the positive constant C' depends only on p and n.

Proof. (a) We may assume that k¥ = 1. Applying the corresponding inequality
for the case n = 1 (with fixed rq,...,7,), which holds for 0 < p < oo, then the
monotonicity of the integral means in arguments ro, ..., r,, we obtain

0 M, citn) _ A My(fiprip2 i
Mp<f7r1,r27...7rn> <C p(fsp1:72- - Tn) <C p(fsp1;p2 Pn)
PL—T p1L—T1
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(b) The proof of this statement is similar to the proof of (a), with the differ-
ence that the corresponding one-dimensional inequality holds true for 1 < p <
00.

Lemma 5. Let 0 < p,q < co. Then for any r; € (0,1), j,k € {1,...,n},

of Clp,q) [T*F
Mg(a%ml,...,rn)< Ti+e /Tk_R M;}(u,rl,...,rk,l,t,rkﬂ,...,rn)dt,

forall f € H{U"), w= Re f, andry € (0,1) such that0 < R <rp < R+rp < 1.

Proof. It suffices to apply the corresponding one variable inequality, see [9,
Lemma 7].

Let Ph(U™) denote the set of all (real-valued) pluriharmonic functions on
U™. For the subspace of L£Z7(U™) consisting of pluriharmonic functions let
PREY(U™) = Ph(U™) N LEY(U™).

Lemma 6. For any a € U", the point evaluation u — u(a) is a bounded linear
functional on PhZI(U™) for all 0 < p,q < oc.

Proof. The result follows from the Hardy—Littlewood inequality (HL-property)
on |ul? analogously to [20, Lemma 2] or [14, Lemma 3].

3 Proof of Theorem 1

In order to prove the main theorem, we need some more auxiliary functions.
Suppose that the weights w;(r;) are differentiable on (0,1) and satisfy
wi(ry) [* .
3 /wj(t)dtSC’, O<r;<l, j=1,...,n. (3.1)
wj (TJ) T
J

Their distortion functions are defined by

1

1
—_ w;(t) dt, 0O<r;<1, j=1,...,n.
wj(rj)/r ! !

V;(r;) = tu, (1)) =

Given a weight w;, and 0 < ¢ < oo, define the function ¢; on (0,1) by

J

1 71/(]
©i(rj) = Pguw, (1) = (q/ w;(t) dt> , 0<rj<l, j=1,...,n. (3.2

Note that each of the functions ¢, is strictly increasing on (0,1). Let ¢, (r) =
[Tj=) ¥j(rj) and wu(r) = IT;—; @;(r;). Tt is easy to check that

@;(r;)
pj(rs) i+’

©;(ry)
©5(r;)
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and that condition (3.1) is equivalent to (2.1) with ¢ = ¢;.
Define also the measures on (0, 1) by

dmy,(r;) = %E )drj, j=1,...,n, dmy,(r Hdm% (r5)-
©;(r;)

We may assume that n = 2. The proof for the case n > 2 is only technically
complicated. We have to prove the inequality

Mg(f, 1, 7“2)0)1 (7“1)002(T2)d’l“1d’l“2 S C|f(0, 0)|q
(0,1)2

0
+C Mg (f ,T17T’2> 1/)(11(7’1)601(7’1)012(7’2)d7’1d7’2
o2 \0z

0
+ C Mq (df, r1, T2> @/)g(rg)wl (7‘1)&)2(7‘2)d7’1d7’2. (34)
(0,1)2 22
Denoting
M,
Fo(’/‘17’l"2) _ P(farlaTQ),
©1(r1)p2(r2)
Mp (%,Tl,’f‘g) Mp (%,Tl,TQ)
F1(7‘177‘2) = —FF FQ(Tl,Tg> = (35)
@1 (r1)p2(r2) ¢1(r1)@5(r2)
and taking into account (3.3) and (3.5), we can rewrite (3.4) in the form
1ol i) < OO+ CUR g, + CIFe sy (36)

Without loss of generality we may assume that ¢;(0) =1, j =1,2.

We prove (3.6) only for 0 < p < 1. The proof for the case 1 < p < oo
is similar and is omitted. Assuming that Fy, F» € L(dm,) and choosing two
sequences {14}, {px }22, as in Lemma 2, o1 (1) = ¥, wa(pr) = €, we obtain
by Lemmas 1 and 3

HFOH‘ZLq(dm@):/ / MI(f,r,p) (wl() (p;1+qdrdp

)1+ (p
Th+1 [Pk+1
r) ¢3(p)
< CZ MA(f, T ht1, PRt / / 1+q e drdp
k=0 o
:CZMg(faTk+17pk+1) (e ak _ o q(k+1)) qu

k=0

< Cze—2qk¢ (Mg(fa rkvpk))‘Z/P

k=0
< C(MPE(f,0,0))%/

+ O €2 (ME(f, 141, prsr) — M2, pr)
k=0
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0
< C\f(O 0 |q+OZ€ 2qk ’r‘k+1 —Tk)pMp (f Tk+1,pk+1>
k=0 9

of q/p
+ (pr+1 — pr)P MY (aZQaTk-i-lvpk-H)]

0
< C|£(0,0) I"+Cze *(rkr — i) My (f,rk+1,pk+1>
k=0 021

0
+CZe M(pr+1 — pr) I MY (aivrk+lyl)k+l) ;

where the involved constants C' = C(p, ¢, v1,¢2) > 0 depend only on p, ¢ and
the functions 1, ¢s. By Lagrange’s theorem

Tee1 — Tk = (e — 1)ek (cp’l(xk))fl, where e < Tl < Thil,
-1
pei1 — pe = (e — D)e"(oh(y)) ", where  pr <y < pri1-

Hence

0 —-q _
||F0||Lq dmy) < C£(0,0)/ +CZM‘1 (8;17Tk+hpk+1) (90/1(%)) e
k=0

+C Z M} ( STkt 1 Pk+1) (@5 (yx)) Tem "
(3.7)
On the other hand,

= | [ 52 (8) S A

1—q
Tk+42 4/7/ (7‘) Pk+2 /
> ZM‘I ( Tk+1,Pk+1> / 7( : ) dr %(p)uq dp |-
Th41 1(r) Pr+1 (‘PZ(P))
Slnce the function @2 (p) is increasing, and
Tk+42 / Pk+2 /
/ 2 g g, / wz(p)dp: 1,
ress P1(T) orsr P2(P)

by the mean value theorem for integrals, there exist numbers &g, rp+1 < & <
Tk+2, such that

oo

IF iy 2 3 M5 (s ) (160) " (aprsa)

k=0

Z ( Tk+1,Pk+1) (01 (&r)) T m. (3.8)
pa

I \/
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Similarly, there exist numbers 7k, pr+1 < Nk < Pr+2, such that

> af —q _
1%y = €S M <a+p+> () ek, (3.9)
k=0

Combining inequalities (3.7)-(3.9), and using Lemma 2(a), we get

oo 8 _ _
1Fol L,y < CIFO,0[7 +C D My (eaf”*) S
k=0
o0 a _ _
+CZM§ (6i,rk+1,/)k+1> (SOIz(yk)) T
k=0
q s q 8f / —4 _—qk
<CIf0,0)+C > M (azlark+17pk+l) (#1(&)) e
k=0
oo 9 —g _
+CZM5 (85277"k+1apk+1> (Pa(mk)) e "

< CUF0.0) + CUR Ly, + CIEL L - (3.10)

In order to obtain the reverse inequality first note that

HFOH%q(dm _/ / MY(f,r p) @1 (r) ¥5(p) drdp

P1(r) oo (p)1+q

Tk+1 Pk+1
7) 5(p)
ZZM (fsrk, pr) / /p 1+q(m(p)lﬂdrdp

2
— 2ZM (s 7h i) (e ak _ q(k+1))

k=0

> Cy Ze*Qq’“Mm T PE)- (3.11)
k=0

On the other hand, employing Lemma 4, we have that

o[ (2 ) )T )
HFlHLq(dm“’) _/0 /0 M (azl’ ,p) e1(r) (@2(0))1+(1d "
((OF e ()N [ eble)
< CZM ( k+1,Pk+1) (/Tk o (1) d ) (/pk (apz(p))1+qdp>
< cZMq (52 riepuan ) (et on)) (paton)

= CZ M ( Tk+17Pk+1) (0 (k) e

<O MY (F sz sa) (s — ria) (4 (a2) e
k=0
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for some x, € (1, 7r+1). By Lagrange’s theorem we have that
T2 (1 —e™h) = o1(rira) — 1(res1) = @1 () (Frr2 — k1),
for some zp € (rg+1,7k+2). Hence by Lemma 2(a)

£ O, 01"+ Ful Fa

o] , . q B )
< 1F(0,0)[7 + C' 3 MY (f, Phsan prsa) (%%) o a(k+2) ok
k=0 1Lk

< |f(0,0)|7 + CZ M (f, 72, pry2) €Mem 29D
k=0

<CY M (f.rk,pr) e 20" (3.12)

k=0
Similarly it can be proved that

o0

‘f(050)|q+ ||F2||%f1(dm S Z fvrlmpk QQk' (313)
k=0

From (3.11)-(3.13) the inequality follows.

4 Pluriharmonic conjugates

In this section we discuss pluriharmonic functions in mixed norm spaces Ph2?(U™).

The problem of harmonic conjugation in mixed norm and Bergman spaces is
classical and goes back to Hardy and Littlewood [5]. For pluriharmonic con-
jugation on the unit ball, unit polydisc and more general bounded symmetric
domains in C", see [8, 10, 11, 21], where standard weight functions were con-
sidered. For harmonic conjugation in mixed norm spaces on the unit disc, with
general weights see [9, 14].

Theorem 2. Let 1 < p < 00,0 < g < 00, and each of the weight functions
wj(z;), 7 =1,...,n, satisfies (3.1). Then PhEY(U™) is a self-conjugate space.
Moreover, if f € HU™), f =u+iv, u € PhZ(U™), and v is the pluriharmonic
congugate of u normalized so that v(0) =0, then

Hf“p,q,d? < C(p, q’ﬁ,n)HUHp,q,w‘- (4.1)
Proof. Denoting
M, (f,r1,72) M, (u,r1,72)
Fo(rq,re) = —2L 2 =2 and Fy(rq,re) = —2 2 2 =27 4.2
o(rs,r2) e1(r1)p2(r2) 3(r1,72) @1(71)p2(r2) (4.2)
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we can easily see that (4.1) is equivalent to

1 £0llLa(am,) < C(psq, &, n) 1 F3l|La(am,,)- (4.3)

Since 1 < p < 0o, the method of the proof of Theorem 1 works for this case as
well. Indeed, similar to (3.11), we obtain

||F3||Lq(dm y = > Cq Ze 2quq(u Tk, Pk)- (4.4)
k=0

On the other hand, employing Lemma 4(b), we have that

M8

0 _
1EU T gy < C D) My <6iam+17pk+1) (21 (zr) " (p2(pr) *

k=0

M2

<O M (u, g2, prta) (Tigz — Trr1) (@ (zn)) ek

S
I

0

for some x, € (1, 7r+1). By Lagrange’s theorem and Lemma 2(a) we obtain

oo

O, 0+ gy < C D M (u, e, pr) €729 (4.5)
k=0

Similarly, (4.5) can be stated for F instead of Fy. Thus,
1FollLa(am,y < Cl£(0,0)] + CllFil|La(dm,) + CllF2llLa(am,) < CllFsllLaam.,)

as desired.

An interesting question is whether Theorem 2 holds true for 0 < p < 1. In
this case we are able to prove a slightly weaker result.

Theorem 3. Let 0 < p < 00,0 < ¢ < oo, and the weight functions w;(z;),
J = 1,...,n, together with their corresponding functions p; = ¢, defined by
(3.2), satisfy (2.2). Then PhZI(U™) is a self-conjugate space. Moreover, if
feHU"), f=u+iv, u € PRLY(U™), and v is the pluriharmonic conjugate
of u normalized so that v(0) = 0, then

1£llp.a.5 < Cp,q,&,n)l[ullp.q.0- (4.6)

Proof. Again we have to prove the inequality (4.3). The proof is now based
on Lemmas 2(b), 5 and 6. Note that in view of (3.10) it suffices to prove the
inequality

1£(0,0)[ + 1 F1l[Lacam,) + 1 F2llLaam,) < CllFs] Laam,)-
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By the monotonicity of the integral means and the mean value theorem for
integrals, we deduce that

, o of . ((p’l(T))l_q - ©5(p)
VES oty = / V My (azl ”) e1(r) d]m(p))”qdp

1 or N[ e T s
: C/O ( S > /rk w1(r) d ] (902([)))1+q dp
- C/O ( 1 Th+1,P > (‘Pﬁ(l‘k))_q] ((p;pi)()/;)lﬂdp

s g (OF TheitThi2 / —q M
: C/O _kZ:OMp (321’ 2 ’p> (¢h(s) (%(M)qup

for some xy € (rg, rk+1). An application of Lemma 5 with R = %(T’k_i'_Q — Thkt1)
and rq — %(rk+1 + Tkt2), k>0, yields

501 CUIc)) q Thi2
)1+q

||F1||Lq(dm )y = C/

Next, we apply Lagrange’s theorem and Lemma 2(b) to obtain

@5 (p)
M (u,t, p)dt] 27dp.

(rkt2 = T (p2(p)

Tk41

I g

1 [ oo Tk /
(¢i(zr) " (#1 () b2 h(p
<o [M|3 B A " g | )y
(=0 (Tev2 = Thia) € Tht1 2(p))
1 [ o0 —q(k+2) Th42 /
e h(p
< C/ Z T —— Mg(mt,p)dt] %dp
0 |5zo TR+2 T TR iy ( 2(p))
1 [ oo Th42 B /
<0 [ e e [ Mgt ) 01(0) th] 2l g,
0 L k=0 Th+1 2(0))
1 [ oo / Th+2 /
01 (yr) * ~a .| _a(p)dp
sc/ M (u,t,p) (1 (1) | 222
0 _kz:o o1(re+2) —e1(res1) Sy 7 ( ) (@Q(p))lﬂ

where 7411 < yr < Trya, @1(r) = k. Since the function ¢ (¢) is increasing,
we get by Lemma 2(b)

1 o] Tk+2 e @, 0 dp
13T ) < C/ > @) M (u,t, p) (1(1)) th] %
0 Lk=0 o ©2(p))
Tht2 50/ " 50/ p
<C/ M (u,t,p) 1()1+th 2( )qup
=0Tkt (1(®)) (p2(p))

S C”F?;”Lq(dmw)'
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Similarly it can be proved that
1F2l|La(am,) < ClIF3 La(dm.,)-
Finally, by Lemma 6,
£(0,0) = [u(0,0)] < ClF5]|La(am,)-
This completes the proof of Theorem 3.

Note that although condition (2.2) is stronger than (2.1), the class of weight
functions w(z) satisfying (2.2) is still rather wide. For example,

w(r) = (logl !

v _
> (1—r)5exp<(16r)a>, a>0,c>0,0eR,vER,

is a typical weight function satisfying (2.2), see [9)].

Pluriharmonic conjugation makes it possible to extend Theorem 1 to pluri-
harmonic functions. The partial differential operators % and % are defined
J J

by
0 (0 0N o _ifo oy
0z; 2\ 0z Zayj ’ 0z; 2 \ Oz, Zayj ' %5 = X5 T Y5

Theorem 4. Let u € Ph(U™) and one of the following two conditions holds:

(a) 1 <p<00,0<gq< o0, and the weights w;i(z;), j = 1,...,n, satisfy
condition (3.1), with distortion functions ¥;(z;), j =1,...,n.

(b) 0<p<o00,0<gq<oo, and the weight functions w;j(z;), j=1,...,n,
together with their corresponding functions ¢; = @, defined by (3.2), satisfy
(2.2). Then

lullp,q.6 = [u(0)] +
j=1

n

ou
Vi,

J

D,q,@ j=1 P,q,&

Proof. Since the function u is real-valued, the second equivalence in (4.7) is
obvious. Let now f € H(U™), f = u+iv, and v be the pluriharmonic conjugate
of u normalized so that v(0) = 0. Then by Theorems 1-3 and Cauchy-Riemann

equations
- ou - af

WO+ 3 [l = 1O+ O ol = Il = g
j=1 7 1lp,q,& j=1 7 1lp,q,&

as desired.

Remark 2. It is not difficult to see that Theorem B holds for the case of
holomorphic functions on the unit ball B C C", where V f appears instead of f’
in (1.3). Note that by the maximal theorem the inequality in Lemma 3 becomes

Mpe(f7 p) - Mpe(f7 7’) < C(p - T)KM;f(Vfa p)a
0<r<p<l,fe H(B), where £ = min{1,p}, p € (0, 0.
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