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In continuation of recent studies, we discuss two constructive approaches for the generation of harmonic conjugates to
find null solutions to the Riesz system in R3. This class of solutions coincides with the subclass of monogenic functions
with values in the reduced quaternions. Our first algorithm for harmonic conjugates is based on special systems of
homogeneous harmonic and monogenic polynomials, whereas the second one is presented by means of an integral
representation. Some examples of function spaces illustrating the techniques involved are given. More specifically, we
discuss the (monogenic) Hardy and weighted Bergman spaces on the unit ball in R> consisting of functions with values
in the reduced quaternions. We end up proving the boundedness of the underlying harmonic conjugation operators in
certain weighted spaces. Copyright © 2013 John Wiley & Sons, Ltd.
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1. Introduction

Quaternion analysis is a higher dimensional generalization of complex analysis theory to four dimensions. It involves the analysis of
quaternion functions that are defined in open subsets of R" (n = 3,4) and that are solutions of generalized Cauchy-Riemann or
Riesz systems. They are often called monogenic functions. Meanwhile quaternion analysis has become a well-established branch in
mathematics and greatly successful in many different directions (including connections with boundary value problems and partial dif-
ferential equations theory). A thorough treatment of this higher dimensional function theory is listed in the bibliography, for example,
Gurlebeck and SproBig [1, 2], Kravchenko and Shapiro [3], Kravchenko [4], Shapiro and Vasilevski [5, 6] or Sudbery [7].

Today, a central role in quaternion analysis theory plays the approximation of a monogenic function by monogenic polynomials.
Earlier work, going back to Fueter [8-11], was done by means of the notion of hypercomplex variables. Half a century after Brackx,
Delanghe, and Sommen [12] and Malonek [13] worked out those variables and succeed to develop a monogenic function by a local
approximation (Taylor series) in terms of the so-called Fueter polynomials. Since then, this became a studied object of its own. Leutwiler
[14], based on these polynomials, constructed a complete set of polynomial null solutions to the Riesz system in R3. In the following
years, Delanghe generalized directly Leutwiler’s results to arbitrary dimensions in the framework of a Clifford algebra [15]. The major
difficulty of the approach followed from both authors lies exactly in the fact that the Fueter polynomials are, in general, not orthogonal
with respect to the scalar inner product [16, 17]. A key step in the evolution of this problem is the introduction of a more suitable basis.
For a look at the literature of the topic from the perspective of the last years, the interested reader is referred to [14-28] and elsewhere.

In the meantime, Sudbery [7], Xu [29], Brackx, Delanghe, and Sommen [30], Brackx and Delanghe [31], Avetisyan, Gurlebeck and
SpréBig [32], and Morais et al. [16, 33, 34] made significant contributions to the study of the interplay between the notions of harmonic
conjugate and monogenic functions. For more on this subject, we refer the reader to [35-40]. The main point in the approach presented
in [30,31] as well as Sudbery’s formula [7] is the construction of harmonic conjugates in R* ‘function by function’ Namely, no effort has
been devoted to the question to which function spaces these conjugate harmonics and the whole monogenic function belong. In [32],
this question was studied for conjugate harmonics via Sudbery’s formula in the scale of Bergman spaces. These results are, however,
not applicable to functions with values in the reduced quaternions. A recent article [33] (cf. [34]) treats the problem of conjugate
harmonicity also, proposing an algorithm for the generation of polynomial solutions to the Riesz system in R3; it uses a solid spherical
monogenics expansion, that is, homogeneous monogenic polynomials which offer a refinement of the notion of solid spherical
harmonics. The underlying spherical functions (cf. Sansone [41]) are beautiful and interesting in their own right, and they form a
natural bridge between properties of the Legendre and Chebyshev polynomials. Working with such expansion, it becomes possible
to overcome problems that lead in [30] and [31] to the necessity to solve a Poisson equation (resulting then in an existence theorem)
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so that we can express explicitly the general form of a pair of conjugate harmonic functions. Without going into details, we point out
that this method leads to the definition of certain bounded operators between spaces of harmonic and monogenic functions.

The present paper is organized as follows. After presenting some definitions and basic properties of quaternion analysis in Section 2,
Section 3 reviews the algorithm proposed in [33], and it examines the possibility of setting up concrete a-priori criterions for the given
harmonic function that ensure the existence of a ‘unique’ monogenic function. Besides this, we propose here yet another algorithm to
the explicit construction of a pair of conjugate harmonic functions in R through its first coordinate, and we believe it is the simplest
and shortest published so far (Section 4). Ultimately, we discuss the (monogenic) Hardy and weighted Bergman spaces on the unit
ball in R3 consisting of functions with values in the reduced quaternions. In addition, we prove the boundedness of the underlying
harmonic conjugation operators in the given weighted spaces.

2. Notation and definitions

This section fairly comprises some definitions and basic properties of quaternion analysis. In the presentation here,
H:={z=2z0+z1i+ 2+ z3k, z7€R, i=0,1,2,3}
is the real quaternion algebra, where the imaginary units i, j and k are subject to the multiplication rules:
P=i?=k=-1, ij=k=-ji, jk=i=—kj, ki=j=—ik

Evidently the real vector space R* may be embedded in H by identifying the element z := (z9,21,22,23) € R* with z := 7y +
21i + 22j + z3k € H. Consider the subset ./ := spang{1,i,ji C H, then the real vector space R3 may be embedded in .7 via the
identification of x := (g, x1,x2) € R3 with the reduced quaternion X := xo + X1i + X2j € 7. In the viewpoint, throughout the text, we
will often use the symbol x to represent a point in R3 and x to represent the corresponding reduced quaternion. It should be noted,
however, that <7 is a real vectorial subspace but not a subalgebra of H. Like in the complex case, Sc(x) = xo and Vec(x) = x1i + x2j
define the scalar and vector parts of x. The conjugate of x is the reduced quaternion X = xo — x7i — x2j; the norm |x| of x is defined

by x| = vxx = v/Xx = /X3 + x? + x3, and it coincides with its corresponding Euclidean norm as a vector in R3. In the sequel, let B
denote the 3D unit ball centered at the origin, and S its boundary. We say that

f:BCR>— o7, f(x) =[f0)]o + [F()]1i + [F(x)]2]

is a reduced quaternion-valued function or, in other words, an «7-valued function, where [f]; (I = 0, 1,2) are real-valued functions
defined in B. Properties (like integrability, continuity or differentiability) of f are defined componentwise. For a real-differentiable
«7-valued function f that has continuous first partial derivatives, the (reduced) quaternionic operators

of of of — of of | of

Df= — +i— +j—, d Df=——i——j—
aXO +I3X1 +13X2 an 8X0 I8X1 j8X2

are called, respectively, generalized and conjugate generalized Cauchy-Riemann operators on R3.

Remark 2.1
For a continuously real-differentiable scalar-valued function, the application of the operator D coincides with the usual gradient, V.

To make our definitions and get started, one simple notion is needed. Namely, a continuously real-differentiable .7 -valued function
fis said to be monogenic if Df = 0, which is equivalent to the system

Mo _ iy _ 9lfl _
(R) 8X0 8X1 8X2
[f]o+ i _, [f]o+ ofla _,  Olflh _ 9lfl2 _
0x1 0Xo "0 0Xo "0 0X1
or, in a more compact form:
divf = 0
curlf = o.

A big step towards is the realization that any monogenic .</-valued function is two-sided monogenic. This means it satisfies
simultaneously the equations Df = fD = 0.

We may point out that the 3-tuple f is said to be a system of conjugate harmonic functions in the sense of Stein-Weil3 [42, 43],
and system (R) is called the Riesz system [44]; it is a historical precursor that generalizes the classical Cauchy-Riemann system in the
plane. Following [14], the solutions of the system (R) are customary called (R)-solutions. The subspace of polynomial (R)-solutions
of degree n will be denoted by %1 (B;.<7;n). In [14], it is shown that the space % (B;<7;n) has dimension 2n + 3. We further
introduce the real-linear Hilbert space of square integrable .«7-valued functions defined in B, which we denote by L2(B;.«/;R). Also,
RT (B; /) := L%(B; «/;R) N ker D will denote the space of square integrable .=7-valued monogenic functions defined in B.
|
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In our next section, we review a suitable set of special monogenic polynomials, which forms a complete orthogonal system in
% (B; <7 in the sense of the scalar inner product

<£,9>12.4R) ::/B Sc(fg)dv, Q)

where dV denotes the volume measure of B normalized so that V(B) = 1. To simplify matters further, we shall remark that using the
embedding of R in <7, the inner product of two scalar-valued functions f, g : B— R can also be written by using the inner product (1),
and it will be denoted simply by < f,g >2(g).

Forf(x) =f(r¢)inB(0 <r <1, ¢ €8),its integral means are defined by

1/p
Mp(f;r) = (/5 |f(r§)|”dcr(;“)) , 0<r<1, O0<p<oo, (2)

where do is the surface area measure on S normalized so that o (5) = 1. We will also denote by h(B; X) the set of harmonic functions
on B with values in X (X = R or ). As usual, the Hardy spaces of monogenic or harmonic functions are defined as follows

hP(B) = {u € h(B;R) or u € h(B;«7) : |ullpe ) < o0}
P (B) = hP(B) N ker D.
The norm in the Hardy space of f in B is defined by

Ifllno) = sup_p(Er), 1<p<oc.
0<r<i

Unless otherwise stated, throughout this paper, the letters C(«, B, . . . ), Cp, and the like stand for positive different constants depending
only on the parameters indicated not necessarily the same in each instance. For any A, B > 0, the notation A ~ B denotes the two-sided
estimate c1A < B < A with some positive constants ¢y and ¢; independent of the variable involved. For any p so that 1 < p < oo, we
define the conjugate indexp’ asp’ =p/(p—1).

In order to state our results, we shall need some further notation. Let 1 < p < oo, and @ > —1. We set the weighted Bergman space
of fon B by

Lh,(B) = {f measurable inB: ||f||‘L’p ® = /(1 — XD IFC)PAV(x) < ooy .
o B

Let the subspaces of L5, (B) consisting of harmonic or monogenic functions be
hb,(B) = Lb,(B) N h(B), and HP (B) =15,(B) nkerD.

In polar coordinates, we have dV(x) = 3r2drdo (¢). Therefore

1 1/p
11,2, g = (3/0 (1—r)“///,§’(f;r)r2dr) .

The norm of a monogenic function in the weighted Hardy space is defined by
Iflnpy@ = sup (1 —nPap(fr), 1<p<oo, B>o0.
0<r<1

We define

h(p, B)(B) = {u € h(B;R) or u € h(B;.7) : |ullpe,p)@) < o0}
7 (p, B)(B) = h(p, B)(B) NkerD.

It should be observed that for 8 = 0, we obviously come to the usual Hardy spaces hP and J#P.
Ultimately, we recall two definitions which will be needed through the text.

Definition 2.1 (see [7,45,46])
Let f be a continuously real-differentiable <7-valued function, (%D fis called hypercomplex derivative of f.

Definition 2.2

An <7 -valued monogenic function with an identically vanishing hypercomplex derivative is called a hyperholomorphic constant.
_______________________________________________________________________________________________|
Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 1598-1614



J. MORAIS, K. AVETISYAN AND K. GURLEBECK
I ——

3. Special systems of homogeneous harmonic and monogenic polynomials

The material of this section is mainly inspired by the work of Cacao [17,21,22] and Morais et al. [26]. The treatment is only introductory
because we have not attempted to cover all the ongoing research. For more detailed information, we refer to Refs. [33,47], and [16].

The following constructions are based on the introduction of a standard system of spherical harmonics as considered, for example,
in [41]. We use spherical coordinates, xo = rcos @, x; =rsin cos¢, x, =rsin 6 singp, where0 <r < 00,0 <6 <m,and0 < ¢ <2x.In
order to explain our standing position, we shall start by recalling a suitable set of homogeneous harmonic polynomials,

{r”HULH,r”HV,TH, I=0,1,...,n+1, m= 1,...,n+1} 3)
neNp

(No ={0,1,2,...}) formed by the extensions in the ball of the spherical harmonics
Ul y1(8,9) =P, 1(cosf)cos(lp) (I=0,...,n+1), M 1(0,9) =PI (cosO)sin(mg) (m=1,...,n+1). 4)

Here, P41 stands for the Legendre polynomial of degree n + 1 and the functions PLH, where | = 0,...,n + 1, are the associated
Legendre functions. In [17] and [20], a special R-linear complete orthonormal system of .«7-valued monogenic polynomials in the unit
ball of R3 is explicitly constructed by applying the operator %5 to the system (3). Restricting the resulting solid spherical monogenics
to the surface of B, we do obtain a system of spherical monogenics, denoted by

{xﬁ,,vnm:/:o,...,n+1,m=1,...,n+1} (5)

neNp ’

Although X? is built in terms of the Legendre polynomials whereas X7 are built in terms of the associated Legendre functions, we will
still include the treatment of the first into the general case whenever this treatment remains the same.

In a recent paper [26], Morais et al. have shown that system (5) may be seen as a refinement of the conventional spherical harmonics,
and correspondingly, it constitutes an extension of the role of the well-known Chebyshev and Legendre polynomials (resp. associ-
ated Legendre functions). More importantly, it can be explicitly constructed by using recurrence relations and preserves some basic
properties in common with holomorphic z-powers. Despite the quite long bibliography that is related to these polynomials, for the
fundamental references for the preceding arguments and explicit expressions of these special polynomials see Refs. [16,34], and [26].
We recall from [17,19] and [26] the following properties:

1. The functions ngT :=r"X!, and anm‘ = r"Y]" are homogeneous monogenic polynomials;

2. Foreachn =0,1,..., the polynomials Xi’,T (I=0,...,n+1),and Y;,"’T (m=1,...,n+ 1) form a complete orthogonal system in
AT (B; o), and their norms are explicitly given by

I _ Z(n—H) (n+1+N! mt _ Z(n—H) (n+14+m)!
Xl i) = \/(1 T Gy - Y leeem =S G s T o my

where §; ¢ denotes the Kronecker symbol;

3. Foreachn = 0,1,..., the scalar parts of the polynomials Xf;lr and Y,,m’Jr form a complete orthogonal system in L2(B), and their
norms are explicitly given by

)0y = THIED 1 () Pl = L [T 1 Em,
Ise)liee =~ == O T Gy oy B Dlee == ==\ 3 G =my

4. Forn > 1, we have
1- 1~
(ED)xf;T=(n+/+1)xf;T_1 (I=0,...,n), (ED)Y,,’"'T=(n+m+1)vn’”f1 (m=1,...,n),

that is, the hypercomplex differentiation of a basis function delivers a multiple of another basis function one degree lower;

5. The polynomials XZ'H’T and Yﬁ“’T are hyperholomorphic constants.

From now on, we shall denote by Xf;T’* and Y,,m’T’* the new normalized basis functions Xf;T, Y,,m’T in L2(B; «;R).

Based on Statement 2, we can easily write down the Fourier expansion of a square integrable .<7-valued monogenic function.

Furthermore, according to the fact that the polynomials XZ'H'T and YZ'H’T are hyperholomorphic constants, in [48], we have

proved that each f € %1 (B;.<7) can be decomposed in an orthogonal sum of a monogenic ‘main part’ of the function (g) and a
hyperholomorphic constant (h). Putting these facts together, next we formulate a modified version of the aforementioned result, which
happens to be the more suitable upon further studying the harmonic conjugacy problem. To really understand the aforementioned
claims, we strongly recommend the reader to consult [48].

We formulate the result.
|
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Lemma 3.1 (Orthogonal Fourier expansion)
Let f € Z71 (B; <7). The function f can be represented in the following way

f(x) :=g(x) + h(x)

o0 n o0
_ Z (X%T’*(x) a + Z [X,,m'T’*(x) am +Y;,"'T'*(x) bﬁn]) 4 Z [XZH'T'*(L() ant? +YZ+1/T’*(5) bﬂ“},
n=0 n=0

m=1

where for each n € Ny, aﬂ, (I'=0,...,n+1)and b (m=1,...,n+ 1) are the associated (real-valued) Fourier coefficients.
Alternatively, using Parseval’s identity, f may be characterized by its coefficients in the following way:

Theorem 3.1 (Parseval identity)
The function f is a square integrable .<7-valued monogenic function iff

> ((az)z () (o) Z [+ (bz’)z]) <co ©

n=0
4. Generation of </-valued monogenic functions by conjugate harmonics

We begin by recalling the notion of harmonic conjugates in the context of quaternion analysis.

Definition 4.1 (Conjugate harmonic functions)
Let U be a harmonic function defined in an open subset  of R3. A vector-valued harmonic function V in  is called conjugate harmonic
to Uif f:= U + V is monogenic in 2. The pair (U; V) is called a pair of conjugate harmonic functions in €.

We recall from [33], an algorithm for the calculation of any f € %1 (B; <) via conjugate harmonics. More details can be found in
Ref. [34]. To begin with, we shall rephrase the idea behind this construction. In the sequel, assume U be a square integrable harmonic
function defined in B. We start by considering the Fourier expansion of U with respect to the complete orthonormal system formed by
the scalar parts of the aforementioned monogenic polynomials (see Statement 3 before Lemma 3.1). The next step is to replace the
scalar parts of each polynomial by the full polynomial in order to get a Fourier series expansion with respect to the system

{ngT,Ynm’T:l:O,...,n—|—1,m:1,...,n+1} .
neNg

Doing so, we have to take into account that the full polynomials are not normalized, and we have to correct the coefficients of the series
expansion. This results in an additional condition on the original Fourier coefficients of U. We shall encounter similar ideas in the works
of Moisil in [49], and Stein and Weil3 in [42]. However, our study was based on a special system of spherical monogenics (5), whereas
Ref. [42] is based on the gradient of harmonic functions in the upper half-space which are radial in two variables. Therefore, the link is
not immediate, and we shall not elaborate on it here.

Let us consider the matter in more detail [33].

Theorem 4.1 (Construction of a harmonic conjugate)
Let U(x) be harmonic and square integrable in B given by

R I I T N L

TS s () low = se (0 e 15 () I

where for each n € Ny, aﬂ, (I =0,...,n)and b7 (m = 1,...,n) are the associated Fourier coefficients. If, additionally, the Fourier
coefficients satisfy the condition

00 2n +1 n+1@n+1) .
Z(n—H ( ) Z (n+1)2—m2 [(an) +(bn)2])<00, (7)
then the series

Vec (XO’T) . < Vec (Xm T) - Vec ( Y T)

7= | lise (X )||Lz(3)a”+m:1 Isc (x7 )||Lz(8>a”+||5c( Nl

is convergent and defines a square integrable vector-valued harmonic function V conjugate to U such that f(x) := U(x) + V(x) is an
«7-valued monogenic function.

oy
53

(8)
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As in the complex case, such a construction is obtained step by step, where each elementary step exhibits the classical existence and
uniqueness (up to a non-trivial hyperholomorphic constant) of a vector-valued function V conjugate to the scalar-valued U. To see this,
observe that by adding any hyperholomorphic constant ¢ to V the resulting function V := V + ¢ is harmonic conjugate to U also. On
the other hand, each monogenic .<7-valued function with vanishing scalar part must be a hyperholomorphic constant.

Of course, if the previous series are finite sums then the functions U and V are polynomials. Then, it is clear that the partial expansion
(8) makes always sense. In this special case, our approach covers the results obtained in [30] and [31].

By the direct construction of formula (8), we only get 2n 4+ 1 homogeneous monogenic polynomials of degree n (i.e., the monogenic
‘main part’ of f). However, because dim %2+ (B; «/;n) = 2n + 3, adding two hyperholomorphic constants the necessary number of
independent polynomials is achieved. In the remainder of this section, we study how the quality of U influences the quality of V, and
then how U and V together define a suitable space for f. Such a result will allow the definition of a continuous operator between spaces
of harmonic and monogenic functions given by the construction of harmonic conjugates.

In the sequel, we introduce the Sobolev-type space M; (B; «7;R) of all functions from %+ (B; «7), whose hypercomplex derivatives
also belong to % (B; 7). For some information of this space, see [1]. We formulate the first result.

Theorem 4.2
Let U be harmonic and square integrable in B. If the absolute values of its Fourier coefficients aﬂ, (I=0...,n+1and b (m =
1,...,n+ 1) satisfy the condition (7) and, additionally, are less than (o > 1) for some positive constant ¢, then there exists a

monogenic function f such that f € M} (B; «7;R)and [flo = UinB.

_c
(n+1)1ta

Proof

Let U € L%(B) be a harmonic function given as in Theorem 4.1. As described, we replace the scalar part of each polynomial by the full
polynomial, and by introducing suitable correction factors, we can rewrite the obtained series as a series expansion with respect to the
normalized full polynomials. We get

o0 n
_ otx [2041 o (A DRAFT) (ymixgm | ymitxym
f—;[xn P (Jn-i-n;I (n+1)2_m2 (Xn a, +Yn bn) .

By assumption on the coefficients, f belongs to % (B; <7). We note that the hypercomplex derivative of f is again monogenic; hence, it
remains to prove that (%5) f € L2(B; <7;R). Because the previous series is convergent in L2, it converges uniformly to f in each compact
subset of B. Also the series of all partial derivatives converge uniformly to the corresponding partial derivatives of f in compact
subsets of B. Because the operator D is continuous, we may apply the hypercomplex derivative %5 term by term to the series, and
using Property 4 of the basis polynomials, it finally follows

,I B o n
(ED) f=3 /n@n+3) [xgﬂ* ag+ > (xph a4 vyt bﬁ)} : )
n=1 m=1

On the right-hand side of the previous expression, we recognize the Fourier expansion of the function (%D f with respect to the

orthonormal system {Xf_f Ynmj{* :1=0,...,n,m=1,.. .,n} Ny Having in mind the conditions of the L?-convergence of (9), our
nelNg
task now is to find out if the series
- 0)2 . m\2 m\2
> “n(2n+3) (an) +y [(an) + (b)) ] (10)
n=1 m=1
is convergent. By assumption, there exists a constant ¢ such that the Fourier coefficients aﬂ, (I=0,...,n)and b7 (m=1,...,n) satisfy
\a’||bm|<; a>1, 1=0 nm=1 n
nir n (n+1)1+al I - LA I - A .

Substituting in the expression (10), after few straightforward computations, we may show that

) e 6c2
9 iy < O Gy
n=1

The series on the right-hand side is convergent, because by assumption « > 1. Consequently, the series (10) is convergent. This means
that (3D) f € L2(B; «7; R), which proves our statement. O

Lemma 4.1
Leta > —1. Suppose that fis an arbitrary <7-valued monogenic function on B, and let it have the expansion f(x) = Y _pe, Pn(x) where

0t n m,t m,T
X X Y
Po) = — a0+ A
0, : ’
1) ey m=r \ISe (X0 ) 2y lSe(YaT) Iz
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Then

00 1 1/2
~ - 2
Iz, ~ (Z T HPnlleMR)) : an
n=0

Proof
In view of the homogeneity and orthogonality of the polynomials P,, for each n = 0,1, ..., and by splitting |f(x)|2 into f(x) f(x), and
integrating term by term, it follows easily that

(Ma(Er))? = /S fCORdo©) =Y P IPallsymy  OSr<T. (12)
n=0

It immediately leads to a Hardy norm in h?(B) or .72 (B)

00 1/2
Ifli2) = Ifllzcs) = (Z ||Pn||fz(5;d;R)) . (13)

n=0

In order to get an equivalent norm in the Bergman spaces hé (B) or Jf&z (B), we integrate (12) on the interval (0,R) forevery0 <R < 1,
R o} R
3/ (1 =% (Ao (F;r)* r*dr =3 Z ||p,,||fz(5%'R) / (=2 224,
0 n=0 T 0

By the Stirling’s formula, it follows that

I'(2n+3) T(a+1) 1
I(a+2n+4) 20F1 (n41)et!

1
/ (M=% 2dr=T(@+1)

0
as n — oo. By letting R approach 17, we obtain (11). O

Remark 4.1
For Clifford algebra-valued functions expanded into spherical harmonics, the Hardy norm (13) as well as the unweighted Bergman
L(Z)(B)-norm are obtained in [50]. For scalar-valued harmonic functions in the unit ball in R", the equivalence of (11) is obtained in [51].

Remark 4.2

Let U € h(B;R) be a square integrable harmonic function and let also U € h?(B). It is natural to ask whether the .«7-valued monogenic
function f(x) := U(x) + V(x) constructed in Theorem 4.1 belongs to .72 (B). As we may now prove, for some positive constant C, the
expected inequality

Ifll s28) = CllUIIn2(p) (14)
fails. In fact, for the particular case

00 Xt
Ux) = Z —Sc ( ) an

n= o||SC( )||L2(B) "

sothatal! = (n + 1)73/2, it follows

o0
2
UG gy = Y (20 +3) (ap)* < oo,
n=0

but

nT 2

(e}
1[flolp2 5 = Z—aﬂ =

(n+1)(2n +3) (a7)* = oo,
|5C( ) 28 e "

gk

0

which contradicts (14).

We now proceed to prove the boundedness of the underlying harmonic conjugation operators in some given weighted spaces.
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Theorem 4.3
Let U € h(B;R) be a square integrable harmonic function. The operator U — f is bounded from the harmonic Hardy space h?(B) into
the (unweighted) Bergman space ijZ(B). Moreover, it holds

I1fl28) < 1Ullr2(e)-
Proof

For technical reasons, we set f(x) = 352  P,(x), where P, is given as in the previous lemma. A first straightforward computation and
Lemma 4.1 show that

(2n+1)(2n+3) 2n+1)(2n +3) m m
1173 5) = Z T G 0+ Zm[<an)z+(bn)z]

nf: (2n+3) [(ag)z + mX::] (am)? + (bg”)z}
=

Theorem 4.4
Let U € h(B;R) be a square integrable harmonic function. The operator U — f is bounded from the weighted Bergman space
h%(B) (a > —1) into 77, ; (B). Moreover, it holds

”f”Lé_H(B) =< ”U“L?X(B)'

The previous relation is sharp in the sense that the exponent a + 1 on the left-hand side cannot be replaced by any smaller one, and

the operator U —> fis unbounded from h2 (B) to % a+1 _p(B)forany e > 0.

Proof
Let P, be given as in the previous theorem. For the proof of the inequality, a straightforward computation and Lemma 4.1 show that

> (2n+1)(2n+3) @n+1@2n+3) 1, m
L Z,,H)W[ G ZMnH)z_mz[(anVﬂbn)ﬂ

X 2n+3 2 & m
=2 (n_:1)a+1 |:(ag) + 2_:1 (am)” + (bn)2:|

n=

A

” ”LZ (B) .

The second part of the proof then consists of looking for a counterexample of the inequality
||f||L(21+178(3) < (e, S)HU”L(ZM(B) (15)
for some real positive constant C(«, ¢). Let ¢ be arbitrarily chosen and fixed so that 0 < ¢ < 1, and consider the example
= se(6)
U(x) := Z — "
n=o IS¢ (xn' ) 28

where a? = (n + 1)@~1-8)/2 Direct computations show that

’

s 1

IulI? Z ﬂ(a”)z < 3§: —_— (or”)2 < 00
13(8) (n+1)°“"‘1 n) = = (n4 1 vn

Iiflo ] Z M3 2y (@)me
Logr—el « (n+ 1)t T e '
which contradicts (15). O
Remark 4.3

The Hardy space .##°%(B) may be considered as the limiting case of the Bergman space %2(8) as o approaches —17. So, if we identify
%_21 (B) with .77%(B), then Theorem 4.4 can be viewed, respectively, as a generalization of Theorem 4.3.
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5. Construction of a Riesz system by its first component

If we want to make the previous results more precise, then we need a-priori criteria for the given function U that ensures the conver-
gence of the constructed series for the monogenic function in L2(B; .o7;R) or in another space. Of course, the additional assumption
(7) in Theorem 4.1 is such a criterion, but it is not well applicable in practice because it remains open if there is a known function space
that is defined exactly by these conditions.

In the present section, we introduce an alternative algorithm to the explicit construction of a ‘unique’ pair of conjugate harmonic
functions in R3, which will allow us to answer such important questions in the forthcoming sections.

Next, we formulate the result.

Theorem 5.1 (Construction of a harmonic conjugate)
Let U be a scalar-valued harmonic function defined in B. Define

1 dU(pxo, X1, X
Vool =0 [ P00 ) 4w o), (16)
0 0x1
; ; _ 3200 %)
where the function W(xy, x2) is chosen so that Ay, ,, )W = 7Y TR and
1 X0 X2 X1 X2
V)lz = / = )  um) || alveol  avolr | | dt. (17)
0 dxo dx2 oxq ox2

Then the function f := U + [V]7i + [V]2j is monogenic in B. Moreover, the most general monogenic function g having U as its scalar part
is given by

g(x) = f(x) + @(x1,x2),
where ¢(x1, x2) is a hyperholomorphic constant.

Proof
We should check that the function f = U + [V]1i + [V];j satisfies the (R)-system. On account of the assumption about the functions U
and [V]1, we have

X0
Vel = —/ W dt + W(xi,x2),  x€B,
0 X1
so that
v, AU
__w 18
8x0 aX1 (18)

A direct computation shows that [V(x)]1 is harmonic in B. Indeed,

[V
AV = T‘ + Ay VOO
X0

92U (x) X 9

= _8X08X1 —/(; EA(XLXZ)U“’X“XZ) dt + A(X1,X2)W(X1,X2)
92U(x) X B3U(t, x1,%2)

=— —————dt+ A W(xq,
dx00x1 /0 axg 9xq A Wi x2)
2UKx)  2UKX)  92U(0,x1,x2)

=— - A W(x1,
9X00X1 + 9X00X1 9X00X1 + Boau) Wk x2)

=0.

Let us now define the function
Fo) = /XZ 9U(0,0,t)  9[V(0,0,1)]x dt+/X1 8[V(0,t,x2)]1dt_/"° Wt x,x2) 4 (19)
’ 0 3Xo 3X1 0 3X2 0 3X2 )

We immediately find all three partial derivatives of F:

OF(x) _ 0U(xo,x1,%2)
aXO h 3X2 '
. ______________________________________________________________________________________________________|
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Using (18), we get

oF (x) _ a[V(0,x1,x2)|1 /XO 32U(t,X1,X2) dt
3X1 - 3X2 0 3X1 3X2
X0 92
_ VOx1,x2)]n +/ 07 [V(t, x1,x2)h dt 21
0X2 0 0X00X2
_ V0.1, x2)]1 N AVt x,x)h [©_ 0lVixo, x1,x2)ls
X2 3X2 0 8X2 ’

Moreover, using (18) and harmonicity of U and [V];, we obtain

dF(x)  9U(0,0,x2)  d[V(0,0,x)]4 fﬂ 2[V(0,t, x4 /Xo D2U(t, x1,x2)
= - + t— | — == dt
X2 dxo X1 0 x2 0 X3
_ au(0,0,x7) _ a[V(0,0,x2)]1 _ /X1 82[V(0, t,x2)]1 82[V(O, t,x2))1 dt
- aXo aX1 0 axg 3X12
X0 2 2
+/ 0 U(t,);LXZ) . 0 U(t:);LXZ) dt
0 oxg 0x;

aU(0,0,x3)  A[V(0,0,x2)]1 /X1 92U(0,t,x2)  3%[V(0,t,x2)]1
— _ — — + dt
dxo X1 0 0X00X1 3X12

N / (a2U(t,X1,xZ) - 32[V(t,X1,X2)]1) gt
0

axg 9x00X1

Xo

au(0,0,x2)  9[V(0,0,x2)]1 au(0,t,x2)  9[V(O,t,x2)]1
= —_ + -
axo ax1 dxo X1

x N (8U(t,X1.X2) B 8[V(l‘,X1,X2)]1)

8X0 3X1

0 0
_ Uxo,x1,x2) [V (x0,x1,%2)]h
- 9xo %1 '
Thus,
oF au 9V
— = . 22
8X2 3X0 8X1 (22)
Finally, we observe that functions [V], and F coincide. Indeed, (19) can be written as a curve-line integral
o) T 9U(E) BV UE) BV
Foo — _UE) e atr + (58 - ) déa). (23)
w=[" |-t -+ g e + (2 - O Yy

We note that this curve-line integral is path independent in view of the conditions (20), (21), (22), meaning that

ve= (20U VI U AVINY g cudvE=o.
0x2  dxa  0Xp ax1

Therefore, we may choose the integration path in (23) as segments parallel to the coordinate axes. Next, by a suitable change of
variables in (23), we obtain

Foo — /01 [—Xo AU(tx) X V()] ) (M B M)] o

X2 axa dxo ox1
! U U v v @)
t t t t
[ [ () U@ | Vel BVl ],
0 0x2 0xo axz X1

which coincides with (17). Therefore, F(x) = [V(x)]z in B. Thus, any .«7-valued function f so that f := U+ [V]1i 4+ [V]2j is a special solution
to the (R)-system. Let now g be the most general monogenic function so that [g]p = U. On account of the assumption about f(x), it
follows that

2U(x) = g(x) + g(x) = f(x) + f(x),

and consequently, f(x) — g(x) + (f(x) — g(x)) = 0. This implies [f(x) — g(x)]o = O, for all x € B. Because f(x) — g(x) is monogenic in B, it
is then clear that the difference f(x) — g(x) reduces to a hyperholomorphic constant ¢ so that [¢]o = 0. Thus, it follows that

g(x) =f(x) + @(x1,x2), for allxeB,

and this concludes the proof. O
. ______________________________________________________________________________________________________|
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6. Harmonic conjugates in weighted monogenic Hardy spaces

In this section, we discuss the weighted (monogenic) Hardy space on the unit ball of R3 consisting of functions with values in the
reduced quaternions.
The following lemma can be found, for example, in [52, pp. 251].

Lemma 6.1
Let w(x) be a nonnegative subharmonic function in B, and

M(w;r) = /SW(rS) do (), 0<r<T.

If .# (w;r) is bounded on 0 < r < 1, then w(x) has a harmonic majorant u(x) € h' (8) on B so that

w(x) <u(x), x €B, and lullprgy < C sup A (w;r).
0<r<i
Lemma 6.2
Let1 <p <oo,a>—1,8>0,mbe a positive integer and A = (19, A1,12) € Ng.Then for all &7-valued harmonic functions f
f ~ ’a*f 0 ’ n Ha"fH , 25
” ”h(P,ﬂ)(B) Z ( ) Z h(p,B+m)(B) (25)
[Al<m [A|=m
Iflgg~ Y M@+ 3 |or], . (26)
o ®
[Al<m [Al=m atpm
where 3 denotes the partial differential operator of the order |A| = Ao + A1 + A with respect to xg, X1, x2. In particular,
1flla.8)) = IFO) + IVElnep,8+1)@) - 27)
”f”L‘&(B) ~ |f(0)| + ||Vf||L’;+p(3)- (28)
The involved constants depend on the parameters p, m, «,  only.
Proof
For the proof of properties (25) and (27), see [32, Lemma 5]. The proof of (26) and (28) can be performed in the same manner. O

We now briefly recall some basic facts about the Poisson kernel and its related facts, which will be used to estimate the size of some
integrals that appear in forthcoming proofs.

Lemma 6.3 (see [53])
Let © be a bounded domain in R3 with C2-boundary 32, and let Pg (x, y) be the Poisson kernel for Q. Then

_ dist(x,09)

Pa(x,y) ~ x—y5 X€Q, ye Q.

For any fixed p,r € (0, 1), we also consider the following bounded domain in R3:

Epr:i= {x = (X0, % x)eRg"ng +ﬁ+é<1
por = = (X0, A1, X2 . p2r2 2 2 ’

which denotes the inner domain of the oblate spheroid dE, .

Now we estimate the size of the Poisson kernel for E, .

Lemma 6.4
Let Pg,,, (x,y) be the Poisson kernel for £y, . Then

dist(x, E,,,)
Pe,, (x,y) = ?y';r

, x€Epr, yedEyy,
in particular,
or
Pe,,(0,y) = = y € 0Ep.
lyl
Before we prove the main theorem, we state two more lemmas.

. ______________________________________________________________________________________________________|
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Lemma 6.5
Forany « > 0,and 8 > 1, it holds

1 tOt—1 1
/o =P B na—np

Proof
The proof is straightforward. O

Lemma 6.6 (see [54])
Let w = w(x1,x2) be a nonnegative superharmonic function in the unit disk D := {)(12 +x§ < 1}, andy > —1,0<p <2+ y.Then for
any pointae D

”W”L‘)’,(D) <C(p,y,a)w(a).

Now, we are ready to formulate and prove the main result of this section.

Theorem 6.1
Let U be a scalar-valued harmonic function defined in B. Let also W(x1, x2) be a solution of the equation

_ 92U(0,x1,%2)

AW =—3 = (29)

such that W(a) is finite for some point a = (a1, az), a% + a% < 1.IfU € h(p, B)(B) forsome B > 0and 1 < p < oo, then there exist a
monogenic function f so that f € 77 (p, )(B) and [f]o = U in B, and a constant C(p, 8, a) < oo such that

Ifll o2 w8y (8) < C(P, B, @) (| Ulln(n,8y(8) + IW(a)]).

Proof
Given a real-valued harmonic function U, we use Theorem 5.1 to construct f = U + [V]qi + [V]2j where the coordinates [V]; and [V];
are defined by (16) and (17). For any point x = rn € B, by Theorem 5.1 it follows

1| 8U(pxo, x1,
Vhool = bol [ |0

= V1(x) + |W(x1,x2)|.

dp + [W(x1, x2)|

(30)

We use Minkowski's inequality to estimate

~ 1 p /p
(Vi) < / ( / ol da) dp.
0 |x|=r

p
Denote by h(y) the smallest harmonic majorant of the subharmonic function 'BgT(i’)‘ in the ball Bﬁ = {x e R3: |x| < 4/r}, then

dU(pxo, X1,X2)
3X1

|3U(y) P

3X1

=hy)., yeB,.

A direct computation shows that

1/p

1
i < | (/| | ol hproxix)do ) dp
X|=r

1 1/p

< r/o ([X‘zrh(pxo,x1,xz) do) dp
1 1/p

:r/o (/Z)Emh(y) da(y)) dp.

We now write the Poisson integral representation of h in the spheroid £/, C Bﬁ and estimate it at the origin by using Lemma 6.4:

heo) = /a Py () hy) da ).

Then, we obtain

ho) = [ pe,0nhdow) = ¢ [ Lonpdow) = k[ hpdow.

. ______________________________________________________________________________________________________|
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With these calculations at hand, we get

1/
My(Vair) <r/1 / h(y) do (y) pd <Cr 1 ﬁh(O) 1/pcl = G, r't2/P(h(0))'/P
PRV =0 IEpy 7 = o \p P P '

By the mean-value equality for harmonic functions and by using Lemma 6.1, we obtain

1/p
1
Mpy(Vr;r) < Cp r1+2/p/ (S hda) dp
IS yorl Is /s

1/p
— ¢, / (;//mmﬁ)) dp
0

1
1
=Cpl’1+1/p/ =y //111/p(h;\/pr)dp
o p'/P

1
1+1/p ! .
<GCpr /0 p1/P'//[p(8x1”/'Or dp.

(€1))

The next estimation is due to Lemma 6.5

v 1 (1= ypnPtm, (Y Jor
///p(Vnr)stH“/P/ P(ax1 >dp

0 /P (1 —«/P_f)ﬂ“

ou ! 1
<C(p, ) r't1/p / dp
1 | hp+1@ Jo 1P (1= pr)B+T
1
=C(p,B) ‘
1 lnpp+1@ 1 —DF’

Therefore, by Lemma 6.2

v

o <C ”VU”h(pﬁ+1)(B) C”U”h(pﬁ)(g), O<r<T.

h(p,B+1)(B)

The last term in (30) can be estimated by means of Lemma 6.6 as follows. It is well known (see, e.g. [55]) that the solution W(x1,x3) of
the Poisson equation (29) in D with vanishing boundary values on the unit circle 9D is the Green potential of W By splitting the

2
function % into its positive and negative parts, we come to W = W — W~, where Wt = max{W, 0} and W~ = max{—W, 0}

are nonnedative superharmonic functions in D. By Lemma 6.6, it follows

W@y =CRaW @, W lpm <Cp.aW (),

a=nP.a,(Vi;r) < c‘

and hence
w <|w* w- < C(p,a) |W(a)|.
I ”L,‘;(]D)) < ”LZ(D) +1 ”Lﬁ(]D)) <C(p,a) |W(a)|
Because the integral means ///,,(Wi; r) of the superharmonic functions W and W™ are decreasing with respect to r, whence

sup (1P tp(W;r) < CIW* 5y < Clp, B, @) WF ()
1/2<r<1

forany g > 0.Thus,

sup (1 —nP.at,(Wir) < C(p, B.a) IW(a)], (32)
1/2<r<1

and this conclusion is true not only for W(x1, x2) but also for an extension W(xo, x1, x2) in the unit ball B. Therefore, (30), (32) and (32)
together yield

Vi npy@ < C@.B) sup (1 =nf.ap(VIrir) < C(p,B.a) (1UlIno py(a) + IW (@) 33)

1/2<r<1

. ______________________________________________________________________________________________________|
Copyright © 2013 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2013, 36 1598-1614

The second coordinate [V]; can now be estimated by using (24) as follows
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aU(tx)
aX2

8U(tx)
3Xo

x|

x| ‘ V@Il |

o ‘ V()
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We use Minkowski’s inequality to estimate

1 1
Mp(VIzir) < C / Mp(VU;tr)dt + C / Mp(V[V];tr) dt. (34)
0 0

Hence,

1 dt 1 dt
. _ ﬂ_;’_] . o _ ﬂ+1 . -
Mp([V]p;r) < C sup1(1 P, (VU; tr)/(; R +C sup (1—tr) ///p(V[V]hU)/O (1 —n)p+

o<t< o<t<1

<CO=n"PUIVUIhpp+16) + IVIVI I p+1)@)-

Therefore, by Lemma 6.2 and (33)

1V12llhp.8)@ = CIVUlnpa+1@) + CIVIVITTAE.8+1)®)
= ClUllnep,gy8) + ClIVI np,8) ()
<Cp, B, a)(lUllpp,p)e) + IW(@)]).

This completes the proof of the theorem. O

7. Harmonic conjugates in weighted monogenic Bergman spaces

In the present section, we shall see that a similar result to Theorem 6.1 can also be obtained for weighted Bergman spaces .22 (B) for
any range « > —1. The proof of this result is based on Theorem 5.1 along with some well-known inequalities.
To begin with, we state the following version of the Hardy inequality [56, pp. 490].

Lemma 7.1
If1<p<oo,y<—1<a,andh(r) >0, then

1 r P 1
/ =n*r (/ h(t)dt) dr < c/ (1 =n*TP Y +P pP(r)dr,
0 0 0

where the constant C depends only on the parameters p, «, y.
In the next lemma, we present a useful estimate on weights.

Lemma 7.2
Let1 <p <oo,and y < —1 < a.Then for all u € h(B), there exists a constant C(p, «, y) < oo such that

1 1/p
(/0 (1 —r)"‘//lg(u;r)ry dr) §C(p,a,y)||u||Lg[(B).

Proof
The result immediately follows from the subharmonicity of |u|P and monotonicity of the integral means ., (u; r) with regard to r.
Moreover, the inequality is also valid for 0 < p < 1, but we do not consider this case in the present paper, cf. [32, Lemma 4]. O

Our main tool in this section is the following theorem.

Theorem 7.1

2
Let U be a scalar-valued harmonic function in B. Let also W(x1, x2) be a solution of the equation Ay, ,, )W = %, such that W(a)

is finite for some point a = (as, az), a% + a% < 1.IfU € hE,(B) for some o > —1 and 1 < p < oo, then there exist a monogenic function f
so that f € .77 (B) and [f]o = Uin B, and a constant C(p, @, d) < oo such that

11,5, G5y = CPct@) (Ul + IWC@ )

Proof
Asin Theorem 6.1, given a scalar-valued harmonic function U, by Theorem 5.1, we construct f = U + [V]i + [V]2j where its coordinates
[V]1 and [V]; are defined by (16) and (17). We use (30) and (31), while |[V]1 (x)| < V1(x) + [W(x1,X2)],

- T U
Mp(V1;r) <G r1+1/p/ — 7 Mp (—;Jpr) dp
0o p /p oxq

- au
— 2/p .
=Cpr /0 t”p///p(am,\/?) dt.

. ______________________________________________________________________________________________________|
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Raise both sides of the previous expression to the power p and integrate. We now use Lemma 7.2 to obtain

15® —

1 r ou p
5(_'/ 1=n%r (/ t_”p///p (—,«/E) dt) dr
0 0 0xq
1 r p
< C/ (1—rer 18 (/ t_”p//lp (a—u «ﬂ) dt) dr.
0 0 8X1

Here § > 0 can be chosen arbitrarily, and we choose § = % in order to apply the Hardy inequality of Lemma 7.1. Hence, using also
Lemma 7.2, it follows that

1
Wlfy ) = [ =0 @inar

V. IP 1 a+p p—1-6 [ ,—1/p au P
IVl <C | (1—n*TPy r= P, VT dr

5B = a1’
! U
= c/ (1 —ryetP p=D/271 0 (—;ﬁ) dr
0 0x1
au P
<Cpa)|-— .
8X‘| LZ-H:‘(B)
Therefore, by Lemma 6.2, we obtain
Vil = CP.) [VUlLs , ) = CPOIUILz, oy (35)

The term W(xq, x2) in (30) can be estimated as in Theorem 6.1. By Lemma 6.6, for nonnegative superharmonic functions W+

||Wﬂ: ”Lﬁ(]D) < C(p,a, a) Wi(a).

Because the integral means ///,,(Wi; r) of the superharmonic functions W+ and W~ are decreasing with respect to r,
+ ' P £ /P +
_HP . .
lw ”Lﬁ(D) > (2/0 =Py, (W ,t)tdt) > Cp Mp(W™;r)
forall % < r < 1. It follows that for any o > —1

1 1/p
( / / ( —r)“//z;(wi;r)rdr) < Cp.o) W llp )y < C(p o, a) W (a). (36)
1/2

Moreover, inequality (36) remains valid for an extension W(xg, x1,x2) of W(x1,x3) to the ball B. Recalling that |[V]1(x)| < V; x) +
|W(x1,x2)|, we then obtain from (35) and (36)

1 1/p
Mg = o | L= Wi o)

(37
= Cpe,a) (Ul ) + IWC@) -
Now, we proceed the estimations for the second coordinate [V],. By (34), and using (37) and Lemma 6.2, we finally get
1 1
AMp([V]2ir) < C/ AMp(VU; tr) dt + C/ Mp(V[V]y; tr)dt,
0 0
and
v <C|VU C|V[v
I ]2”fo(3) =C| ”foer(B) +CIV[V]x “foer(B)
=< C”U”LF&(B) + ClI[V]1 ”LZ(B)
= cp.a,a) (Ul ) + IW@I).
This completes the proof of our statement. O

. ______________________________________________________________________________________________________|
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