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Sharp inclusions and lacunary series in mixed-norm
spaces on the polydisc
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Yerevan 0025, Armenia
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We establish the sharpness and strictness of continuous inclusions in
mixed-norm spaces of n-harmonic functions on the unit polydisc of C".
To this end, we modify a wellknown counterexample of Hardy and
Littlewood and give a characterization of lacunary series with Hadamard
gaps in mixed-norm and weighted Hardy spaces.
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AMS Subject Classifications: 32A37; 32A05

1. Introduction

Let U'={z=(zy,...,2z,) €C":|z;] < 1,1 <j<n} be the unit polydiscin C" and U'=D
the unit disc, and let T"={w=(wy,...,w,) €C": [w| =1, 1 <j<n} be the n-dimen-
sional torus, the distinguished boundary of U". We will deal with n-harmonic functions
on the polydisc U", i.e. functions harmonic in each variable z; separately. Denote by
h(U") and H(U") the sets of n-harmonic and holomorphic functions in U", respectively.
The pth integral mean of a measurable function fin U" is denoted as usual by

M[J(.f’ }’) = ||f(r')||l/’(-|]-”;dn‘l,1)’ r= (”17 e 9ri’l) € [0’ 1)”9 0 <p S OO,

where dm, is the n-dimensional Lebesgue measure on T”. The collection of
n-harmonic (holomorphic) functions f, for which || f|l,, = sup, ¢ .1y M,(f; 1) < +o00,
is the usual Hardy space A’ (respectively H?).

The quasi-normed space h(p,q,o)(0 < p, g <00, a=(«y,...,q,)) is the set of
those functions f n-harmonic in the polydisc U”, for which the quasi-norm

n n /9
(f [ Ja =)ot pgc r)]_[drj> , 0<g<oo,
O.1" j=1 J=1

sup [ [(1 =) M, (fr), q = oo,

re .1y i

1/ p. g =
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is finite. If for each j, 1 <j<mn, (1 —r)* M,(u; r)=o0(1) as ;— 1, then we say that n-
harmonic function u belongs to the little space hy(p, oo, «). For the subspaces
consisting of holomorphic functions let

H(p’ q, O[) = H(Un) N (p9 q, Ol), HO(pa O0,0[) = H(Un) n ho(p, O0,0l).

For p=¢ < oo the spaces H(p, q, @), h(p, g, ®) coincide with the wellknown weighted
Bergman spaces, while for ¢ =00 they are known as weighted Hardy or growth
spaces. A lot of work is devoted to the mixed-norm and Bergman spaces consisting
of holomorphic or pluriharmonic functions. We refer the reader to [l1-4] for
n-harmonic mixed-norm spaces on the polydisc.

In [1], among others, the following theorem is proved.

THEOREM A Let 0 <p, g<oo, a=(aj,...,a,), B=(B1,....Bn), o, BeR, 1 <j<n.
Then the following inclusions are continuous:

(@) h(p.q.«) Ch(p.q.B), Bz (1 =j=n),
(i) h(p, g, ) C h(po, g, @), 0 <py <p =< o0,
(i) h(p,q, ) C h(p,qo,@), 0 <g <gqq = o0,
(iv) h(p,q.0) C h(po.q.B), Bj=a;+1/p—1/po, p < po < 00,
(V) h(p,q,a) C h(oo, q0,B), B> a;+1/p, 0 < g < oo,
(Vi) h(p,q,0) C h(p.qo, B), B>, 0 < gy < 00,
(vii) H” C H(po,gq.1/p —1/po), 0 <p<py=00,p=g=o00,
(viii) /" C h(po.q,1/p — 1/po), 1 <p <po =00, p =q =00,
(ix) A" C h(po,q.B)s B> 1/p—1/po, 0 <p < pg < 00,
x) If u(p,q,a), 0 < g < oo, then wue€hy(p,o0,a).
It is natural to ask whether these inclusions are strict and sharp. The main

purpose of this article is to prove the strictness and sharpness of the inclusions (i)—(x)
in an appropriate sense.

THEOREM 1 Let 0 <p, <00, ;> 0, 1 <j<n. Then all the inclusions (i)~(x) are
strict and best possible in a certain sense.

2. Notation and preliminaries

We will use the conventional multi-index notations: r¢=(r¢y, ..., 1.8, $* =& -
g, dr=dry---dr,forceC”, rel0, 1)", a=(ay,...,a,). Let N", Z%_denote the sets of
all n-tuples of positive integers and nonnegative integers, respectively.

Throughout this article, the letters C(w, B, ...), Cy, etc., stand for positive
different constants depending only on the parameters indicated. For 4, B > 0 the
notation 4 ~ B denotes the two-sided estimate ¢;4 < B < c¢,A with some inessential
positive constants ¢; and ¢, independent of the variable involved.

Define the following test function:

n —¢
Fio2) ::]‘[(1_2,)—’7-(10;; le) . zewn,
J

J=1
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where b=(by,...,b,), c=(c1,...,¢y), b;, c;eR. The following lemmas can be proved
by a direct estimation, for the proof see [4, Section 2.3] or [5].

LemMA 1 Suppose that n=1,b, ceR, 0 < p<o0,0< g < oo, a>0. Then

(@) Fp.isin H(p,q,a) lfandonlylfb<oe+— ce[Rorb—oz+— c> -
(b) Fp,.isin H(p,o0,a) if and only lfb<0l+; ceR or b—a—}—; c>0
(¢) Fp.isin Ho(p, o0, ) if and only lfb<0(+l—7 ce[Rorb—oz+l—J c>0.

LEMMA 2 Supposea > 0,p>0,a,>0, [, ={jeN; 2" <j < 2K k=1,2,.... Then

fla-r(Sar) o 3o (2a)

J €Ik
where the involved constants C = C(p, o) depend only on p and .
Lemma 3 Let p>0, a. >0, NeN. Then

N N p N
min{l,Nﬂ1}<Z a1;> < (Z ak> < max{l,NﬂH(ZaI;).
k=1

k=1

Lemma 2 is due to Mateljevic and Pavlovi¢ [6], while Lemma 3 is an easy
consequence of Holder’s inequality.

3. Lacunary series in H(p, ¢, ®)

This section can be viewed as a continuation of [2] where lacunary series in growth
spaces H(p, oo, «) are studied. Lacunary series in classical function spaces such as
Bloch, Bergman, Besov, Dirichlet, O-type spaces, have been extensively studied
recently [7-21]. Recall that a sequence {my};-, of positive integers is said to be
lacunary (or Hadamard) if there exists a constant A > 1 such that ";’Tr‘ > ) for all

k=0,1,2,.... A corresponding power series is called a lacunary series. For the
polydisc we will consider the lacunary series of the form
f(Z) _ Z akl i, le‘m/c] . ZZL]A"y ze Ulz. (])
keZ,

The following theorem is an extension of classical Paley—Kahane—Khintchine
inequalities to the polydisc.

THEOREM B. ([2]) Let {m; k,»h?:oa]': 1, 2,...,n be arbitrary lacunary sequences and
f be a holomorphic function in U" given by a convergent lacunary series (1). Then for
any p, 0 < p < oo, [ is in Hardy space H' if and only if {a;} € £>. Moreover, the
corresponding norms are equivalent: || f|| g ~ (Zkezg |ak]mk”|2)1/2, where the involved
constants are independent of f.

Let R? be the Hadamard operator of fractional integro-differentiation of order

ﬁ:(ﬂla“'vﬂn)’ IBjeRs

REf@) =Y A+ k) (L k) ag, i, 22
kez
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The following two theorems characterize lacunary series in weighted Hardy spaces
H(p,00,a) and are essentially proved in [2].

[e.e] . .
THEOREM 2 Let {mf»k/}kv—O’ j=12,....n be arbitrary lacunary sequences, o=
=
(o1, ..h0,), 0> 0, B=(Bi1, ..., B, Bi€R, and f be a holomorphic function in U" given
by a convergent lacunary series (1). Then the following statements are equivalent:

(a) Rﬂfe H(o0, 00, a);
(b) Rﬁfe H(p,00,a) for some p e (0,00);
(c) RFfe H(p,o00,a) for all pe(0,00);

|ctye|

(d) sup — — < +o00.
kGZi m7a1klﬁ] e mz:xknﬁn
Also, corresponding norms are equivalent:
, . ||
IR f oo = IR llp.coa SUp — g -
keZy ml,/q T mn,k,,

The next assertion is a ‘little oh’ version of Theorem 2.

THEOREM 3 Let {m‘,,k/.}/:):o, j=12,...,n be arbitrary lacunary sequences,
a=(a,...,a,), a;>0, B=(B1,...,B,), BieR, and f be a holomorphic function in
U" given by a convergent lacunary series (1). Then the following statements are
equivalent:

(a) Rﬂfe HO(OO5 0, Ol),
(b) R’Sfe Hy(p,00,a) for some p € (0,00);
(c) RPfe Hy(p,o0,c) for all pe(0,00);

. aj
@ D
/ 1,k1 }’l,k,,

=0 foreachl <j<n.
Proof of Theorems 2 and 3 The series expansion of R” f'is lacunary, too,

Rﬂf(z) = Z 1+ I’I/lkl)ﬁl s (1 + I’Vlk”)ﬁ”ak Zrlnkl .. .ZZlku_
ke

So, it suffices to apply Theorems 3 and 4 in [2] to the function R” f. |

Remark 1 Tt is easily seen that Theorems 2 and 3 cover all (weighted) Bloch and
little Bloch spaces and generalize and improve the corresponding results in
[7,8,11,16,17,21,22]. Versions of Theorems 2 and 3 for the unit ball in C" are
given in [15].

The main result of this section is the following theorem extending Theorem 2 to
all g € (0, 00).
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THEOREM 4 Let {m]k}k _o» J=1,2,...,n be arbitrary lacunary sequences, 0 <
g <oo, a=(ay,...,0,), ;> 0, and [ be a holomorphic function in U" given by a
convergent lacunary series (1). Then the following statements are equivalent:

(a) f€ H(co, q,a);
(b) fe H(p,q,a) for some pe(0,00);
(c) fe H(p,q,) for all p € (0, 00);

(730 kn
@ Y Akl
keZ My,

n
Also, corresponding norms are equivalent:

1/q

lak, .k, |?
”f‘”oo,q,a ~ ”4/{”11,(],05 ~ Z ﬁ

Kezr M M

n

Proof We may assume that n=2. Let f(z1,22) = Y 7p_o 4 2, 25"

The implication (a)=(b) is obvious because of the elementary inclusion
H(oo, q,a) C H(p, q, @).

The implication (b)=(c) follows from Theorem B which asserts that
M (firi,r)~M{firi, ;) for any s, 0 < s < oo.

For proving the implication (c¢)= (d), assume that fe H(2,q,«). Then, by
Theorem B, we have

1l
111180 = f / (l—r)“‘“< /
0 JO k=0
e
> C/ /(1 P l( |ajk|2r'1"’rg‘) dry dr,
k=0

1 1 00 q/2
=C / (1 = pp)t! / (1 —rl)“lq—‘<z G_,(rz)rT/’) dry dr,
0 0 ‘=0

where G;(r2) := > 50, lax|* 5. Applying Lemmas 2 and 3, and then Fubini’s
theorem, we obtain

2 q/2
dmy (§)> dry drp

q/2

110 > C / (1=t 3 2,,mlq S G| dn

m= mjely,

T R EED S =

m=0 mjel, .l

> C/ (1 — ry)4~ 12 P (G (r2)> dr

(G (r 2)) dr
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1 00 q/2
1 .
(1 —rp)™1 (Z |aj|* "’) dr

k=0

e

1y € Iy

00
1 2 : |ajk|q —C |ajk
mmq azq 2 :: : o‘l‘[ 0‘2‘[’
J ny

Jj=0 k=0

Il
@)
agk
3
Sl =
S—

where C = C(p, g, a1, a2, Ay, A).
Proceeding to the implication (d) = (a), we write

q

1 1
”}(”ooqa _/ /(1 r)otq 1 sup Zajk’m/é}]”/rgké.nk drldr2
0 JO

ceT? Jik=0

1 pl q
< Cf / (1—r)x! Z || Iln/}’;k dridr,.
0 JO j.k=0

Estimating as above by using Lemmas 2 and 3 leads to

o0 o0
|a/k|q
1 e g < CZZmalqnzzq»

j=0 k=0
as desired. This completes the proof of Theorem 4. |
The following is a generalization and an immediate consequence of Theorem 4.

COROLLARY 1 Let {mj,k/},ffzo, j=1,2,...,n, be arbitrary lacunary sequences, 0 <
g<oo, a=(ay,...,a,), o; >0, B=(B1,...,B,), BieR, and f be a holomorphic
Sfunction in U" given by a convergent lacunary series (1). Then the following statements
are equivalent:

(a) RFfe H(c0, ¢, );

(b) RPfe H(p,q,a) for some p € (0,00);

(©) RPfe H(p,q,«) for all pe(0,00);

|, .k, 1!
@ > =P g < TO0
kezi M ceemy

Also, corresponding norms are equivalent:

1/q

q
~ N ke |
IRCf loo.g.oe IRYf lp.g.cc Z (al —Bg (@—Bndq

kezi M cem

n

Remark 2 1In [16,21], versions of Theorem 4 are proved for weighted Bergman
spaces in the unit disc, ball and polydisc. In [17], the equivalence of (b) and (d) in
Corollary 1 is proved for ordinary derivatives of functions holomorphic in the
unit disc.
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Remark 3 Substituting S — o (B; > «;) in place of «, we see that Corollary 1 covers
all Besov spaces and generalizes the previous similar results in [7,8,21,23].

4. Pointwise estimates in H(p, q, )

We now turn to some pointwise estimates for lacunary series. It is well known that
arbitrary function f€ H(p, ¢, ) satisfies the pointwise estimate

1L/ 11p,g.c

/@] = C(p.q, ”)Wy

ey, 2)
where the exponent « + 1/p in (2) is best possible for general functions. Indeed, the
inclusion H(p, ¢q,a) C H(co, 00, + 1/p — ¢) is false for any small ¢ > 0. The function
Fotipojqis in H(p, g, a), by Lemma 1, but Fy, 1,2/, ¢ H(c0,00,a+1/p —e).

The following theorem shows that lacunary series in H( p, ¢, @) grow more slowly
near the distinguished boundary than general functions of H(p, ¢, @).

THEOREM 5 Let 0 <p, g=<oo, {m_/,k,}/fj;o, j=12,....,n be arbitrary lacunary
sequences, a=(ay,...,0,), a;>0, and f be a function of H(p,q,a) given by a
convergent lacunary series (1). Then
I/ 1. g.c ”
/()] = C(A, p, q,a>”)m, ze U, (3)

where the exponents o; cannot be decreased.

Proof By the inclusion (iii) of Theorem A, H(p,q,o)C H(p,00,«). Since the
function f'e H(p,oc0,«) is given by a convergent lacunary series, we obtain by
Theorem 2 that

(L= 12D°LS @I = 1f loo00a X 1 lpoe < ClS lpgar  2€ U,

as desired.

Now we will show that no one of the exponents ; may be decreased in (3). We
assume that there exists some B, 0 < B8; < «y, such that for every lacunary series
fe H(p, q, a) there exists a constant C > 0 such that

Cllf g
12D (1 = |221)* ... (1 = |z, )™

that is f'e H(co, 00, (81, @2, . . . ,@,)). Then choosing a multiindex y = (yy, ..., y,) such
that 8; < y; <o and 0 < y; < o; for all 2 <j<n, define the example

, zel",

G2 -

fo(Z) = Z 2k1y1 . 2k,,y"2%k1 N szn —

2,
keZ
By Theorems 2 and 4, f,€ H(p,q,«), but, on the other hand, f,¢ H(oo, o0,

(B1, 2, .. .,a,)). This contradiction completes the proof of the theorem. [ |

Although we cannot decrease the exponents «; in (3), however we can improve the
estimates (3) in the following sense.
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THEOREM 6 Let {mj,/cf},ffzo,j: 1,2,...,n be arbitrary lacunary sequences, 0 < p <co,
0<g<oo, a=(ay,...,a,), a;>0, and f be a function of H(p,q,«) given by a
convergent lacunary series (1). Then for each 1 <j<n we have

f(2) = ((1 )" ) as |zj| — 17. 4)

Proof By (x) of Theorem A, f'e Hy(p,o00,a). Then Theorem 3 with 8;=0, asserts
that f'e Ho(p, 00, ) is equivalent to f'€ Hy(oo, 0o, &) for lacunary power series f, and
the relations (4) follow. Of course, the exponents «; in (4) cannot be decreased
because of Theorem 5. |

5. A Hardy-Littlewood-type counterexample

Hardy and Littlewood [24, p. 416] defined the following important function
o/
as an example of holomorphic function in D whose real part is in Hardy space /#”(ID),

0 < p < 1, but f¢ H°(D); moreover, My(f;r) ~log4; forall 0 <r < 1. Later, Duren
and Shields [25, p. 257] applied the example (5) to prove the falsity of the inclusion

Wch(L,1/p—1), 0<p<l, (6)

1
p=—-, meN, zeD, ®)

/@)= m+ 1

on the unit disc . For a polydisc version of (6), see [26, p. 140]. Now we are able to
improve the result of Duren and Shields.

THEOREM 7 Let 0 <p <1, p<py<oo, B> 7_170 for all 2<j<n. Then the
inclusion

I 1
hpCh(panoa (___9/323"'5ﬁn>) (7)
P Do

m=1,2,.... Hence, the inclusion

is false at least for p = 1+,

I 1
hpCh<p0’qa<___=/32a~~~aﬁn>) (8)
P Do

is false for p = m+r1 (m=1,2,...) and each q, 0 < g < 0.
Proof In view of the inclusion (iii) in Theorem A, it suffices to prove only the falsity
of (7). Define the functions

eirr(m+ 1)/2

1
- lo , zelU",
g(l ) (1 —Zl)l/p gl_Z]

u(zy, ...,zy) = Reglzy, ...,z,), zelU",

which are modifications of (5). It is easily seen by Lemma 1 that

I 1
|g(z)|:|F]/p,—](Zl)| and ggH(pO’ooa <___’ﬂ23 5ﬂl’l>)
P Do



Downloaded by [K.L. Avetisyan] at 03:17 26 March 2013

Complex Variables and Elliptic Equations 193

Then u¢ h( Do, 00, (1'—7 - pio,ﬂz, ...,ﬁn)) since the operator of pluriharmonic conjuga-
tion is bounded in mixed-norm spaces /(p, ¢, &) on the polydisc (see, e.g. [3]). On the

other hand, assuming z; = rje, we get
. ) im(m+1)/2 1
161 19,1 — e
‘u(e , e = ‘Re a _eiel)l/PIOgl —
1 O1(m+1) ,-9 . O(m+1) o
:|25in9—2'm+1 5 log|1 —e"'| 4+ sin———=arg(1 — ¢"")|.
Consequently,
. , C C i
u(@®, ..., e < =L eleT”,
‘ CISNR
so u € h’(U"). Thus, the falsity of the inclusion (7) is proved. |

Remark 4 Note that the example of Hardy and Littlewood (5) is not sufficient for

proving the falsity of the inclusion /” C h(po,OO, 117 —plo). In fact, we have proved
that inclusion (ix) in Theorem A is sharp in the sense that no other choice for the

components f; in (ix) is permitted.

Remark 5 The question of the falsity of the inclusions (7) and (8) for values of

p€(0,1) other than p = —1; (m = 1,2,...) remains as an open question.

6. Proof of Theorem 1

(i) The inclusion (i) is strict if ;> «; for anyone j, say B; > «;. Indeed,
according to Lemma 1 the holomorphic function F, ., belongs to
h(p,q,B), but not to h(p,q,a), 0 <p<oo, 0 <g<oco. Also, the holo-
morphic function Fgy /o belongs to h(p,o0, ), but not to A(p,oo,w),
0<p<oo.

(ii) The strictness of the inclusion (ii) is proved by the examples Fo /o for
0 < g <ooand Fyqi/p,0 for g=o0.

(iii) The strictness of the inclusion (iii) is proved by the examples F,,0 for
go=00, and Fy 1/, for 0 < g < gy < oo.

(iv) The sharpness of the inclusion (iv) in a strong form is proved in [1, p. 733].
Namely, the condition B;>a;+1/p—1/py (1 <j<n) is necessary and
sufficient for the inclusion (iv). The strictness of the inclusion (iv) is
proved by the example

. k kn
fl(z) — Z kl . .knzk]al - .2knanz% o, ZZ ze Un’

oo
n
keZ,,

which is in H(p, ¢, ), but not in H(py, ¢, «+ 1/p—1/py), by Theorems 4
and 2.

(v)—(vi) The inclusions (v) and (vi) are strict because of the example fi or Foii/p0.
On the other hand, the inclusions (v) and (vi) are sharp for ¢y < ¢ in the
sense that no other choice for the components g, is permitted.
The function Fyy1/p,1/4, gives a suitable example.



Downloaded by [K.L. Avetisyan] at 03:17 26 March 2013

194 K.L. Avetisyan

(vii)—(ix) The strictness of the inclusions (vii)—-(ix) can be proved by the example
HE=ez A m, zeU
The inclusions (vii) and (viii) are sharp in the sense that the condition
p < q is essential, that is for p > ¢ the inclusions (vii) and (viii) are false. A
corresponding example can be provided by the function F,,;, where
1/p < » < 1/q. Indeed, F,),; is in H” but not in H(p,, q, 1/p— 1/po), by
Lemma 1.
On the other hand, the inclusions (viii) and (ix) are sharp in the sense
that the parameter p in (viii) cannot be decreased, and no other choice for
the components g; in (ix) is permitted, by Theorem 6.
(x)  The strictness of the inclusion (x) follows from the example Fyii),1/4-
Indeed, by Lemma 1, Fyy1/p,1/4 € Ho(p, 00, ), but Foyy,1,4 € H(p, g, ).

The sharpness of the inclusion (x) is understood in the sense that none of
the components «; can be decreased. Namely, the inclusion

h(pa q, (O[],Olz)) C h()(pa o0, ((Y] —85012))

is false for any 0 < p<o0, 0 < g < 00, 0 < & < a. The function Fy 1/,
2.0 gives a corresponding example. |

This article represents a part of the author’s Dc.Sc. thesis [4] written at
Yerevan State University.
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