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a b s t r a c t

The main results of this note prove that the generalized Libera operator is bounded on the
Besov mixed-norm space Bp;q

a ðDÞ as well as on the spaces BMOA and VMOA on the unit disk.
The compactness of the operator on Bp;q

a ðDÞ is also studied.
� 2009 Elsevier Inc. All rights reserved.

1. Introduction and preliminaries

Let D denote the unit disc in the complex plane C; oD its boundary, HðDÞ the set of all analytic functions on D and
dmð�Þ ¼ 1

p r dr dh the normalized Lebesgue area measure on D. For each complex c with Rc > �1 and for each nonnegative
integer k, let Ac

k be defined as the kth coefficient in the expression

ð1� xÞ�ðcþ1Þ ¼
X1
k¼0

Ac
kxk;

so that

Ac
k ¼

Cðcþ kþ 1Þ
Cðcþ 1ÞCðkþ 1Þ :

Let z0 2 D be fixed, then the following operator

Kz0 ðf ÞðzÞ ¼
1

z� z0

Z z

z0

f ðtÞdt; z 2 D; ð1Þ

where f 2 HðDÞ; is one of the most natural averaging operators on HðDÞ, and for z0 ¼ 0 it is called the Libera transform [28].
Restricting the domain of the operator Kz0 , we can extend the definition of Kz0 to values of z0 on oD.

For some previous results in this area, see [2,10,30,33,41] and the references therein. The transform can be considered as a
formal adjoint of Cesàro operator on H2ðDÞ, (see, for example [31]). Recent results on related integral-type operators can be
found, for example, in [1,4,6–9,14–27,32,34–40,42,43,45], see also the references therein.
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Operator (1) can be generalized as follows. For z0 2 D fixed, c 2 C such that Rc > �1; and f 2 HðDÞ we define the linear
operator Kc

z0
ðf Þ by

Kc
z0
ðf ÞðzÞ ¼

X1
m¼0

X1
k¼m

Ac
k�mzk�m

0

Acþ1
k

ak

 !
zm; ð2Þ

where f ðzÞ ¼
P1

k¼0akzk; z 2 D. Note that Kc
z0

is only formally defined and

Kc
z0
ðf ÞðzÞ ¼ cþ 1

ðz� z0Þcþ1

Z z

z0

f ðfÞðz� fÞcdf;

or, taking as a path the segment joining z0 and z

Kc
z0
ðf ÞðzÞ ¼ ðcþ 1Þ

Z 1

0
f ð/tðzÞÞð1� tÞcdt; ð3Þ

where /tðzÞ ¼ ð1� tÞz0 þ tz. We call operator (3) generalized Libera operator.
Here, we investigate the generalized Libera operator on the Besov mixed-norm space (see, e.g. [44])

Bp;q
a ðDÞ ¼ f 2 HðDÞ kfkq

Bp;q
a
¼
Z 1

0
Mq

pðf ðkÞ; rÞð1� rÞqðk�aÞ�1 dr <1
����

� �
;

where p; q 2 ð0;1Þ; k is an integer, 0 < a < k. The space Bp;q
a does not depend on k, and for different k ðk > aÞ equivalent

‘‘norms” appear. It is easy to see that for p ¼ q > 1 and a ¼ 1=p this space is equivalent to the classical analytic Besov space
BpðDÞ.

As usual Mpðf ; rÞ denotes the pth integral mean of the function f, that is,

Mpðf ; rÞ ¼
1

2p

Z 2p

0
jf ðreihÞjp dh

� �1=p

; r 2 ½0;1Þ:

The mixed-norm spaces Lp;q
a and Ap;q

a ; p; q 2 ð0;1Þ;a > �1; are defined as follows:

Lp;q
a ðDÞ ¼ f measurable on D kfkq

Lp;q
a

:¼
Z 1

0
Mq

pðf ; rÞð1� rÞa dr <1
����

� �
;

and Ap;q
a ¼ HðDÞ \ Lp;q

a . For p ¼ q the spaces Ap;p
a coincide with the well-known weighted Bergman spaces, see [12] for the

general theory of Bergman spaces.
This paper is organized as follows. In Section 2 we prove an auxiliary result which is used in the proof of the boundedness

of operator (3) on the Besov mixed-norm space in Section 3. In Section 3 we also prove the boundedness of the operator on
the BMOA as well as VMOA space. In Section 4 compactness of the operator (3) on the Besov mixed-norm space is proved
under some conditions.

Throughout the paper, constants are denoted by C, they are positive and may differ from one occurence to the other. The
notation a � b means that there is a positive constant C such that 1

C jaj 6 jbj 6 Cjaj.

2. Auxiliary results

The following lemma, regarding the boundedness of the composition operator on the mixed-norm space, was proved in
[41]. We sketch its proof here for the completeness and for benefit of the reader.

Lemma 1. Let p; q 2 ð0;1Þ;a > �1;u : D! D be a nonconstant analytic function. Then the composition operator Cuðf Þ ¼ f �u
on Ap;q

a ðDÞ satisfies the following inequality:

kCuðf Þkq
A

p;q
a
6 3

q
p
kuk1 þ juð0Þj
kuk1 � juð0Þj

� �q
pþaþ1

kfkq
A

p;q
a
:

Proof. Let a ¼ juð0Þj and b ¼ kuk1 ¼ supz2DjuðzÞj. By a well-known consequence of the Schwarz’s Lemma (see, for example
[11, p. 3]), we have

juðzÞj 6 bðaþ bjzjÞ
bþ ajzj for z 2 D: ð4Þ

Fix r 2 ð0;1Þ. For R ¼ RðrÞ ¼ ðb�aÞrþ2a
aþb , from (4) it follows that uðfjzj 6 rgÞ � bR. For f 2Ap;q

a ðDÞ let hðzÞ be the harmonic
extension of jf ðbReihÞjp on jzj 6 bR. Since jf ðzÞjp is subharmonic and hðuðzÞÞ is harmonic, we haveZ 2p

0
jf ðuðreihÞÞjp dh 6

Z 2p

0
hðuðreihÞÞdh ¼ 2phðuð0ÞÞ 6 bRþ a

bR� a

Z 2p

0
jf ðbReihÞjp dh: 6

bRþ a
bR� a

Z 2p

0
jf ðReihÞjp dh: ð5Þ
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Raising (5) to the q=pth power, multiplying obtained inequality by ð1� rÞa dr, integrating from 0 to 1, and then using the
change s ¼ RðrÞ we obtainZ 1

0
Mq

pðf �u; rÞð1� rÞa dr 6
Z 1

0

bRþ a
bR� a

� �q=p Z 2p

0
jf ðReihÞjp dh

� �q=p

ð1� rÞa dr

¼
Z 1

2a
aþb

bsþ a
bs� a

� �q=p

Mq
pðf ; sÞ

ðbþ aÞ
ðb� aÞ

ðbþ aÞð1� sÞ
b� a

� �a

ds

6 3q=p bþ a
b� a

� �q=pþaþ1 Z 1

2a
aþb

Mq
pðf ; sÞð1� sÞads; ð6Þ

from which the lemma follows. �

Remark 1. We would like to point out that it is not possible to take the change of variable

RðrÞ ¼ aþ br
bþ ar

;

which seems more natural. Namely, for such a chosen R the first integral in (6), in this case, goes from a=b, but the integrand
has the singularity at the point.

We also need the boundedness of the following well-known Bergman operator

ðTbf ÞðzÞ ¼ ðbþ 1Þ
Z

D

ð1� jwj2Þb

j1� �wzjbþ2 jf ðwÞjdmðwÞ; z 2 D: ð7Þ

Lemma 2. Let a > �1 and 1 6 p <1;0 < q < 1 or 0 < p < 1;0 < q <1. Then for any b > �1þ aþ1
q þmax 0; 1

p� 1
n o

; Tb is a
bounded operator from Ap;q

a to Lp;q
a .

For a proof, see [5, Lemma 4.1].
The following lemma can be found, for example, in [13, p. 128].

Lemma 3. Let p > 0; f be a function holomorphic in the open disc Dða; rÞ and continuous in Dða; rÞ. Then for any circle C contained
in Dða; rÞZ

C
jf ðzÞjpjdzj 6 2

Z
oDða;rÞ

jf ðzÞjpjdzj:

3. Boundedness of the generalized Libera transform on Bp;q
a ;BMOA and VMOA

In this section we prove the main results of this paper. Let

dlcðtÞ ¼ ðcþ 1Þð1� tÞcdt and dlk;a;qðrÞ ¼ ð1� rÞqðk�aÞ�1 dr:

Theorem 1

(i) For z0 2 D fixed, the generalized Libera transform (3) is bounded on the Besov mixed-norm space Bp;q
a if p; q 2 ½1;1Þ;a > 0.

(ii) For z0 2 D fixed, the generalized Libera transform (3) is bounded on the Besov mixed-norm space Bp;q
a if p; q 2 ð0;1Þ;a > 0.

Proof. (i) We may assume that c is a real number. Applying Minkowski’s inequality twice, Lemma 1, with u ¼ /t and the fact
that k/tk1 ¼ ð1� tÞjz0j þ t, we obtain

kKc
z0
ðf ÞkBp;q

a
¼

Z 1

0
Mq

p

Z 1

0
ðf � /tÞ

ðkÞdlcðtÞ; r
� �

dlk;a;qðrÞ
� �1=q

6

Z 1

0

Z 1

0
Mpðf ðkÞ � /t � tk; rÞdlcðtÞ

� �q

dlk;a;qðrÞ
 !1=q

6

Z 1

0

Z 1

0
Mq

pðf ðkÞ � /t � tk; rÞdlk;a;qðrÞ
� �1=q

dlcðtÞ ¼
Z 1

0
kf ðkÞ � /tkAp;q

qðk�aÞ�1
tk dlcðtÞ

6 31=pkf ðkÞkAp;q
qðk�aÞ�1

Z 1

0

k/tk1 þ j/tð0Þj
k/tk1 � j/tð0Þj

� �k�aþ1=p

tk dlcðtÞ 6 31=p2k�aþ1=pkfkBp;q
a

Z 1

0
ta�1=p dlcðtÞ

¼ ðcþ 1Þ31=p2k�aþ1=pBðaþ 1� 1=p; cþ 1ÞkfkBp;q
a
;

where Bð�; �Þ is the Euler beta function, from which the result follows.
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(ii) Let z0 2 D; p; q 2 ð0;1Þ;a > 0. In view of part (i) we may assume that 1 6 p <1;0 < q < 1 or 0 < p < 1;0 < q <1. Let
f be an arbitrary function of Bp;q

a . This is equivalent to f ðkÞ 2Ap;q
qðk�aÞ�1 for some k > a. By using the continuous inclusion

Ap;q
a �A1;1

d ; d >
aþ 1

q
þ 1

p
� 1; ð8Þ

(see [3, Theorem 1(v)]), we conclude that f ðkÞ is in the Bergman space A1;1
b for sufficiently large b; b > k� aþ 1=p� 1.

Consequently, f ðkÞ admits the integral representation (see, for example [12, p. 6])

f ðkÞðzÞ ¼ ðbþ 1Þ
Z

D

ð1� jwj2Þb

ð1� �wzÞbþ2 f ðkÞðwÞdmðwÞ; z 2 D;

and so

dk

dzk
ðKc

z0
f ÞðzÞ ¼

Z 1

0
f ðkÞ /tðzÞð Þtk dlcðtÞ ¼ ðbþ 1Þ

Z 1

0

Z
D

ð1� jwj2Þb

ð1� �w/tðzÞÞ
bþ2 f ðkÞðwÞdmðwÞ

 !
tk dlcðtÞ: ð9Þ

In order to estimate the integral (9) we need an estimate from below for the denominator in the integrand of (9),
namely,

j1� �w/tðzÞjP
1� jz0j

2
j1� �wzj: ð10Þ

Inequality (10) can be proved by repeated application of the triangle inequality:

j1� �w/tðzÞjP 1� j/tðzÞjP ð1� tÞð1� jz0jÞP
1� jz0j
1þ jz0j

ð1� tÞjz� z0j: ð11Þ

It follows from (11) that

j1� �w/tðzÞj ¼ j1� �wzþ �wz� �w/tðzÞjP j1� �wzj � jwjjz� /tðzÞj ¼ j1� �wzj � jwjð1� tÞjz� z0j

P j1� �wzj � 1þ jz0j
1� jz0j

j1� �w/tðzÞj:

From this, inequality (10) immediately follows. Therefore, an application of (10) leads (9) to the Bergman operator (7)

dk

dzk
ðKc

z0
f ÞðzÞ

�����
����� 6 ðbþ 1Þ

Z 1

0

Z
D

ð1� jwj2Þb

j1� �w/tðzÞj
bþ2 f ðkÞðwÞ
�� ��dmðwÞ

 !
tk dlcðtÞ

6
ðbþ 1Þðcþ 1Þ2bþ2Bðkþ 1; cþ 1Þ

ð1� jz0jÞbþ2

Z
D

ð1� jwj2Þb

j1� �wzjbþ2 f ðkÞðwÞ
�� ��dmðwÞ ¼ Cðb; c; k; z0ÞTb f ðkÞ

� �
ðzÞ:

For b sufficiently large, Lemma 2 yields

kKc
z0
ðf ÞkBp;q

a
¼ dk

dzk
Kc

z0
ðf Þ

					
					
A

p;q
qðk�aÞ�1

6 Cðb; c; k; z0Þ Tb f ðkÞ
� �		 		

Lp;q
qðk�aÞ�1

6 C f ðkÞ
		 		

A
p;q
qðk�aÞ�1

¼ CkfkBp;q
a
;

where the last constant C depends only on p; q;a; b; c; k; z0. This completes the proof of Theorem 1. �

Remark 2. Theorem 1(i) fails in the cases

0 < p <
1

1þ a
; 0 < q <1 or p ¼ 1

1þ a
; 1 < q <1 ð0 < a < 1Þ: ð12Þ

This fact can be proved by the example

fz0 ðzÞ ¼ ðz0 � zÞ�1 ln
e

z0 � z

� ��1

; z 2 D;

where z0 2 oD. Indeed, it is easily checked that

f 0z0
ðzÞ � ðz0 � zÞ�2 ln

e
z0 � z

� ��1

; z 2 D:

Now we show that fz0 ðzÞ 2 Bp;q
a if and only if (12) holds.
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We may assume that z0 ¼ 1. For the expression 1� reih
�� �� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� rÞ2 þ 4r sin2 h
2

q
we have the simple estimate

1ffiffiffi
2
p 1� r þ 2

ffiffiffi
r
p jhj

p

� �
6 1� reih
�� �� 6 1� r þ jhj; z ¼ reih 2 D;

in particular,

1
p
ð1� r þ jhjÞ 6 1� reih

�� �� 6 1� r þ jhj; 1
2
6 r < 1: ð13Þ

Define the ring sector E :¼ z ¼ reih 2 D : 9
10 < r < 1; jhj < 1

2

� �
, so that j1� zj < 1

2 ðz 2 EÞ, and the following inequalities are
valid:

ln
1

1� z

����
���� 6 ln

1
j1� zj þ

p
2
6 5 ln

1
j1� zj ; z 2 E; ð14Þ

ln
1

1� z

����
����P ln

1
j1� zjP ln

1
1� r þ jhjP ln

5
3
>

1
2
; z 2 E: ð15Þ

Note that the integral kfz0kBp;q
a
¼ kf 0z0

kAp;q
qð1�aÞ�1

is equiconvergent to the integral

I :¼
Z 1

9=10

Z 1=2

�1=2

dh

j1� reihj2p ln e
1�reih

�� ��p
" #q=p

ð1� rÞqð1�aÞ�1 dr:

Now we estimate the integral

JpðrÞ :¼
Z 1=2

�1=2

dh

j1� reihj2p ln e
1�reih

�� ��p ; 9
10

< r < 1:

To this end, we distinguish three cases: p > 1
2 ; p <

1
2 ; p ¼ 1

2.
Case p > 1=2. Using the inequalities (13)–(15), and also the inequalities 0 < ln 5

3 < ln 1
3=2�r < ln 2 9

10 < r < 1
� �

we have

JpðrÞ �
Z 1=2

�1=2

dh

j1� reihj2p ln e
j1�reih j


 �p �
Z 1=2

0

dh

1� r þ hð Þ2p ln 1
1�rþh


 �p ¼
Z 3=2�r

1�r

dx

x2p ln 1
x

� �p

¼
Z ln 1

1�r

ln 1
3=2�r

eð2p�1Þt

tp dt �
Z ln 1

1�r

1

eð2p�1Þt

tp dt; ð16Þ

for all r 2 9
10 ;1
� �

. By the l’Hôpital rule it can be shown thatZ x

1

eð2p�1Þt

tp dt � eð2p�1Þx

ð2p� 1Þxp
; as x! þ1:

Therefore, for all r sufficiently close to 1

JpðrÞ � Cp
eð2p�1Þ ln 1

1�r

ln 1
1�r

� �p ¼ Cp
1

ð1� rÞ2p�1 ln 1
1�r

� �p :

Thus,

I �
Z 1

9=10

dr

ð1� rÞqð1þa�1=pÞþ1 ln 1
1�r

� �q ¼
Z 1=10

0

dx

xqð1þa�1=pÞþ1 ln 1
x

� �q :

The last integral converges if and only if (12) holds.
Case p < 1=2 immediately follows from (16), JpðrÞ � 1, and the integral I converges.
Case p ¼ 1=2. Using the inequalities (13)–(15), and also the inequalities

0 < ln
5
3
< ln

1
3=2� r

< ln 2 <
1
2

ln
1

1� r
;

9
10

< r < 1;

we deduce that

J1=2ðrÞ �
Z 1=2

0

dh

1� r þ hð Þ ln 1
1�rþh


 �1=2 ¼ 2 ln
1

1� r

� �1=2

� ln
1

3=2� r

� �1=2
" #

� ln
1

1� r

� �1=2

;

for all r 2 9
10 ;1
� �

. Thus, the integral I converges if and only if (12) holds.
On the other hand, ðKc

z0
fz0 ÞðzÞ makes no sense at any point z 2 D because

ðKc
z0

fz0ÞðzÞ ¼
cþ 1
z0 � z

Z 1

0

ð1� tÞcdt
t ln e

tðz0�zÞ
¼ 1:
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Those cases when z0 2 oD and 1
1þa < p < 1 remain open.

The space BMOA of functions f 2 HðDÞ can be defined by the seminorm ([11])

kfkBMOA :¼ sup
f2D

Z p

�p
jf ðeihÞ � f ðfÞj2PfðhÞ

dh
2p

� �1=2

;

where

PfðhÞ ¼
1� jfj2

j1� e�ihfj2

is the Poisson kernel. The space VMOA consists of the closure of polynomials in BMOA, or equivalently of those functions in
BMOA for whichZ p

�p
jf ðeihÞ � f ðfÞj2PfðhÞ

dh
2p
¼ oð1Þ as f! oD:

Theorem 2. For z0 2 D, the generalized Libera transform preserves the spaces BMOA and VMOA.

Proof. Assuming that f 2 BMOA and c is a real number, we estimate

kKc
z0
ðf Þk2

BMOA ¼ sup
f2D

Z p

�p
jðKc

z0
f ÞðeihÞ � ðKc

z0
f ÞðfÞj2PfðhÞ

dh
2p ¼ sup

f2D

Z p

�p

Z 1

0
ðf � /tÞðeihÞ � ðf � /tÞðfÞ
� �

dlcðtÞ
����

����
2

PfðhÞ
dh
2p

6 sup
f2D

Z p

�p

Z 1

0
ðf � /tÞðeihÞ � ðf � /tÞðfÞ
�� ��2 dlcðtÞPfðhÞ

dh
2p

6

Z 1

0
sup
f2D

Z p

�p
ðf � /tÞðeihÞ � ðf � /tÞðfÞ
�� ��2PfðhÞ

dh
2p

� �
dlcðtÞ ¼

Z 1

0
kf � /tk

2
BMOA dlcðtÞ:

On the other hand, for any / ¼ /t , the following inequality

kf � /kBMOA 6 kfkBMOA

was proved in [10]. Hence

kKc
z0
ðf Þk2

BMOA 6 kfk
2
BMOA

Z 1

0
dlcðtÞ ¼ kfk

2
BMOA: ð17Þ

Assuming now f 2 VMOA and choosing a sequence of polynomials Q n such that kf � Q nkBMOA ! 0 as n!1. Using the
estimate (17) we conclude that

kKc
z0
ðf � QnÞkBMOA 6 kf � Q nkBMOA ! 0 as n!1:

Since Kc
z0
ðQnÞ are also polynomials we deduce that Kc

z0
ðf Þ 2 VMOA. �

Remark 3. Note that from the proof of Theorem 2 it follows that

kKc
z0
kBMOA!BMOA 6 1:

Remark 4. Theorem 2 for the operator (1) was proved in [10].

4. Compactness of the generalized Libera transform on Bp;q
a

In this section we find some sufficient conditions for the generalized Libera transform (3) to be compact on the Besov
mixed-norm space Bp;q

a . Compactness of the operator (3) on Ap;q
a is studied in [41].

Theorem 3. For z0 2 D, the generalized Libera transform (3) is compact on the Besov mixed-norm space Bp;q
a if

1 6 p <1;0 < q <1;a > 0.

Proof. Similarly to Lemmas 4 and 5 of [41] we can show that the operator Kc
z0

: Bp;q
a ! Bp;q

a is compact if and only if for every
bounded sequence ðfmÞm2N in Bp;q

a which converges to zero uniformly on compacts of D as m!1, we have
limm!1kKc

z0
ðfmÞkBp;q

a
¼ 0.
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For any e > 0 choose d 2 ð0;1Þ close to 1 such that
R 1

d tk dlcðtÞ < e and jz0j 6 d. Assuming that supm2NkfmkBp;q
a
6 K and

fm ! 0 uniformly on compacts of D as m!1, by Weierstrass theorem on uniform convergence [29, Theorem 10.27], we
conclude that the same is true for the derivatives of fm, that is, f ðkÞm ! 0 uniformly on compacts of D as m!1.

For t 2 ½0; d�, we have

j/tðzÞj 6 ð1� tÞjz0j þ t ¼ jz0j þ tð1� jz0jÞ 6 jz0j þ dð1� jz0jÞ ¼: r0 < 1:

Consequently, there exists a positive integer m0 such that for all m > m0

sup
z2D; t2½0;d�

ðf ðkÞm � /tÞðzÞ
�� �� 6 sup

jzj6r0

f ðkÞm ðzÞ
�� �� < e: ð18Þ

Furthermore, for jz0j 6 d < r < 1 and d < t < 1, the disc centered at ð1� tÞz0 and of radius rt is contained in fz : jzj < rg.
Hence, by Lemma 3,

rtMp
p f ðkÞm � /t; r
� �

¼ rt
Z p

�p
f ðkÞm ð1� tÞz0 þ treih
� ��� ��p dh

2p
6 2r

Z p

�p
jf ðkÞm reih

� �
jp dh

2p
¼ 2rMp

pðf ðkÞm ; rÞ: ð19Þ

By Minkowski’s inequality, and inequalities (18) and (19), we have that

kKc
z0
ðfmÞkq

Bp;q
a
¼
Z 1

0
Mq

p

Z 1

0
ðfm � /tÞ

ðkÞ dlcðtÞ; r
� �

dlk;a;qðrÞ 6
Z 1

0

Z 1

0
Mpðf ðkÞm � /t � tk; rÞdlcðtÞ

� �q

dlk;a;qðrÞ

¼
Z 1

0

Z 1

0
Mpðf ðkÞm � /t ; rÞtk dlcðtÞ

� �q

dlk;a;qðrÞ

¼
Z 1

d

Z 1

d
Mpðf ðkÞm � /t ; rÞtk dlcðtÞ

� �q

dlk;a;qðrÞ þ
Z 1

0

Z 1

0
v½0;1Þ2n½d;1Þ2 ðt; rÞMpðf ðkÞm � /t ; rÞtk dlcðtÞ

� �q

dlk;a;qðrÞ

6
2
d

� �q Z 1

d
Mq

p f ðkÞm ; r
� � Z 1

d
tk dlcðtÞ

� �q

dlk;a;qðrÞ þ Cðk;a; c; qÞ sup
z2D; t2½0;d�

ðf ðkÞm � /tÞðzÞ
�� ��q

6 eqC
Z 1

d
Mq

p f ðkÞm ; r
� �

dlk;a;qðrÞ þ Ceq
6 eqC fmk kq

Bp;q
a
þ Ceq

6 eqC Kq þ 1
� �

:

Thus, kKc
z0
ðfmÞkBp;q

a
! 0 as m!1, as desired. �
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[21] S. Li, S. Stević, Generalized composition operators on Zygmund spaces and Bloch type spaces, J. Math. Anal. Appl. 338 (2008) 1282–1295.
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[39] S. Stević, On a new operator from H1 to the Bloch-type space on the unit ball, Util. Math. 77 (2008) 257–263.
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