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1. Introduction and preliminaries
Let D denote the unit disc in the complex plane C,dD its boundary, H(D) the set of all analytic functions on D and

dm(-) = 1rdrd6 the normalized Lebesgue area measure on D. For each complex y with %y > —1 and for each nonnegative
integer k, let A} be defined as the kth coefficient in the expression

o0
(1% =% A,
k=0

so that
A I'y+k+1)
KT ry+0rk+1)
Let zo € D be fixed, then the following operator
1 "z
A& = ;= [ fwdt, ze D, 1)
0 Jzg

where f € H(D), is one of the most natural averaging operators on H(D), and for z; = 0 it is called the Libera transform [28].
Restricting the domain of the operator 4,,, we can extend the definition of A,, to values of z, on dD.

For some previous results in this area, see [2,10,30,33,41] and the references therein. The transform can be considered as a
formal adjoint of Cesaro operator on H*(D), (see, for example [31]). Recent results on related integral-type operators can be
found, for example, in [1,4,6-9,14-27,32,34-40,42,43,45], see also the references therein.
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Operator (1) can be generalized as follows. For z; € D fixed, y € C such that ®y > —1, and f € H(D) we define the linear
operator 4, (f) by

0 k—m
Z(Z A,f? ak>z’"7 )

0 \k=m

where f(z) = Y2 oakz*,z € D. Note that A3, is only formally defined and
+1
0@ = ,H/fzc

or, taking as a path the segment joining z, and z

1
A}’O(f)(l):(y+1)/0 f(@(2)(1 —t)dt, 3)

where ¢,(z) = (1 — t)zo + tz. We call operator (3) generalized Libera operator.
Here, we investigate the generalized Libera operator on the Besov mixed-norm space (see, e.g. [44])

B(0) = {f € H)| I, - / MY (1 = <o

where p,q € (0,00),k is an integer, 0 < a < k. The space BY? does not depend on k, and for different k(k > o) equivalent
“norms” appear. It is easy to see that for p = ¢ > 1 and o = 1/p this space is equivalent to the classical analytic Besov space
B’ (D).

As usual M, (f,r) denotes the pth integral mean of the function f, that is,

21 1/p
Mp(f,r):(;—n ; Lf(rei9)|”d9) , refo,).

The mixed-norm spaces L2 and <29, p,q € (0,00),o > —1, are defined as follows:

(D) = {f measurable on D ‘ \[fHL,,q ._/ My (f,r)(1 —r)*dr < oo},

and /2% = H(D) N 2. For p = q the spaces /2" coincide with the well-known weighted Bergman spaces, see [12] for the
general theory of Bergman spaces.

This paper is organized as follows. In Section 2 we prove an auxiliary result which is used in the proof of the boundedness
of operator (3) on the Besov mixed-norm space in Section 3. In Section 3 we also prove the boundedness of the operator on
the BMOA as well as VMOA space. In Section 4 compactness of the operator (3) on the Besov mixed-norm space is proved
under some conditions.

Throughout the paper, constants are denoted by C, they are positive and may differ from one occurence to the other. The
notation a < b means that there is a positive constant C such that {|a| < |b| < Clal.

2. Auxiliary results
The following lemma, regarding the boundedness of the composition operator on the mixed-norm space, was proved in
[41]. We sketch its proof here for the completeness and for benefit of the reader.

Lemma 1. Letp,q € (0,00),00 > —1, ¢ : D — D be a nonconstant analytic function. Then the composition operator C,(f) =f o ¢
on .«/%%(D) satisfies the following inequality:

lell.. + @0 >)5“‘“
C( pq\3p TR Y pq-
ICoI (nqon —ooy) VI

Proof. Let a = |p(0)| and b = ||@||., = sup,.p|®(2)|. By a well-known consequence of the Schwarz’s Lemma (see, for example
[11, p. 3]), we have

b(a + blz|)
lp(2)] < NET R

Fix r € (0,1). For R=R(r) = (b’ﬂ”)frb*z” from (4) it follows that ¢({|z| <r}) C bR. For f € =«/%9(D) let h(z) be the harmonic
extension of |[f(bRe")|” on |z| < bR. Since |f(z)|” is subharmonic and h(¢(z)) is harmonic, we have

bR*“/ If(bRe")P do. < bR*“/ If (Re") P do. (5)

for z € D. (4)

2n
[f (re") P do < h(¢p(re))do = 2mh(¢p(0)
0
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Raising (5) to the q/pth power, multiplying obtained inequality by (1 — r)*dr, integrating from O to 1, and then using the
change s = R(r) we obtain

-1 -1 q/p 27 ) q/p
/Mg(fo(p,r)(l—r)“drg/ (gﬁtg) ( [f(Re’”)\pd0> (1—-n)*dr
0 0 0
[V bs+a\"? L (b+a) ((b+a)(]—s)\*
‘/a%(bs—a> Mp(f’”(b—a)( b-a )ds
q/p+o+1
<3 (329 [ w5 -syas G
a+b

from which the lemma follows. O

Remark 1. We would like to point out that it is not possible to take the change of variable

a+ br

RO =pvar

which seems more natural. Namely, for such a chosen R the first integral in (6), in this case, goes from a/b, but the integrand
has the singularity at the point.
We also need the boundedness of the following well-known Bergman operator

(1 - wp)’

(Tﬂf>(z>:<ﬂ+1>/|] el ldnee,  ze o, 7)

Lemma 2. et o> —-1and 1<p<o0,0<qg<10or0<p<1,0<q<oc. Then for any > —1 +%+max{07%_1}’n is a
bounded operator from /29 to L0

For a proof, see [5, Lemma 4.1].
The following lemma can be found, for example, in [13, p. 128].

Lemma 3. Letp > O, f be a function holomorphic in the open disc D(a, ) and continuous in D(a, r). Then for any circle I" contained
in D(a,r)

/ F@Pidd<2 [ P,
r oD(a,r)

3. Boundedness of the generalized Libera transform on B?Y. BMOA and VMOA

In this section we prove the main results of this paper. Let
dp,(t) = (p+ 1)(1 = 0)’dt and  dpy, ()= (1 -n*"dr.
Theorem 1
(i) For zo € D fixed, the generalized Libera transform (3) is bounded on the Besov mixed-norm space BY? if p,q € [1,00),a > 0.

(ii) Forzo € D fixed, the generalized Libera transform (3) is bounded on the Besov mixed-norm space B5? if p,q € (0, 00), o > 0.

Proof. (i) We may assume that y is a real number. Applying Minkowski’s inequality twice, Lemma 1, with ¢ = ¢, and the fact
that ||¢.|., = (1 — t)|zo| + t, we obtain

1 o1 1/q 1 1 0
140 )l = (/o My (/0 (f"‘i’f)(k)d“v(f)’r) dumqm) < </o (/0 Mp<f<k>o¢[-t’<,r>du«,,<t>> duk,a,m)
1 1 1/q 1
a0 o g gk _ ©opll . tedu
</0 </0 Mp(f ¢ t51) duk,%q(r)) d.u,(t) /0 If ¢t”‘”q(k7@)f1t d,u'(t)

1 k—o+1/p 1
1/p |1 £k) Hd)t||:>c+‘qbt(0)| k 1/pyk—o+1/p / a—1/p
<3y [ (P e 0 < 32 g [

= (7 + 1372 B+ 1= 1/p.y + 1) e,

where B(-,-) is the Euler beta function, from which the result follows.

1/q
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(ii) Letzo € D,p,q € (0,00), o > 0. In view of part (i) we may assume that 1 <p<o0,0<g<lor0<p<1,0<q< oc.Let
fbe an arbitrary function of B;. This is equivalent to f® ¢ /P bk »_1 for some k > o By using the continuous inclusion

a+1 1

AIC A 6> +1—)—1, (8)

(see [3, Theorem 1(v)]), we conclude that f® is in the Bergman space ,,9/};1 for sufficiently large 8, >k —a+1/p — 1.
Consequently, f® admits the integral representation (see, for example [12, p. 6])

9 = 1) [ O oy amw), 2,
b (1-wz)™
and so
d , ! (1w
))ted +1/ /— ® (wydm(w) |tkdu,(t). 9
d"( /f (¢e(2)) " dp, (£) = (B )0<D(_¢t()),}+2f() (w) | t8dp,(t) 9)
In order to estimate the integral (9) we need an estimate from below for the denominator in the integrand of (9),
namely,
_ 1-|z _
1-wo () = 1Pl e, (10)

Inequality (10) can be proved by repeated application of the triangle inequality:

— ||
l+ ||

[T-w¢e(2) = 1—|¢e(2)] = (1 -0)(T1 - |z0]) > (1 -0z -2 (11)

It follows from (11) that
T =W (2)| = [1 =Wz + Wz — W (2)| > [1 —Wz| - [W]]z = d(2)| = [1 — Wz| — [W|(1 - 1)|z — Zo|

”}Z":u W (2).

From this, inequality (10) immediately follows. Therefore, an application of (10) leads (9) to the Bergman operator (7)

<(B+1) (/ I 1_‘W‘ |/:+2 [F (w)| dm(w )tkdﬂy(t)

(/3+1)(y+1)2/f+23(k+1,y+1)/ (1—|w»”
(1 - |z])"* 11— wz/*?

> |1-wz| -

d k of

[ (w)| dm(w) = C(B,7,k,20) Ts(f¥) (2).
For g sufficiently large, Lemma 2 yields

Ly

4%, (F)llgpa = a7 1

C([ﬁ%’@Zo)HT/f(f(k))HLg-(L)f CliF®| w o Clifllgza

P.q
Y ok-2)-1

where the last constant C depends only on p,q, «, 8,7, k, zo. This completes the proof of Theorem 1. O
Remark 2. Theorem 1(i) fails in the cases

0<g<oo or p:i, l<g<oo (0<a<). (12)

O<p< Tto

1
1+0a’

This fact can be proved by the example

fzo(z):(zo—z)’l(ln ¢ )17 zeD,

20— 2

where z, ¢ 0D. Indeed, it is easily checked that

Zo—Z

fz/o(z)x(lo*z)fzon ¢ >_1, zeD.

Now we show that f; (z) € B2 if and only if (12) holds.
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We may assume that z, = 1. For the expression |1 — re’| = \/(1 —1)? +4rsin® ¢ we have the simple estimate

1 6] ) )
3(1 —r+2\/FE> <-re’|<1-r+10], z=re’eD,
in particular,
1 : 1
E(l—r+|0\)<\1—re‘”|<1—r+|0|, §<r<1. (13)

Define the ring sector E:= {z=re’ e D: % <r<1,|6] <1}, so that |1 -2z <1 (z€E), and the following inequalities are
valid:

1 1 T 1
~ | <ln——+2¢ L

lnl—z \ln\l—z|+2\5ln|1—z\’ z€E, (14)
1 1 1 5 1

ln1_Z>ln|1_z‘> n1_r+‘9‘> n§>i, ZcE. (15)

Note that the integral ||f;, [lppa = |If}, |20 is equiconvergent to the integral
L “q-o)-1

qa/p

1 12
r= [ |f L
9/10 | /=172 |1 = re|?|In |

jr

Now we estimate the integral

1/2 do 9
o= , —=<r<l.
S -/—1/2 11— e |In=5"" 10

To this end, we distinguish three cases: p >1.p<i,p=1

Case p > 1/2. Using the inequalities (13)-(15), and also the inequalities 0 < In3 < In3;— <1In2 (35 <r<1) we have

[1—reil| —r+0

Il e<2p—1>rd Inf; o(2p-1)t J 6
= - dt = ——dt
[ s [ (16)

JIng=

] ( ) /1/2 do /1/2 do /3/2—r dx
r) =< = =
T b peren (inen) Jo (-rr0? (ingty)” S P (ny)

for all r € (75,1). By the I'Hopital rule it can be shown that

X o(2p-1)t e2p—1x
t~ as X .
A rp 2p— 1w’ e

Therefore, for all r sufficiently close to 1

e2p-1) In;L 1

]p(r) = CP (lnﬁ)p = CP (] - r)Zp—l (ll‘lﬁ)p

Thus,

/1 dr B /1/ 10 dx

" Jopo (1 — )P (n )T fo xatsa1p+t (In )T

The last integral converges if and only if (12) holds.
Case p < 1/2 immediately follows from (16), J,(r) < 1, and the integral I converges.
Case p = 1/2. Using the inequalities (13)-(15), and also the inequalities

1 1

1 9
m<ln2<§lnm, E<r<17

0<ln§<ln

we deduce that

1/2 do 1 1/2 1 1/2 1 1/2
Ji2(1) x/ 75 = ZKln) - <ln7> = <ln—> ,
0 (l—r+0)<ln1+r+0) 1-r 3/2-r 1-r

for all r € (£,1). Thus, the integral I converges if and only if (12) holds.

On the other hand, (4] f,)(z) makes no sense at any point z € D because

1 Y
:y+1/ (1 t)dt:OO
Z20—2 Jg tlnm

(A5f2)(2)
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Those cases when z; € 0D and 1 < p < 1 remain open.
The space BMOA of functions f € H(D) can be defined by the seminorm ([11])

g do\ "
Flloni=sup ([ 1) ~FOPP0)37)
where
1o
P()) = — 151
O =1 e

309

is the Poisson kernel. The space VMOA consists of the closure of polynomials in BMOA, or equivalently of those functions in

BMOA for which
[ e - g =o(t) as¢—om.

Theorem 2. For zy ¢ D, the generalized Libera transform preserves the spaces BMOA and VMOA.

Proof. Assuming that f € BMOA and 7 is a real number, we estimate

> dp

& | oo~ e sp@)du, 0] Pi0) 5

142, () on = stp [ (A 1)(E") = (ALDOPP0) 5z =sup [

<sup [* [ 1o g0~ ¢ o 600 i (0P:(0) 5

(eD

1 T " 2 d@ B 1 )
< [ fsup [0 o 80 @ Pe0) 30| dit© = [ 170 dulhuondn 0

eD
On the other hand, for any ¢ = ¢,, the following inequality
If © dllgmoa < Ifllzmon

was proved in [10]. Hence

1
142 (N llzmoa < If mon /0 AL, (t) = IIf l5mon-

(17)

Assuming now f € VMOA and choosing a sequence of polynomials Q, such that ||f — Q,|lgpoa — 0 as n — oc. Using the

estimate (17) we conclude that

142, (F = Qu)llgmon < IIf — Qullgyoa — O as n — oo.

Since A} (Q,) are also polynomials we deduce that 4} (f) € VMOA. O
Remark 3. Note that from the proof of Theorem 2 it follows that
|42 lemoa—pmoa < 1.

Remark 4. Theorem 2 for the operator (1) was proved in [10].

4. Compactness of the generalized Libera transform on B

In this section we find some sufficient conditions for the generalized Libera transform (3) to be compact on the Besov

mixed-norm space B.?. Compactness of the operator (3) on .27 is studied in [41].

Theorem 3. For zp € D, the generalized Libera transform (3) is compact on the Besov mixed-norm space BY? if

1<p<o0,0<q<oo,0>0.

Proof. Similarly to Lemmas 4 and 5 of [41] we can show that the operator 4} : B;? — B} is compact if and only if for every
bounded sequence (fy),., in BL? which converges to zero uniformly on compacts of D as m — oo, we have

limp || 4, (fm) llgra = O.
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For any ¢ > 0 choose 6 € (0,1) close to 1 such that fo tk du,(t) < & and |zo| < 6. Assuming that supyc [[fmllgpe < K and
fm — 0 uniformly on compacts of D as m — oo, by Weierstrass theorem on uniform convergence [29, Theorem 10. 27], we
conclude that the same is true for the derivatives of f;,, that is, fj; ® 0 uniformly on compacts of D as m — ooc.

For t € [0, 9], we have

¢:(2)] < (1 =B)|z0| + t = [20] + (T = |20]) < |20] + (1 — |20]) =: 70 < 1.

Consequently, there exists a positive integer mg such that for all m > my

sup |(fi o ¢)(2)] < sup [P (2)] < e. (18)

zeD, te[0,0] z|<ro

Furthermore, for |z| <6 <r <1 and J <t < 1, the disc centered at (1 — t)z, and of radius rt is contained in {z: |z| < T}.
Hence, by Lemma 3,

rtMy (£ o ., T —rf/ F®((1 - t)zo + tre®) | Zr/ Ify (re” |p = 2rMy (7). (19)

By Minkowski’s inequality, and inequalities (18) and (19), we have that

bt Gl = [ 5[ o 00 it 0) a0 < [ ([ W10 - >)qduk,a,q(r>
1 1 q
:/0 (/O Mp(f,ﬁqkm(;st,r)tkduy(t)) ey (T)
:/61 (/:Mp(fr(,lk)o¢t7r)tkdﬂ‘,‘(t))qdﬂk‘a.q(r)+/0] (/le[o,nz\[m)?(t’ r)Mp(fr%k)°‘bt’r)tkduy(t))qdukm(r)

qa r1 1 q
< (%) / MZ(fék),@( / tkd,uy(t)> Ao (1) + Ck, 0, 7,q) sup  |(FY o y)(2)]*
d 5

zeD, te[0,9]

1
< &IC / M (F. 1)ty (1) + Ce < 9 fn e + Ce? < £9C(KT 4+ 1).
Jo

3 fm)llgra — 0 as m — oo, as desired. O
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