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In continuation of recent studies, we discuss two constructive approaches for the generation of harmonic conjugates to
find null solutions to the Riesz system in R3. This class of solutions coincides with the subclass of monogenic functions
with values in the reduced quaternions. Our first algorithm for harmonic conjugates is based on special systems of
homogeneous harmonic and monogenic polynomials, whereas the second one is presented by means of an integral
representation. Some examples of function spaces illustrating the techniques involved are given. More specifically, we
discuss the (monogenic) Hardy and weighted Bergman spaces on the unit ball in R3 consisting of functions with values
in the reduced quaternions. We end up proving the boundedness of the underlying harmonic conjugation operators in
certain weighted spaces. Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction

Quaternion analysis is a higher dimensional generalization of complex analysis theory to four dimensions. It involves the analysis of
quaternion functions that are defined in open subsets of Rn (n D 3, 4) and that are solutions of generalized Cauchy–Riemann or
Riesz systems. They are often called monogenic functions. Meanwhile quaternion analysis has become a well-established branch in
mathematics and greatly successful in many different directions (including connections with boundary value problems and partial dif-
ferential equations theory). A thorough treatment of this higher dimensional function theory is listed in the bibliography, for example,
Gürlebeck and Sprößig [1, 2], Kravchenko and Shapiro [3], Kravchenko [4], Shapiro and Vasilevski [5, 6] or Sudbery [7].

Today, a central role in quaternion analysis theory plays the approximation of a monogenic function by monogenic polynomials.
Earlier work, going back to Fueter [8–11], was done by means of the notion of hypercomplex variables. Half a century after Brackx,
Delanghe, and Sommen [12] and Malonek [13] worked out those variables and succeed to develop a monogenic function by a local
approximation (Taylor series) in terms of the so-called Fueter polynomials. Since then, this became a studied object of its own. Leutwiler
[14], based on these polynomials, constructed a complete set of polynomial null solutions to the Riesz system in R3. In the following
years, Delanghe generalized directly Leutwiler’s results to arbitrary dimensions in the framework of a Clifford algebra [15]. The major
difficulty of the approach followed from both authors lies exactly in the fact that the Fueter polynomials are, in general, not orthogonal
with respect to the scalar inner product [16, 17]. A key step in the evolution of this problem is the introduction of a more suitable basis.
For a look at the literature of the topic from the perspective of the last years, the interested reader is referred to [14–28] and elsewhere.

In the meantime, Sudbery [7], Xu [29], Brackx, Delanghe, and Sommen [30], Brackx and Delanghe [31], Avetisyan, Gürlebeck and
Sprößig [32], and Morais et al. [16, 33, 34] made significant contributions to the study of the interplay between the notions of harmonic
conjugate and monogenic functions. For more on this subject, we refer the reader to [35–40]. The main point in the approach presented
in [30, 31] as well as Sudbery’s formula [7] is the construction of harmonic conjugates in R4 ‘function by function’. Namely, no effort has
been devoted to the question to which function spaces these conjugate harmonics and the whole monogenic function belong. In [32],
this question was studied for conjugate harmonics via Sudbery’s formula in the scale of Bergman spaces. These results are, however,
not applicable to functions with values in the reduced quaternions. A recent article [33] (cf. [34]) treats the problem of conjugate
harmonicity also, proposing an algorithm for the generation of polynomial solutions to the Riesz system in R3; it uses a solid spherical
monogenics expansion, that is, homogeneous monogenic polynomials which offer a refinement of the notion of solid spherical
harmonics. The underlying spherical functions (cf. Sansone [41]) are beautiful and interesting in their own right, and they form a
natural bridge between properties of the Legendre and Chebyshev polynomials. Working with such expansion, it becomes possible
to overcome problems that lead in [30] and [31] to the necessity to solve a Poisson equation (resulting then in an existence theorem)
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so that we can express explicitly the general form of a pair of conjugate harmonic functions. Without going into details, we point out
that this method leads to the definition of certain bounded operators between spaces of harmonic and monogenic functions.

The present paper is organized as follows. After presenting some definitions and basic properties of quaternion analysis in Section 2,
Section 3 reviews the algorithm proposed in [33], and it examines the possibility of setting up concrete a-priori criterions for the given
harmonic function that ensure the existence of a ‘unique’ monogenic function. Besides this, we propose here yet another algorithm to
the explicit construction of a pair of conjugate harmonic functions in R3 through its first coordinate, and we believe it is the simplest
and shortest published so far (Section 4). Ultimately, we discuss the (monogenic) Hardy and weighted Bergman spaces on the unit
ball in R3 consisting of functions with values in the reduced quaternions. In addition, we prove the boundedness of the underlying
harmonic conjugation operators in the given weighted spaces.

2. Notation and definitions

This section fairly comprises some definitions and basic properties of quaternion analysis. In the presentation here,

H :D fzD z0C z1iC z2jC z3k, zi 2R, iD 0, 1, 2, 3g

is the real quaternion algebra, where the imaginary units i, j and k are subject to the multiplication rules:

i2 D j2 D k2 D�1; ijD kD�ji, jkD iD�kj, kiD jD�ik.

Evidently the real vector space R4 may be embedded in H by identifying the element z :D .z0, z1, z2, z3/ 2 R4 with z :D z0 C

z1i C z2j C z3k 2 H. Consider the subset A :D spanRf1, i, jg � H, then the real vector space R3 may be embedded in A via the
identification of x :D .x0, x1, x2/ 2 R3 with the reduced quaternion x :D x0 C x1iC x2j 2 A . In the viewpoint, throughout the text, we
will often use the symbol x to represent a point in R3 and x to represent the corresponding reduced quaternion. It should be noted,
however, that A is a real vectorial subspace but not a subalgebra of H. Like in the complex case, Sc.x/ D x0 and Vec.x/ D x1iC x2j
define the scalar and vector parts of x. The conjugate of x is the reduced quaternion x D x0 � x1i � x2j; the norm jxj of x is defined

by jxj D
p

xx D
p

xx D
q

x2
0 C x2

1 C x2
2, and it coincides with its corresponding Euclidean norm as a vector in R3. In the sequel, let B

denote the 3D unit ball centered at the origin, and S its boundary. We say that

f : B�R3 �!A , f.x/D Œf.x/�0C Œf.x/�1iC Œf.x/�2j

is a reduced quaternion-valued function or, in other words, an A -valued function, where Œf�l .l D 0, 1, 2/ are real-valued functions
defined in B. Properties (like integrability, continuity or differentiability) of f are defined componentwise. For a real-differentiable
A -valued function f that has continuous first partial derivatives, the (reduced) quaternionic operators

DfD
@f

@x0
C i

@f

@x1
C j

@f

@x2
, and DfD

@f

@x0
� i

@f

@x1
� j

@f

@x2

are called, respectively, generalized and conjugate generalized Cauchy–Riemann operators on R3.

Remark 2.1
For a continuously real-differentiable scalar-valued function, the application of the operator D coincides with the usual gradient, r .

To make our definitions and get started, one simple notion is needed. Namely, a continuously real-differentiable A -valued function
f is said to be monogenic if DfD 0, which is equivalent to the system

.R/

8̂̂<̂
:̂

@Œf�0
@x0
�
@Œf�1
@x1
�
@Œf�2
@x2
D 0

@Œf�0
@x1
C
@Œf�1
@x0
D 0,

@Œf�0
@x2
C
@Œf�2
@x0
D 0,

@Œf�1
@x2
�
@Œf�2
@x1
D 0

or, in a more compact form: 8<: div f D 0

curl f D 0.

A big step towards is the realization that any monogenic A -valued function is two-sided monogenic. This means it satisfies
simultaneously the equations DfD fDD 0.

We may point out that the 3-tuple f is said to be a system of conjugate harmonic functions in the sense of Stein-Weiß [42, 43],
and system (R) is called the Riesz system [44]; it is a historical precursor that generalizes the classical Cauchy–Riemann system in the
plane. Following [14], the solutions of the system (R) are customary called (R)-solutions. The subspace of polynomial (R)-solutions
of degree n will be denoted by RC.B; A ; n/. In [14], it is shown that the space RC.B; A ; n/ has dimension 2n C 3. We further
introduce the real-linear Hilbert space of square integrable A -valued functions defined in B, which we denote by L2.B; A ;R/. Also,
RC.B; A / :D L2.B; A ;R/\ ker D will denote the space of square integrable A -valued monogenic functions defined in B.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 1598–1614
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In our next section, we review a suitable set of special monogenic polynomials, which forms a complete orthogonal system in
RC.B; A / in the sense of the scalar inner product

< f, g>L2.B;A ;R/ :D

Z
B

Sc.f g/dV , (1)

where dV denotes the volume measure of B normalized so that V.B/ D 1. To simplify matters further, we shall remark that using the
embedding of R in A , the inner product of two scalar-valued functions f , g : B �!R can also be written by using the inner product (1),
and it will be denoted simply by< f , g >L2.B/.

For f.x/D f.r�/ in B (0� r < 1, � 2 S), its integral means are defined by

Mp.f; r/ :D

�Z
S
jf.r�/jp d�.�/

�1=p

, 0� r < 1, 0< p <1, (2)

where d� is the surface area measure on S normalized so that �.S/ D 1. We will also denote by h.B;X/ the set of harmonic functions
on B with values in X .XDR or A /. As usual, the Hardy spaces of monogenic or harmonic functions are defined as follows

hp.B/D fu 2 h.B;R/ or u 2 h.B; A / : kukhp.B/ <1g

H p.B/D hp.B/\ ker D.

The norm in the Hardy space of f in B is defined by

kfkhp.B/ :D sup
0<r<1

Mp.f; r/, 1� p <1.

Unless otherwise stated, throughout this paper, the letters C.˛,ˇ, : : : /, Cp, and the like stand for positive different constants depending
only on the parameters indicated not necessarily the same in each instance. For any A, B > 0, the notation A� B denotes the two-sided
estimate c1A � B � c2A with some positive constants c1 and c2 independent of the variable involved. For any p so that 1 � p <1, we
define the conjugate index p0 as p0 D p=.p� 1/.

In order to state our results, we shall need some further notation. Let 1 < p <1, and ˛ > �1. We set the weighted Bergman space
of f on B by

Lp
˛.B/D

�
f measurable in B : kfkp

L
p
˛.B/

:D

Z
B
.1� jxj/˛ jf.x/jpdV.x/ <1

�
.

Let the subspaces of Lp
˛.B/ consisting of harmonic or monogenic functions be

hp
˛.B/D Lp

˛.B/\ h.B/, and H
p
˛ .B/D Lp

˛.B/\ ker D.

In polar coordinates, we have dV.x/D 3r2drd�.�/. Therefore

kfkL
p
˛.B/

:D

�
3

Z 1

0
.1� r/˛M

p
p .f; r/ r2 dr

�1=p

.

The norm of a monogenic function in the weighted Hardy space is defined by

kfkh.p,ˇ/.B/ :D sup
0<r<1

.1� r/ˇMp.f; r/, 1� p <1, ˇ > 0.

We define

h.p,ˇ/.B/D fu 2 h.B;R/ or u 2 h.B; A / : kukh.p,ˇ/.B/ <1g,

H .p,ˇ/.B/D h.p,ˇ/.B/\ ker D.

It should be observed that for ˇ D 0, we obviously come to the usual Hardy spaces hp and H p.
Ultimately, we recall two definitions which will be needed through the text.

Definition 2.1 (see [7, 45, 46])
Let f be a continuously real-differentiable A -valued function,

� 1
2 D
�

f is called hypercomplex derivative of f.

Definition 2.2
An A -valued monogenic function with an identically vanishing hypercomplex derivative is called a hyperholomorphic constant.
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3. Special systems of homogeneous harmonic and monogenic polynomials

The material of this section is mainly inspired by the work of Cação [17, 21, 22] and Morais et al. [26]. The treatment is only introductory
because we have not attempted to cover all the ongoing research. For more detailed information, we refer to Refs. [33, 47], and [16].

The following constructions are based on the introduction of a standard system of spherical harmonics as considered, for example,
in [41]. We use spherical coordinates, x0 D r cos � , x1 D r sin � cos', x2 D r sin � sin', where 0 < r <1, 0 < � � � , and 0 < ' � 2� . In
order to explain our standing position, we shall start by recalling a suitable set of homogeneous harmonic polynomials,n

rnC1Ul
nC1, rnC1Vm

nC1, lD 0, 1, : : : , nC 1, mD 1, : : : , nC 1
o

n2N0
(3)

.N0 D f0, 1, 2, : : : g/ formed by the extensions in the ball of the spherical harmonics

Ul
nC1.� ,'/D Pl

nC1.cos �/ cos.l'/ .lD 0, : : : , nC 1/, Vm
nC1.� ,'/D Pm

nC1.cos �/ sin.m'/ .mD 1, : : : , nC 1/. (4)

Here, PnC1 stands for the Legendre polynomial of degree n C 1 and the functions Pl
nC1, where l D 0, : : : , n C 1, are the associated

Legendre functions. In [17] and [20], a special R-linear complete orthonormal system of A -valued monogenic polynomials in the unit
ball of R3 is explicitly constructed by applying the operator 1

2 D to the system (3). Restricting the resulting solid spherical monogenics
to the surface of B, we do obtain a system of spherical monogenics, denoted byn

Xl
n, Ym

n : lD 0, : : : , nC 1, mD 1, : : : , nC 1
o

n2N0
. (5)

Although X0
n is built in terms of the Legendre polynomials whereas Xm

n are built in terms of the associated Legendre functions, we will
still include the treatment of the first into the general case whenever this treatment remains the same.

In a recent paper [26], Morais et al. have shown that system (5) may be seen as a refinement of the conventional spherical harmonics,
and correspondingly, it constitutes an extension of the role of the well-known Chebyshev and Legendre polynomials (resp. associ-
ated Legendre functions). More importantly, it can be explicitly constructed by using recurrence relations and preserves some basic
properties in common with holomorphic z-powers. Despite the quite long bibliography that is related to these polynomials, for the
fundamental references for the preceding arguments and explicit expressions of these special polynomials see Refs. [16, 34], and [26].
We recall from [17, 19] and [26] the following properties:

1. The functions Xl,�
n :D rnXl

n, and Ym,�
n :D rnYm

n are homogeneous monogenic polynomials;

2. For each n D 0, 1, : : :, the polynomials Xl,�
n .l D 0, : : : , nC 1/, and Ym,�

n .m D 1, : : : , nC 1/ form a complete orthogonal system in
RC.B; A /, and their norms are explicitly given by

kXl,�
n kL2.B;A ;R/ D

s
.1C ıl,0/

�

2

.nC 1/

.2nC 3/

.nC 1C l/Š

.nC 1� l/Š
, kYm,�

n kL2.B;A ;R/ D

s
�

2

.nC 1/

.2nC 3/

.nC 1Cm/Š

.nC 1�m/Š
,

where ıl,0 denotes the Kronecker symbol;

3. For each n D 0, 1, : : :, the scalar parts of the polynomials Xl,�
n and Ym,�

n form a complete orthogonal system in L2.B/, and their
norms are explicitly given by

kSc.Xl,�
n /kL2.B/ D

.nC 1C l/
p

2nC 3

s
.1C ıl,0/

�

2

1

.2nC 1/

.nC l/Š

.n� l/Š
, kSc.Ym,�

n /kL2.B/ D
.nC 1Cm/
p

2nC 3

s
�

2

1

.2nC 1/

.nCm/Š

.n�m/Š
;

4. For n� 1, we have�
1

2
D

�
Xl,�

n D .nC lC 1/Xl,�
n�1 .lD 0, : : : , n/,

�
1

2
D

�
Ym,�

n D .nCmC 1/Ym,�
n�1 .mD 1, : : : , n/,

that is, the hypercomplex differentiation of a basis function delivers a multiple of another basis function one degree lower;

5. The polynomials XnC1,�
n and YnC1,�

n are hyperholomorphic constants.

From now on, we shall denote by Xl,�,�
n and Ym,�,�

n the new normalized basis functions Xl,�
n , Ym,�

n in L2.B; A ;R/.
Based on Statement 2, we can easily write down the Fourier expansion of a square integrable A -valued monogenic function.

Furthermore, according to the fact that the polynomials XnC1,�
n and YnC1,�

n are hyperholomorphic constants, in [48], we have
proved that each f 2 RC.B; A / can be decomposed in an orthogonal sum of a monogenic ‘main part’ of the function .g/ and a
hyperholomorphic constant .h/. Putting these facts together, next we formulate a modified version of the aforementioned result, which
happens to be the more suitable upon further studying the harmonic conjugacy problem. To really understand the aforementioned
claims, we strongly recommend the reader to consult [48].

We formulate the result.

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 1598–1614
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Lemma 3.1 (Orthogonal Fourier expansion)
Let f 2RC.B; A /. The function f can be represented in the following way

f.x/ :D g.x/ C h.x/

D

1X
nD0

 
X0,�,�

n .x/ a0
n C

nX
mD1

h
Xm,�,�

n .x/ am
n C Ym,�,�

n .x/ bm
n

i!
C

1X
nD0

h
XnC1,�,�

n .x/ anC1
n C YnC1,�,�

n .x/ bnC1
n

i
,

where for each n 2N0, al
n .lD 0, : : : , nC 1/ and bm

n .mD 1, : : : , nC 1/ are the associated (real-valued) Fourier coefficients.

Alternatively, using Parseval’s identity, f may be characterized by its coefficients in the following way:

Theorem 3.1 (Parseval identity)
The function f is a square integrable A -valued monogenic function iff

1X
nD0

 �
a0

n

	2
C
�

anC1
n

	2
C
�

bnC1
n

	2
C

nX
mD1

h�
am

n

�2
C
�

bm
n

�2
i!
<1. (6)

4. Generation of A -valued monogenic functions by conjugate harmonics

We begin by recalling the notion of harmonic conjugates in the context of quaternion analysis.

Definition 4.1 (Conjugate harmonic functions)
Let U be a harmonic function defined in an open subset� ofR3. A vector-valued harmonic function V in� is called conjugate harmonic
to U if f :D UC V is monogenic in�. The pair .U; V/ is called a pair of conjugate harmonic functions in�.

We recall from [33], an algorithm for the calculation of any f 2 RC.B; A / via conjugate harmonics. More details can be found in
Ref. [34]. To begin with, we shall rephrase the idea behind this construction. In the sequel, assume U be a square integrable harmonic
function defined in B. We start by considering the Fourier expansion of U with respect to the complete orthonormal system formed by
the scalar parts of the aforementioned monogenic polynomials (see Statement 3 before Lemma 3.1). The next step is to replace the
scalar parts of each polynomial by the full polynomial in order to get a Fourier series expansion with respect to the systemn

Xl,�
n , Ym,�

n : lD 0, : : : , nC 1, mD 1, : : : , nC 1
o

n2N0
.

Doing so, we have to take into account that the full polynomials are not normalized, and we have to correct the coefficients of the series
expansion. This results in an additional condition on the original Fourier coefficients of U. We shall encounter similar ideas in the works
of Moisil in [49], and Stein and Weiß in [42]. However, our study was based on a special system of spherical monogenics (5), whereas
Ref. [42] is based on the gradient of harmonic functions in the upper half-space which are radial in two variables. Therefore, the link is
not immediate, and we shall not elaborate on it here.

Let us consider the matter in more detail [33].

Theorem 4.1 (Construction of a harmonic conjugate)
Let U.x/ be harmonic and square integrable in B given by

UD
1X

nD0

24 Sc
�

X0,�
n

	
kSc

�
X0,�

n

	
kL2.B/

a0
nC

nX
mD1

0@ Sc
�

Xm,�
n

	
kSc

�
Xm,�

n

	
kL2.B/

am
n C

Sc
�

Ym,�
n

	
kSc

�
Ym,�

n

	
kL2.B/

bm
n

1A35 ,

where for each n 2 N0, al
n .l D 0, : : : , n/ and bm

n .m D 1, : : : , n/ are the associated Fourier coefficients. If, additionally, the Fourier
coefficients satisfy the condition

1X
nD0

 
2nC 1

nC 1

�
a0

n

	2
C

nX
mD1

.nC 1/.2nC 1/

.nC 1/2 �m2

h�
am

n

�2
C
�

bm
n

�2
i!
<1, (7)

then the series

1X
nD0

24 Vec
�

X0,�
n

	
kSc

�
X0,�

n

	
kL2.B/

a0
nC

nX
mD1

0@ Vec
�

Xm,�
n

	
kSc

�
Xm,�

n

	
kL2.B/

am
n C

Vec
�

Ym,�
n

	
kSc

�
Ym,�

n

	
kL2.B/

bm
n

1A35 (8)

is convergent and defines a square integrable vector-valued harmonic function V conjugate to U such that f.x/ :D U.x/C V.x/ is an
A -valued monogenic function.

1
6

0
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As in the complex case, such a construction is obtained step by step, where each elementary step exhibits the classical existence and
uniqueness (up to a non-trivial hyperholomorphic constant) of a vector-valued function V conjugate to the scalar-valued U. To see this,
observe that by adding any hyperholomorphic constant ' to V the resulting function QV :D V C ' is harmonic conjugate to U also. On
the other hand, each monogenic A -valued function with vanishing scalar part must be a hyperholomorphic constant.

Of course, if the previous series are finite sums then the functions U and V are polynomials. Then, it is clear that the partial expansion
.8/makes always sense. In this special case, our approach covers the results obtained in [30] and [31].

By the direct construction of formula (8), we only get 2nC1 homogeneous monogenic polynomials of degree n (i.e., the monogenic
‘main part’ of f). However, because dim RC.B; A ; n/ D 2n C 3, adding two hyperholomorphic constants the necessary number of
independent polynomials is achieved. In the remainder of this section, we study how the quality of U influences the quality of V , and
then how U and V together define a suitable space for f. Such a result will allow the definition of a continuous operator between spaces
of harmonic and monogenic functions given by the construction of harmonic conjugates.

In the sequel, we introduce the Sobolev-type space M1
2.B; A ;R/ of all functions from RC.B; A /, whose hypercomplex derivatives

also belong to RC.B; A /. For some information of this space, see [1]. We formulate the first result.

Theorem 4.2
Let U be harmonic and square integrable in B. If the absolute values of its Fourier coefficients al

n .l D 0, : : : , n C 1/ and bm
n .m D

1, : : : , nC 1/ satisfy the condition (7) and, additionally, are less than c
.nC1/1C˛ .˛ > 1/ for some positive constant c, then there exists a

monogenic function f such that f 2M1
2.B; A ;R/ and Œf�0 D U in B.

Proof
Let U 2 L2.B/ be a harmonic function given as in Theorem 4.1. As described, we replace the scalar part of each polynomial by the full
polynomial, and by introducing suitable correction factors, we can rewrite the obtained series as a series expansion with respect to the
normalized full polynomials. We get

fD
1X

nD0

"
X0,�,�

n

r
2nC 1

nC 1
a0

nC

nX
mD1

s
.nC 1/.2nC 1/

.nC 1/2 �m2

�
Xm,�,�

n am
n C Ym,�,�

n bm
n

	#
.

By assumption on the coefficients, f belongs to RC.B; A /. We note that the hypercomplex derivative of f is again monogenic; hence, it
remains to prove that

� 1
2 D
�

f 2 L2.B; A ;R/. Because the previous series is convergent in L2, it converges uniformly to f in each compact
subset of B. Also the series of all partial derivatives converge uniformly to the corresponding partial derivatives of f in compact
subsets of B. Because the operator D is continuous, we may apply the hypercomplex derivative 1

2 D term by term to the series, and
using Property 4 of the basis polynomials, it finally follows�

1

2
D

�
fD

1X
nD1

p
n.2nC 3/

"
X0,�,�

n�1 a0
nC

nX
mD1

�
Xm,�,�

n�1 am
n C Ym,�,�

n�1 bm
n

	#
. (9)

On the right-hand side of the previous expression, we recognize the Fourier expansion of the function
� 1

2 D
�

f with respect to the

orthonormal system
n

Xl,�,�
n�1, Ym,�,�

n�1 : lD 0, : : : , n, mD 1, : : : , n
o

n2N0
. Having in mind the conditions of the L2-convergence of .9/, our

task now is to find out if the series

1X
nD1

n.2nC 3/

 �
a0

n

	2
C

nX
mD1

h�
am

n

�2
C
�

bm
n

�2
i!

(10)

is convergent. By assumption, there exists a constant c such that the Fourier coefficients al
n .lD 0, : : : , n/ and bm

n .mD 1, : : : , n/ satisfy

jal
nj, jb

m
n j<

c

.nC 1/1C˛
, ˛ > 1, lD 0, : : : , n, mD 1, : : : , n.

Substituting in the expression .10/, after few straightforward computations, we may show that

kfk2
L2.B;A ;R/ <

1X
nD1

6c2

.nC 1/2˛�1
.

The series on the right-hand side is convergent, because by assumption ˛ > 1. Consequently, the series (10) is convergent. This means
that

� 1
2 D
�

f 2 L2.B; A ;R/, which proves our statement. �

Lemma 4.1
Let ˛ > �1. Suppose that f is an arbitrary A -valued monogenic function on B, and let it have the expansion f.x/D

P1
nD0 Pn.x/where

Pn.x/D
X0,�

n

kSc
�

X0,�
n

	
kL2.B/

a0
nC

nX
mD1

0@ Xm,�
n

kSc
�

Xm,�
n

	
kL2.B/

am
n C

Ym,�
n

kSc
�

Ym,�
n

	
kL2.B/

bm
n

1A .
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Then

kfkL2
˛.B/
�

 
1X

nD0

1

.nC 1/˛C1
kPnk

2
L2.S;A ;R/

!1=2

. (11)

Proof
In view of the homogeneity and orthogonality of the polynomials Pn for each n D 0, 1, : : :, and by splitting jf.x/j2 into f.x/ f.x/, and
integrating term by term, it follows easily that

.M2.f; r//2 D

Z
S
jf.r�/j2 d�.�/D

1X
nD0

r2nkPnk
2
L2.S;A ;R/, 0� r < 1. (12)

It immediately leads to a Hardy norm in h2.B/ or H 2.B/

kfkh2.B/ D kfkL2.S/ D

 
1X

nD0

kPnk
2
L2.S;A ;R/

!1=2

. (13)

In order to get an equivalent norm in the Bergman spaces h2
˛.B/ or H 2

˛ .B/, we integrate (12) on the interval .0, R/ for every 0< R < 1,

3

Z R

0
.1� r/˛.M2.f; r//2 r2 drD 3

1X
nD0

kPnk
2
L2.S;A ;R/

Z R

0
.1� r/˛ r2nC2 dr.

By the Stirling’s formula, it follows thatZ 1

0
.1� r/˛ r2nC2 drD �.˛C 1/

�.2nC 3/

�.˛C 2nC 4/
�
�.˛C 1/

2˛C1

1

.nC 1/˛C1

as n!1. By letting R approach 1�, we obtain (11). �

Remark 4.1
For Clifford algebra-valued functions expanded into spherical harmonics, the Hardy norm (13) as well as the unweighted Bergman
L2

0.B/-norm are obtained in [50]. For scalar-valued harmonic functions in the unit ball in Rn, the equivalence of (11) is obtained in [51].

Remark 4.2
Let U 2 h.B;R/ be a square integrable harmonic function and let also U 2 h2.B/. It is natural to ask whether the A -valued monogenic
function f.x/ :D U.x/C V.x/ constructed in Theorem 4.1 belongs to H 2.B/. As we may now prove, for some positive constant C, the
expected inequality

kfkH 2.B/ � CkUkh2.B/ (14)

fails. In fact, for the particular case

U.x/D
1X

nD0

Sc
�

Xn,�
n

	
kSc

�
Xn,�

n

	
kL2.B/

an
n,

so that an
n D .nC 1/�3=2, it follows

kU.x/k2
h2.B/ D

1X
nD0

.2nC 3/
�

an
n

�2
<1,

but

kŒf�0k
2
H 2.B/ D








1X

nD0

Xn,�
n

kSc
�

Xn,�
n

	
kL2.B/

an
n








2

H 2.B/

D

1X
nD0

.nC 1/.2nC 3/
�

an
n

�2
D1,

which contradicts (14).

We now proceed to prove the boundedness of the underlying harmonic conjugation operators in some given weighted spaces.

1
6

0
4
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Theorem 4.3
Let U 2 h.B;R/ be a square integrable harmonic function. The operator U 7�! f is bounded from the harmonic Hardy space h2.B/ into
the (unweighted) Bergman space H 2

0 .B/. Moreover, it holds

kfkL2
0.B/
� kUkh2.B/.

Proof
For technical reasons, we set f.x/ D

P1
nD0 Pn.x/, where Pn is given as in the previous lemma. A first straightforward computation and

Lemma 4.1 show that

kfk2
L2

0.B/
D

1X
nD0

.2nC 1/.2nC 3/

.nC 1/2

�
a0

n

	2
C

nX
mD1

.2nC 1/.2nC 3/

.nC 1/2 �m2

h�
am

n

�2
C
�

bm
n

�2
i

�

1X
nD0

.2nC 3/

"�
a0

n

	2
C

nX
mD1

�
am

n

�2
C
�

bm
n

�2

#
D kUk2

h2.B/ .

�

Theorem 4.4
Let U 2 h.B;R/ be a square integrable harmonic function. The operator U 7�! f is bounded from the weighted Bergman space
h2
˛.B/ .˛ > �1/ into H 2

˛C1.B/. Moreover, it holds

kfkL2
˛C1.B/

� kUkL2
˛.B/

.

The previous relation is sharp in the sense that the exponent ˛ C 1 on the left-hand side cannot be replaced by any smaller one, and
the operator U 7�! f is unbounded from h2

˛.B/ to H 2
˛C1�".B/ for any " > 0.

Proof
Let Pn be given as in the previous theorem. For the proof of the inequality, a straightforward computation and Lemma 4.1 show that

kfk2
L2
˛C1.B/

D

1X
nD0

1

.nC 1/˛C2

"
.2nC 1/.2nC 3/

nC 1

�
a0

n

	2
C

nX
mD1

.2nC 1/.2nC 3/

.nC 1/2 �m2

h�
am

n

�2
C
�

bm
n

�2
i#

�

1X
nD0

2nC 3

.nC 1/˛C1

"�
a0

n

	2
C

nX
mD1

�
am

n

�2
C
�

bm
n

�2

#
D kUk2

L2
˛.B/

.

The second part of the proof then consists of looking for a counterexample of the inequality

kfkL2
˛C1�".B/

� C.˛, "/kUkL2
˛.B/

(15)

for some real positive constant C.˛, "/. Let " be arbitrarily chosen and fixed so that 0< " < 1, and consider the example

U.x/ :D
1X

nD0

Sc
�

Xn,�
n

	
kSc

�
Xn,�

n

	
kL2.B/

an
n,

where an
n D .nC 1/.˛�1�"/=2. Direct computations show that

kUk2
L2
˛.B/
D

1X
nD0

2nC 3

.nC 1/˛C1

�
an

n

�2
� 3

1X
nD0

1

.nC 1/˛
�

an
n

�2
< 1

kŒf�0k
2
L2
˛C1�".B/

D

1X
nD0

2nC 3

.nC 1/˛C1�"

�
an

n

�2
� 2

1X
nD0

1

.nC 1/˛�"
�

an
n

�2
D1,

which contradicts (15). �

Remark 4.3
The Hardy space H 2.B/may be considered as the limiting case of the Bergman space H 2

˛ .B/ as ˛ approaches �1C. So, if we identify
H 2
�1.B/with H 2.B/, then Theorem 4.4 can be viewed, respectively, as a generalization of Theorem 4.3.
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5. Construction of a Riesz system by its first component

If we want to make the previous results more precise, then we need a-priori criteria for the given function U that ensures the conver-
gence of the constructed series for the monogenic function in L2.B; A ;R/ or in another space. Of course, the additional assumption
(7) in Theorem 4.1 is such a criterion, but it is not well applicable in practice because it remains open if there is a known function space
that is defined exactly by these conditions.

In the present section, we introduce an alternative algorithm to the explicit construction of a ‘unique’ pair of conjugate harmonic
functions in R3, which will allow us to answer such important questions in the forthcoming sections.

Next, we formulate the result.

Theorem 5.1 (Construction of a harmonic conjugate)
Let U be a scalar-valued harmonic function defined in B. Define

ŒV.x/�1 :D�x0

Z 1

0

@U.	x0, x1, x2/

@x1
d	CW.x1, x2/, (16)

where the function W.x1, x2/ is chosen so that
.x1,x2/W D
@2U.0,x1,x2/
@x0 @x1

, and

ŒV.x/�2 :D

Z 1

0

"
�

ˇ̌̌̌
ˇ x0 x2
@U.tx/
@x0

@U.tx/
@x2

ˇ̌̌̌
ˇC

ˇ̌̌̌
ˇ x1 x2
@ŒV.tx/�1
@x1

@ŒV.tx/�1
@x2

ˇ̌̌̌
ˇ
#

dt. (17)

Then the function f :D UC ŒV�1iC ŒV�2j is monogenic in B. Moreover, the most general monogenic function g having U as its scalar part
is given by

g.x/D f.x/C'.x1, x2/,

where '.x1, x2/ is a hyperholomorphic constant.

Proof
We should check that the function f D UC ŒV�1iC ŒV�2j satisfies the (R)-system. On account of the assumption about the functions U
and ŒV�1, we have

ŒV.x/�1 D�

Z x0

0

@U.t, x1, x2/

@x1
dtCW.x1, x2/, x 2 B,

so that

@ŒV�1
@x0

D�
@U

@x1
. (18)

A direct computation shows that ŒV.x/�1 is harmonic in B. Indeed,


xŒV.x/�1 D
@2ŒV.x/�1
@x2

0

C
.x1,x2/ŒV.x/�1

D�
@2U.x/

@x0@x1
�

Z x0

0

@

@x1

.x1,x2/U.t, x1, x2/dtC
.x1,x2/W.x1, x2/

D�
@2U.x/

@x0@x1
C

Z x0

0

@3U.t, x1, x2/

@x2
0 @x1

dtC
.x1,x2/W.x1, x2/

D�
@2U.x/

@x0@x1
C
@2U.x/

@x0@x1
�
@2U.0, x1, x2/

@x0@x1
C
.x1,x2/W.x1, x2/

D 0.

Let us now define the function

F.x/ :D

Z x2

0

�
@U.0, 0, t/

@x0
�
@ŒV.0, 0, t/�1

@x1

�
dtC

Z x1

0

@ŒV.0, t, x2/�1

@x2
dt�

Z x0

0

@U.t, x1, x2/

@x2
dt. (19)

We immediately find all three partial derivatives of F:

@F.x/

@x0
D�

@U.x0, x1, x2/

@x2
. (20)1

6
0

6
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Using (18), we get

@F.x/

@x1
D
@ŒV.0, x1, x2/�1

@x2
�

Z x0

0

@2U.t, x1, x2/

@x1@x2
dt

D
@ŒV.0, x1, x2/�1

@x2
C

Z x0

0

@2ŒV.t, x1, x2/�1

@x0@x2
dt

D
@ŒV.0, x1, x2/�1

x2
C
@ŒV.t, x1, x2/�1

@x2

ˇ̌̌̌x0

0
D

@ŒV.x0, x1, x2/�1

@x2
.

(21)

Moreover, using (18) and harmonicity of U and ŒV�1, we obtain

@F.x/

@x2
D
@U.0, 0, x2/

@x0
�
@ŒV.0, 0, x2/�1

@x1
C

Z x1

0

@2ŒV.0, t, x2/�1

@x2
2

dt�

Z x0

0

@2U.t, x1, x2/

@x2
2

dt

D
@U.0, 0, x2/

@x0
�
@ŒV.0, 0, x2/�1

@x1
�

Z x1

0

 
@2ŒV.0, t, x2/�1

@x2
0

C
@2ŒV.0, t, x2/�1

@x2
1

!
dt

C

Z x0

0

 
@2U.t, x1, x2/

@x2
0

C
@2U.t, x1, x2/

@x2
1

!
dt

D
@U.0, 0, x2/

@x0
�
@ŒV.0, 0, x2/�1

@x1
�

Z x1

0

 
�
@2U.0, t, x2/

@x0@x1
C
@2ŒV.0, t, x2/�1

@x2
1

!
dt

C

Z x0

0

 
@2U.t, x1, x2/

@x2
0

�
@2ŒV.t, x1, x2/�1

@x0@x1

!
dt

D
@U.0, 0, x2/

@x0
�
@ŒV.0, 0, x2/�1

@x1
C

�
@U.0, t, x2/

@x0
�
@ŒV.0, t, x2/�1

@x1

�ˇ̌̌̌x1

0
C

�
@U.t, x1, x2/

@x0
�
@ŒV.t, x1, x2/�1

@x1

�ˇ̌̌̌x0

0

D
@U.x0, x1, x2/

@x0
�
@ŒV.x0, x1, x2/�1

@x1
.

Thus,

@F

@x2
D
@U

@x0
�
@ŒV�1
@x1

. (22)

Finally, we observe that functions ŒV�2 and F coincide. Indeed, (19) can be written as a curve-line integral

F.x/D

Z .x0,x1,x2/

.0,0,0/

�
�
@U.�/

@x2
d�0C

@ŒV.�/�1
@x2

d�1C

�
@U.�/

@x0
�
@ŒV.�/�1
@x1

�
d�2

�
. (23)

We note that this curve-line integral is path independent in view of the conditions (20), (21), (22), meaning that

rF D

�
�
@U

@x2
,
@ŒV�1
@x2

,
@U

@x0
�
@ŒV�1
@x1

�
, and curlrF D 0.

Therefore, we may choose the integration path in (23) as segments parallel to the coordinate axes. Next, by a suitable change of
variables in (23), we obtain

F.x/D

Z 1

0

�
�x0

@U.tx/

@x2
C x1

@ŒV.tx/�1
@x2

C x2

�
@U.tx/

@x0
�
@ŒV.tx/�1
@x1

��
dt

D

Z 1

0

�
�x0

@U.tx/

@x2
C x2

@U.tx/

@x0
C x1

@ŒV.tx/�1
@x2

� x2
@ŒV.tx/�1
@x1

�
dt

(24)

which coincides with (17). Therefore, F.x/� ŒV.x/�2 in B. Thus, any A -valued function f so that f :D UC ŒV�1iC ŒV�2j is a special solution
to the (R)-system. Let now g be the most general monogenic function so that Œg�0 D U. On account of the assumption about f.x/, it
follows that

2U.x/D g.x/C g.x/D f.x/C f.x/,

and consequently, f.x/� g.x/C .f.x/� g.x//D 0. This implies Œf.x/� g.x/�0 D 0, for all x 2 B. Because f.x/� g.x/ is monogenic in B, it
is then clear that the difference f.x/� g.x/ reduces to a hyperholomorphic constant ' so that Œ'�0 D 0. Thus, it follows that

g.x/D f.x/C'.x1, x2/, for all x 2 B,

and this concludes the proof. �

Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 1598–1614
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6. Harmonic conjugates in weighted monogenic Hardy spaces

In this section, we discuss the weighted (monogenic) Hardy space on the unit ball of R3 consisting of functions with values in the
reduced quaternions.

The following lemma can be found, for example, in [52, pp. 251].

Lemma 6.1
Let w.x/ be a nonnegative subharmonic function in B, and

M .w; r/D

Z
S

w.r�/d�.�/, 0� r < 1.

If M .w; r/ is bounded on 0� r < 1, then w.x/ has a harmonic majorant u.x/ 2 h1.B/ on B so that

w.x/� u.x/, x 2 B, and kukh1.B/ � C sup
0<r<1

M .w; r/.

Lemma 6.2
Let 1� p <1, ˛ > �1, ˇ > 0, m be a positive integer and �D .�0,�1,�2/ 2N3

0 . Then for all A -valued harmonic functions f

kfkh.p,ˇ/.B/ �
X
j�j<m

ˇ̌̌
@�f .0/

ˇ̌̌
C

X
j�jDm




@�f





h.p,ˇCm/.B/
, (25)

kfkL
p
˛.B/
�

X
j�j<m

ˇ̌̌
@�f .0/

ˇ̌̌
C

X
j�jDm




@�f





L
p
˛Cpm.B/

, (26)

where @� denotes the partial differential operator of the order j�j D �0C �1C �2 with respect to x0, x1, x2. In particular,

kfkh.p,ˇ/.B/ � jf .0/j C krfkh.p,ˇC1/.B/ , (27)

kfkL
p
˛.B/
� jf .0/j C krfkL

p
˛Cp.B/

. (28)

The involved constants depend on the parameters p, m,˛,ˇ only.

Proof
For the proof of properties (25) and (27), see [32, Lemma 5]. The proof of (26) and (28) can be performed in the same manner. �

We now briefly recall some basic facts about the Poisson kernel and its related facts, which will be used to estimate the size of some
integrals that appear in forthcoming proofs.

Lemma 6.3 (see [53])
Let� be a bounded domain in R3 with C2-boundary @�, and let P�.x, y/ be the Poisson kernel for�. Then

P�.x, y/�
dist.x, @�/

jx � yj3
, x 2�, y 2 @�.

For any fixed 	, r 2 .0, 1/, we also consider the following bounded domain in R3:

E�,r :D

(
x D .x0, x1, x2/ 2R

3 :
x2

0

	2r2
C

x2
1

r2
C

x2
2

r2
< 1

)
,

which denotes the inner domain of the oblate spheroid @E�,r .

Now we estimate the size of the Poisson kernel for E�,r .

Lemma 6.4
Let PE�,r .x, y/ be the Poisson kernel for E�,r . Then

PE�,r .x, y/�
dist.x, @E�,r/

jx � yj3
, x 2 E�,r , y 2 @E�,r ,

in particular,

PE�,r .0, y/�
	 r

jyj3
, y 2 @E�,r .

Before we prove the main theorem, we state two more lemmas.

1
6

0
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Lemma 6.5
For any ˛ > 0, and ˇ > 1, it holds Z 1

0

t˛�1

.1� tr/ˇ
dt �

1

.ˇ � 1/.1� r/ˇ�1
as r! 1�.

Proof
The proof is straightforward. �

Lemma 6.6 (see [54])
Let w D w.x1, x2/ be a nonnegative superharmonic function in the unit disk D :D

˚
x2

1 C x2
2 < 1



, and 
 > �1, 0 < p < 2C 
 . Then for

any point a 2D

kwkL
p
� .D/

� C.p, 
 , a/w.a/.

Now, we are ready to formulate and prove the main result of this section.

Theorem 6.1
Let U be a scalar-valued harmonic function defined in B. Let also W.x1, x2/ be a solution of the equation


.x1,x2/W D
@2U.0, x1, x2/

@x0 @x1
, (29)

such that W.a/ is finite for some point a D .a1, a2/, a2
1 C a2

2 < 1. If U 2 h.p,ˇ/.B/ for some ˇ > 0 and 1 < p <1, then there exist a
monogenic function f so that f 2H .p,ˇ/.B/ and Œf�0 D U in B, and a constant C.p,ˇ, a/ <1 such that

kfkH .p,ˇ/.B/ � C.p,ˇ, a/
�
kUkh.p,ˇ/.B/ C jW.a/j

�
.

Proof
Given a real-valued harmonic function U, we use Theorem 5.1 to construct f D UC ŒV�1iC ŒV�2j where the coordinates ŒV�1 and ŒV�2
are defined by (16) and (17). For any point x D r� 2 B, by Theorem 5.1 it follows

jŒV�1.x/j � jx0j

Z 1

0

ˇ̌̌̌
@U.	x0, x1, x2/

@x1

ˇ̌̌̌
d	C jW.x1, x2/j

D:eV1.x/C jW.x1, x2/j.

(30)

We use Minkowski’s inequality to estimate

Mp.eV1; r/�

Z 1

0

�Z
jxjDr
jx0j

p
ˇ̌̌̌
@U.	x0, x1, x2/

@x1

ˇ̌̌̌p
d�

�1=p

d	.

Denote by h.y/ the smallest harmonic majorant of the subharmonic function
ˇ̌̌
@U.y/
@x1

ˇ̌̌p
in the ball Bpr D fx 2R

3 : jxj<
p

rg, thenˇ̌̌̌
@U.y/

@x1

ˇ̌̌̌p
� h.y/, y 2 Bpr .

A direct computation shows that

Mp.eV1; r/�

Z 1

0

�Z
jxjDr
jx0j

p h.	x0, x1, x2/d�

�1=p

d	

� r

Z 1

0

�Z
jxjDr

h.	x0, x1, x2/d�

�1=p

d	

D r

Z 1

0

 Z
@E�,r

h.y/d�.y/

!1=p

d	.

We now write the Poisson integral representation of h in the spheroid E�,r � Bpr and estimate it at the origin by using Lemma 6.4:

h.x/D

Z
@E�,r

PE�,r .x, y/ h.y/d�.y/.

Then, we obtain

h.0/D

Z
@E�,r

PE�,r .0, y/ h.y/d�.y/ � C

Z
@E�,r

	 r

jyj3
h.y/d�.y/ � C

	

r2

Z
@E�,r

h.y/d�.y/.
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With these calculations at hand, we get

Mp.eV1; r/ � r

Z 1

0

 Z
@E�,r

h.y/d�.y/

!1=p

d	 � C r

Z 1

0

�
r2

	
h.0/

�1=p

d	 D Cp r1C2=p.h.0//1=p.

By the mean-value equality for harmonic functions and by using Lemma 6.1, we obtain

Mp.eV1; r/� Cp r1C2=p
Z 1

0

 
1

jSp�rj

Z
Sp�r

h d�

!1=p

d	

D Cp r1C2=p
Z 1

0

�
1

	r
M1.h;

p
	r/

�1=p

d	

D Cp r1C1=p
Z 1

0

1

	1=p
M

1=p
1 .h;

p
	r/d	

� Cp r1C1=p
Z 1

0

1

	1=p
Mp

�
@U

@x1
;
p
	r

�
d	.

(31)

The next estimation is due to Lemma 6.5

Mp.eV1; r/� Cp r1C1=p
Z 1

0

.1�
p
	r/ˇC1Mp

�
@U
@x1

;
p
	r
	

	1=p .1�
p
	r/ˇC1

d	

� C.p,ˇ/ r1C1=p




 @U

@x1






h.p,ˇC1/.B/

Z 1

0

1

	1=p .1� 	r/ˇC1
d	

� C.p,ˇ/





 @U

@x1






h.p,ˇC1/.B/

1

.1� r/ˇ
.

Therefore, by Lemma 6.2

.1� r/ˇMp.eV1; r/ � C





 @U

@x1






h.p,ˇC1/.B/

� C krUkh.p,ˇC1/.B/ � CkUkh.p,ˇ/.B/, 0< r < 1.

The last term in (30) can be estimated by means of Lemma 6.6 as follows. It is well known (see, e.g. [55]) that the solution W.x1, x2/ of

the Poisson equation (29) in D with vanishing boundary values on the unit circle @D is the Green potential of @
2U.0,x1,x2/
@x0 @x1

. By splitting the

function @2U.0,x1,x2/
@x0 @x1

into its positive and negative parts, we come to W D WC �W�, where WC DmaxfW , 0g and W� Dmaxf�W , 0g

are nonnegative superharmonic functions in D. By Lemma 6.6, it follows

kWCkL
p
p.D/
� C.p, a/WC.a/, kW�kL

p
p.D/
� C.p, a/W�.a/,

and hence

kWkL
p
p.D/
� kWCkL

p
p.D/
CkW�kL

p
p.D/
� C.p, a/ jW.a/j.

Because the integral means Mp.W˙; r/ of the superharmonic functions WC and W� are decreasing with respect to r, whence

sup
1=2<r<1

.1� r/ˇMp.W
˙; r/� CkW˙kL

p
p.D/
� C.p,ˇ, a/W˙.a/

for any ˇ > 0. Thus,

sup
1=2<r<1

.1� r/ˇMp.W ; r/� C.p,ˇ, a/ jW.a/j, (32)

and this conclusion is true not only for W.x1, x2/ but also for an extension W.x0, x1, x2/ in the unit ball B. Therefore, (30), (32) and (32)
together yield

kŒV�1kh.p,ˇ/.B/ � C.p,ˇ/ sup
1=2<r<1

.1� r/ˇMp.ŒV�1; r/ � C.p,ˇ, a/
�
kUkh.p,ˇ/.B/ C jW.a/j

�
. (33)

The second coordinate ŒV�2 can now be estimated by using (24) as follows

jŒV�2.x/j �

Z 1

0

�
jx0j

ˇ̌̌̌
@U.tx/

@x2

ˇ̌̌̌
C jx2j

ˇ̌̌̌
@U.tx/

@x0

ˇ̌̌̌
C jx1j

ˇ̌̌̌
@ŒV.tx/�1
@x2

ˇ̌̌̌
C jx2j

ˇ̌̌̌
@ŒV.tx/�1
@x1

ˇ̌̌̌�
dt

�
p

2

Z 1

0
.jrU.tx/j C jrŒV.tx/�1j/ dt.1

6
1

0
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We use Minkowski’s inequality to estimate

Mp.ŒV�2; r/� C

Z 1

0
Mp.rU; tr/dtC C

Z 1

0
Mp.rŒV�1; tr/dt. (34)

Hence,

Mp.ŒV�2; r/� C sup
0<t<1

.1� tr/ˇC1Mp.rU; tr/

Z 1

0

dt

.1� tr/ˇC1
C C sup

0<t<1
.1� tr/ˇC1Mp.rŒV�1; tr/

Z 1

0

dt

.1� tr/ˇC1

� C.1� r/�ˇ .krUkh.p,ˇC1/.B/ CkrŒV�1kh.p,ˇC1/.B//.

Therefore, by Lemma 6.2 and (33)

kŒV�2kh.p,ˇ/.B/ � C krUkh.p,ˇC1/.B/ C C krŒV�1kh.p,ˇC1/.B/

� CkUkh.p,ˇ/.B/ C CkŒV�1kh.p,ˇ/.B/

� C.p,ˇ, a/.kUkh.p,ˇ/.B/ C jW.a/j/.

This completes the proof of the theorem. �

7. Harmonic conjugates in weighted monogenic Bergman spaces

In the present section, we shall see that a similar result to Theorem 6.1 can also be obtained for weighted Bergman spaces H
p
˛ .B/ for

any range ˛ > �1. The proof of this result is based on Theorem 5.1 along with some well-known inequalities.
To begin with, we state the following version of the Hardy inequality [56, pp. 490].

Lemma 7.1
If 1� p <1, 
 < �1< ˛, and h.r/� 0, thenZ 1

0
.1� r/˛ r�

�Z r

0
h.t/dt

�p

dr � C

Z 1

0
.1� r/˛Cp r�Cp hp.r/dr,

where the constant C depends only on the parameters p,˛, 
 .

In the next lemma, we present a useful estimate on weights.

Lemma 7.2
Let 1� p <1, and 
 < �1< ˛. Then for all u 2 h.B/, there exists a constant C.p,˛, 
/ <1 such that

�Z 1

0
.1� r/˛M

p
p .u; r/ r� dr

�1=p

� C.p,˛, 
/kukL
p
˛.B/

.

Proof
The result immediately follows from the subharmonicity of jujp and monotonicity of the integral means Mp.u; r/ with regard to r.
Moreover, the inequality is also valid for 0< p < 1, but we do not consider this case in the present paper, cf. [32, Lemma 4]. �

Our main tool in this section is the following theorem.

Theorem 7.1
Let U be a scalar-valued harmonic function in B. Let also W.x1, x2/ be a solution of the equation
.x1,x2/W D

@2U.0,x1,x2/
@x0 @x1

, such that W.a/

is finite for some point aD .a1, a2/, a2
1C a2

2 < 1. If U 2 hp
˛.B/ for some ˛ > �1 and 1< p <1, then there exist a monogenic function f

so that f 2H
p
˛ .B/ and Œf�0 D U in B, and a constant C.p,˛, a/ <1 such that

kfkL
p
˛.B/
� C.p,˛, a/

�
kUkL

p
˛.B/
C jW.a/j

	
.

Proof
As in Theorem 6.1, given a scalar-valued harmonic function U, by Theorem 5.1, we construct fD UC ŒV�1iC ŒV�2j where its coordinates
ŒV�1 and ŒV�2 are defined by (16) and (17). We use (30) and (31), while jŒV�1.x/j �eV1.x/C jW.x1, x2/j,

Mp.eV1; r/� Cp r1C1=p
Z 1

0

1

	1=p
Mp

�
@U

@x1
;
p
	r

�
d	

D Cp r2=p
Z r

0

1

t1=p
Mp

�
@U

@x1
;
p

t

�
dt.
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Raise both sides of the previous expression to the power p and integrate. We now use Lemma 7.2 to obtain

keV1k
p

L
p
˛.B/
� C

Z 1

0
.1� r/˛M

p
p .eV1; r/dr

� C

Z 1

0
.1� r/˛r2

�Z r

0
t�1=pMp

�
@U

@x1
;
p

t

�
dt

�p

dr

� C

Z 1

0
.1� r/˛r�1�ı

�Z r

0
t�1=pMp

�
@U

@x1
;
p

t

�
dt

�p

dr.

Here ı > 0 can be chosen arbitrarily, and we choose ı D p�1
2 in order to apply the Hardy inequality of Lemma 7.1. Hence, using also

Lemma 7.2, it follows that

keV1k
p

L
p
˛.B/
� C

Z 1

0
.1� r/˛Cp rp�1�ı

�
r�1=pMp

�
@U

@x1
;
p

r

��p

dr

D C

Z 1

0
.1� r/˛Cp r.p�1/=2�1M

p
p

�
@U

@x1
;
p

r

�
dr

� C.p,˛/





 @U

@x1





p

L
p
˛Cp.B/

.

Therefore, by Lemma 6.2, we obtain

keV1kL
p
˛.B/

� C.p,˛/ krUkL
p
˛Cp.B/

� C.p,˛/kUkL
p
˛.B/

. (35)

The term W.x1, x2/ in (30) can be estimated as in Theorem 6.1. By Lemma 6.6, for nonnegative superharmonic functions W˙

kW˙kL
p
p.D/

� C.p,˛, a/W˙.a/.

Because the integral means Mp.W˙; r/ of the superharmonic functions WC and W� are decreasing with respect to r,

kW˙kL
p
p.D/

�

�
2

Z r

0
.1� t/pM

p
p .W

˙; t/t dt

�1=p

� Cp Mp.W
˙; r/

for all 1
2 < r < 1. It follows that for any ˛ > �1

�Z 1

1=2
.1� r/˛M

p
p .W

˙; r/r dr

�1=p

� C.p,˛/ kW˙kL
p
p.D/

� C.p,˛, a/W˙.a/. (36)

Moreover, inequality (36) remains valid for an extension W.x0, x1, x2/ of W.x1, x2/ to the ball B. Recalling that jŒV�1.x/j � eV1.x/ C
jW.x1, x2/j, we then obtain from (35) and (36)

kŒV�1kL
p
˛.B/
� C.p,˛/

�Z 1

1=2
.1� r/˛M

p
p .ŒV�1; r/dr

�1=p

� C.p,˛, a/
�
kUkL

p
˛.B/
C jW.a/j

	
.

(37)

Now, we proceed the estimations for the second coordinate ŒV�2. By (34), and using (37) and Lemma 6.2, we finally get

Mp.ŒV�2; r/� C

Z 1

0
Mp.rU; tr/dtC C

Z 1

0
Mp.rŒV�1; tr/dt,

and

kŒV�2kL
p
˛.B/
� C krUkL

p
˛Cp.B/

C C krŒV�1kL
p
˛Cp.B/

� CkUkL
p
˛.B/
C CkŒV�1kL

p
˛.B/

� C.p,˛, a/
�
kUkL

p
˛.B/
C jW.a/j

	
.

This completes the proof of our statement. �
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