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Abstract. The aim of the paper is to prove a monogenic version of clas-
sical M. Riesz theorem on harmonic conjugates in the framework of
quaternionic analysis in R*. Our proof is subharmonic and somewhat
simpler than that for less general Riesz-Stein-Weiss systems of harmonic
conjugate functions.
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1. Introduction

The purpose of this paper is to study the harmonic conjugation in Hardy
spaces H? in the framework of quaternionic analysis in R%. Earlier [2, 3, 20] for
the same purposes, we used the well-known Sudbery integral formula [25] and
another integral formula in R? for the construction of harmonic conjugates
of quaternion-valued functions in R* or R3. Instead, in the present paper, we
use subharmonicity and some related estimates to obtain a version of the M.
Riesz theorem on harmonic conjugation in Hardy spaces in R*.

The problem of harmonic conjugates in the framework of quaternionic
and Clifford analysis was studied by many authors. After Sudbery found
an explicit integral formula ([25]) for conjugate harmonic functions in R%, a
higher dimensional generalization of the mentioned formula is obtained in [5].

Brackx, Delanghe et al. in a series of papers (see [6, 4, 7, 8] and references
therein) made a detailed investigation of harmonic conjugation in the general
Clifford analysis setting.

We modify some arguments of Stein and Weiss [23, 22, 24], Kuran [17,
18], Coifman and Weiss [10], Essén [11], Li and Peng [19], Kheyfits and Tepper
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[16], and give a somewhat simpler proof for our monogenic version of the M.
Riesz theorem than that for less general Riesz systems.

Let B = B, be the open unit ball in the 4-dimensional Euclidean space
R*, and S = S® = OB be its boundary, the unit sphere. We will work in
H =2 R?*, the skew field of real quaternions. Each element of H can be written
in the form x = zgep + z1€1 + x2e2 + x3€3 (20,21, 22,23 € R), where the
system ey = 1, e, eq,e3 forms a basis of H, and Scz = xp, Vecz = z1e1 +
Toes + x3e3. The corresponding multiplication rules are given by e? = e3 =
e% = —17 ejey; = —ege; — e3, egey — —ezey — e, ege; = —eje3 = eq. The
conjugate element to x € H is defined by £ = x¢g — z1€7 — x2€2 — x3€3, and
so 27 = zx = |z|? = 23 + 23 + 23 + 3.

Let D = eoa% + ela% + ega%2 + ega%3 denote the Cauchy-Riemann-
Fueter operator. A real-differentiable function f = ugeg+uie; +uses +uses,
is said to be (left) monogenic if D f = 0. A right monogenic function is defined
by the equation fD = 0. It is well known (see e.g. [19]) that functions f which
are at the same time left and right monogenic, are exactly those ones whose
conjugates f are Riesz systems, that is, div f = 0, curlf = 0. We only
consider left monogenic functions in this paper.

We refer to [23, 22, 24, 21] for the general theory of Riesz systems of
harmonic conjugate functions and to [5, 14, 13] for the general theory of
quaternionic and Clifford analysis.

For a function f(z) = f(r{) in B (0 <r < 1,¢ € 9), its integral mean
is defined by

Mp(f1r): Hf(r')”Ll”(S,dO')a OST<17 0<p<OO7

where do is the normalized surface measure on S so that ¢(S) = 1. The
monogenic Hardy space HP(B), 0 < p < oo, consists of all (left) monogenic
functions f in B, satisfying

[fllgr = sup M (f;r) < +oo.
0<r<1

The corresponding (real) harmonic Hardy space in B will be denoted by
hP?(B).

Recall the classical M. Riesz theorem (1927) on harmonic conjugates in
the Hardy spaces over the unit disc D.

Riesz Theorem. If a harmonic function uy in the unit disc D is in the Hardy
space hP(D) for some p,1 < p < oo, then its harmonic conjugate ug is also in
hP (D). Moreover, for the holomorphic function f = uy + iuy with ug(0) =0,
there ezists a constant C, depending only on p, such that

My(f;r) < Cp Mp(uq;r), 0<r<l.

The main result of this paper is the following monogenic version of the
Riesz Theorem.
Theorem 1.1. Let f = upgey + uie1 + uses + uses be a monogenic function in
the unit ball B, fo = uje; + uses + uges, uo(0) = 0,1 < p < co. Then
Mp(f;r) < Cp Mp(fosr), 0<r<l. (1.1)



Vol. 24 (2014) Subharmonicity and a Version of Riesz Theorem 911

The constant C,, can be chosen as

4 1/p
C,=|—— 1 <2
D (p—l) for 1<p<2,

1/p
Cp=|\! (AP/Q—(l—/\)p) for 2 <p< oo,

where A > 4p(p — 1), 0 < [A] < min{l, m}.

Remark 1.2. In general, fy in (1.1) cannot be replaced by a function of type
foo = uges + uges containing fewer components than fy. Indeed, inequality
(1.1) fails, for example, for the monogenic function f = x;+xge; with fog = 0.

Remark 1.3. For Riesz systems in R™, Theorem 1.1 was first proved by Kuran
[17], see also Essén [11] (for 1 < p < 2), Burkholder [9], Arcozzi [1].

2. Some Subharmonic Functions

In this section, we prove the subharmonicity of three important functions
which are essential to the proof of our main theorem in Sec. 3. Everywhere
below we assume f = ug + uje; + uses + ugzes =: ug + fo, where ug =
Sc f, fo = Vec f = uie; + uses + uges, fn := Aug + ure; + uses + uges for
A€eR.

Lemma 2.1. If a function f : H — H is monogenic in the unit ball B, then
the following three functions are subharmonic in B:

2
(@) 1= 17 for vz

4
(b) 52 1= A|f0|p_|f‘p7 fOT ]-<p§27 Azﬁa

(©) sz:=AlflPIAP2 = AP, for p>2, A>dp(p—1),

1
<min<l, ——— .
< min{ 55

The exponent 2/3 in (a) is sharp.

Remark 2.2. Part (a) of Lemma 2.1 is proved by Stein and Weiss [23] for
Riesz systems in R™. Lemma 2.1 entirely with other restrictions on A and
A is proved by Kuran [17, 18] again for Riesz systems in R™. Coifman and
Weiss [10] proved Lemma 2.1 for more general Generalized Cauchy-Riemann
Systems but without the determination of the subharmonicity exponent. Li
and Peng [19] stated part (a) for two-sided monogenic functions in R*, that
is, again for Riesz systems. Kheyfits and Tepper [16] obtained an octonion
version of Lemma 2.1.
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The equation D f = 0 is equivalent to the system

e e Y
8$0 81‘1 8$2 6.1‘3
8u0 (9’&1 aUQ 6U3 0
6.1‘1 65(}0 (9.’)33 (9162 (2 1)
8’660 8u1 6’&2 8U3 0 '
81'2 83:3 8w0 8£E1
Oug ouq Oug Ous 0
axg 3562 3331 6x0 ’
Define two associated matrices
o) le) 9 9
S T o T o T
e 1) 9 Dzo aq Qp —Q3 a9
M = 1 Zo 3 L2 N =

9 9 o 0 |> a a e

852 853 850 851 2 3 0 1

oz P el o @3 a2 a1 Qo

By means of the column vector f7 = (ug,u1,usz,u3)”, system (2.1) can be
written as the equation M f7 = 0.

It should be noted that unlike Riesz systems, the matrix IV is not sym-
metric and has nonzero trace and multiple eigenvalues o +iv/ad + a2 + a3.
Therefore the approach of [23, 10, 24] does not work here in monogenic func-

tion case.

Proof of Lemma 2.1. (a) Denote by Z = Z(f) the zero set of the function
f, and also By := B\ Z that is an open set in B. It is enough to prove
that Asy(z) = A|f(x)|P > 0 at any point € B4 (at the other points the
subharmonicity is trivial). We begin with the well-known identity for the
Laplacian (see, e.g., [23], 22, Ch.7])

Alfa)r = sstap= 1PV 2+ 22 (172) ]
(2.2)
=P (e + 023 (5 2| <pisp-tee),

Jj=0

where the dot denotes the Euclidean inner product and E(z) is the expression
in square brackets. Now, our goal is to show that F(z) > 0 at the points
x € By. Fix an arbitrary point «’ € By. Without loss of generality, we may
assume that |f(z")] = 1. Moreover, A and |V| are invariant under rotations
of axes. Therefore, we can choose a new system of axes (yo,y1, Y2, y3) such
that at the point 3’ corresponding to z’, we have

f()=ey and Z—ZZ(y') =0 forall j#k, 1<jk<3. (2.3)
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To this end, first we can choose the yg-axis parallel to f(y') = eg, then by a
suitable rotation of the other three axes, we can diagonalize the submatrix

Qo —a3 Q2

N/ = Qa3 @y —Qq
—Q2 aq Qo

The diagonalization is possible since the matrix N’ has three different eigen-

values o and ag +iv/af + a3 + a3.

Thus, we need to prove that E(y’) > 0. First, calculate the inner product

n (2.2), ( da; ) (y) = (%) Second, with the use of (2.1) and (2.3),

the first term in the brackets in (2.2) can be transformed into

3

FWOPIVEW)? = Z

k=0

ZZ(”>Z( ) Z( “)

3yk

k=1 j=1 k=0
ur(y')\” L/ Auo(y)\?
-2 (%50) »x(50)
k k k=1 k
Inserting this into the expression of E(y’), we then estimate it from below,

B =3 (%)Zzi (az?;f’))Z(p—z)i (algg))g

k=0 7=0

oo (R R R R (R

1

s o) (22)’ 50 (250"

k=1

+

w ||

Next, by the Cauchy-Schwarz inequality and (2.1),

-0 (32 3 (B2) - (-2) (252 =0

Thus, Asi(x) = A|f(z)[P > 0, and s; is subharmonic in B. For exponents
p < 2/3, the assertion is no longer true. A relevant counterexample is, for
instance, f(z) = ‘:00 f\“
(b) Denote by Z and Zj the zero sets of the functions f and fj respectively.
Also, set By := B\ Z and By := B\ Zj, hence Z C Zy and By C B+.

Note that sy € C?(By). First, we will prove that Asa(z) > 0 on the set
By. For an estimation, we will use identity (2.2) for general vectors f. System
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(2.1) implies

X0 X1 €ro X3
<%)2<3_(3M>2+(5w>2+<%)2 |

Ty To T3 O0xo

) - ) ) = (2.4)

Guo\" g (Tw)" 4 (Qu2)" (Dus|

O0xo T3 T0 0x4
du\* _ g [ (D) (Ou2)*, (0us)’]

6.’133 6.’172 (9.1'1 6350

Summing all four inequalities (2.4), we obtain |Vug|? < 3|V fo|?, which can
be rewritten in the equivalent forms

3
Vol < SIVFE or VA <2Vl (25)

Since 1 < p < 2, dropping the nonpositive term in formula (2.2), we imme-
diately obtain
AlfIP < plf P2V fI. (2.6)
On the other hand, formula (2.2) written for the function fy immediately
implies
Alfol” = plp = DIfolP 2|V fol*. (2.7)
It follows from (2.7), (2.6), (2.5) and |fo[P=2 > |f|P~2 that

Asy = AAfol” = AlFP = Ap(p — VISPV fol* — pl P72V I
> plf1P2 [ A — VIV ol [V £?]

> P9 [0-1 -1 0.

Thus, we have proved that Asy(z) > 0 on the set By. Now we have to extend
the subharmonicity of sy from the set By to the whole ball B.

In the case p = 2, obviously the function sy = A|fy]? — |f|? (A > 4) is
twice differentiable on B. Hence the above estimates for the Laplacian Ass
are valid on the whole ball B. Therefore, s is subharmonic on B, so we
can write the mean value inequality in particular at the points x € Z; for
sufficiently small € > 0

Versg [ [P - fwllew, ez @y

=
2 4\ 4
In the case 1 < p < 2, we have A%/? > (ﬁ) > o1 > 4, and hence

/p /p
(17 = Alpol) ™" + il < (117 = Alfol?) ™" + (AlRP7 <142 (29)
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Consider a point x € Zy \ Z, that is, fo(z) =0 but f(z) # 0. Then |f(z)| >
| fo(w)| = 0, and by continuity, s3(y) = Alfo(y)[" —[f(y)[" <0, |y—2z| <eo,
for an g9 > 0 small enough. Then by Holder’s inequality and (2.9), (2.8)

1 /|: (~520) dotw) = 1 /|: (IF@)P ~ Alfs)P) do(y)
2/p p/2
[1 /| (s - aimwr) / da@]

p/2
< [1 [ (- anwr) dg@)]

(1£@)R)" = 1@ - Alfo(a)l = —sal).

IN

IA

Thus, the mean value inequality holds for so on By, so the function so is
subharmonic on the open set B;.

Coifman and Weiss [10, p.81] proved for more general vectors f that
the zero set Z is a polar set. The continuous function s, subharmonic on the
open set By = B\ Z, must be subharmonic on the whole ball B, by a result
of Brelot, see, for example, [15, Sec.5.5.2].

(c) To prove the assertion (c), first note that fy(z) # 0 for the points
x € By. Therefore, s3 € C?(By). Now prove that Asz(z) > 0 on the
set By. We need the identities A(pt)) = @Aw + YAp + 2V - Vi, and

VIfIP = plflP2 (f amg’f 8I1’f 612’f ) These identities together
with formula (2.2) imply

Asg = Al foPAIfAP72 4+ Al AP T2Afol? + 24V fo|* - VAP T2 = Al £l
3 2
a 3fA)
—4 JA T
p-2, (7

A= 2 4Z(fo afo)(fA gf) AP
J

Lj

= 24|72V fol* + Alp = 2) oI F P

+ |V frl?

Multiply both sides by |f,|?>~? and then estimate it from below, by dropping
the two positive terms with |V fy|? and p in the brackets, and using the trivial

inequalities | fol < [fa] < |f] % < g%; < ‘%’ It leads to
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AP Ass = 2419 ol — 44— D L2 (L 8f)
- = |fxl Ox;

A -2l 22( ) (552 - rainy

> 24|V fol* — [P P AP+

4G -2l 22( o) [(m5) - (52|

Lj

8fo f/\.%f

Next, since fo - 5 T =
J

ation

— g d“" for each j, we continue the estim-

3 2
[FAP7PAss > 24V fol? — | [APPA|fA]P — 4AIN(p — 22
7=0

m

where we have used the Cauchy-Schwarz inequality

w 8U0 f 8f,\ < i\)\u0| %
C02; \"™ 0z )| = N [l |05

2

of

0z

ofx
aLL'j

|72

S
Consequently
[FAl2 7P Asy > 241V fol* — [ AP PAfP = 4AIM(p - 2) IV £

= A[[Vfol? = 4N(p = DIVSP] + [AIV Rl = [LFP AL

It suffices to show that the expression in each bracket is nonnegative. By
(2.5),

IV hol? = 4N (0 = 2) 92 = 3 (1= 16]A1(p = 2) ) IV £ > 0,

1
4
because |A| < m By identity (2.2) for the Laplacian, the Cauchy-
Schwarz inequality and (2.5), we get

AV fol? = [/ 7PA[ S

f% LIV

> AV fol* = plp = 2)| 2]~ QZIf &

= AV fol* = p(p — 2)|Vr? JrPIVfAI2

> {IZ—p( )} V2 >0, since A >4p(p—1).

Thus, we have proved that Asz(x) > 0 on the open set B. The same argu-
ment of Brelot ([10, p.81], [15, Sec.5.5.2]) used in the proof of (b) works here,
and we conclude that s3 is subharmonic on whole B. O

Remark 2.3. In part (c) of Lemma 2.1, we slightly correct the range of the
parameter A in comparison with Theorem (c) [10, p.78].
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3. Proof of Theorem 1.1

We now turn to the proof of a monogenic version of the M. Riesz theorem,
the main result of the paper.

Proof of Theorem 1.1. Case 1 < p < 2. By Lemma 2.1, the function s; =
ﬁ|fo|p — | f|P is subharmonic in B. Then compute s5(0) = 15)%’1’ |f(0)]P > 0.
By the sub-mean-value property of the subharmonic function ss,

0<52(0) < [ 560y do(¢) = [ (ZZ1AOF - 1£GOI) do(c),

s g\p—1

p 4 Pdo
J1reoraso < 25 [ 1aear ),

4 1/17
My(f;r) < (pl) M,(fo;r), 0<r<l.

Case 2 < p < co. By Lemma 2.1, the function s3 = A|fo|?|fA|P~2—|fA|?
is subharmonic in B for any A > 4p(p — 1), |A| < min{l, m}. Since

f£(0) = fo(0) = f1(0), we have s3(0) = (A —1)|f(0)|? > 0. By the sub-mean-
value property of the subharmonic function s3,

0< 500 < [ 50 dr(@) = [ (ARGCOFIAEOP = 1RGO (o)

s
Hence, by Holder’s inequality with the indices p/2 and p/(p — 2),
p—2

/ QP do(¢) < A / Fo(rOR (O P2 do(¢)
S S

<a(/ Ifo(TC)Ide(C)>2/p ([1neorao)

/ GO do(¢) < AP/? / Fo(rOP do (). (3.1)
S S

Since 1 — % =

Now estimate the left-hand side integral in (3.1) from below. Making use of
the identity

i) =1 =N fo(z) + Mf(x), x € B,
and the inequality (a + b)*/? > /P + b*/? we get

AP/2/5|fo|pdaZ/S|fx|pda:/S|(1—/\)f0+/\f|pd‘7
p/
:/((17/\)2|f0\2+)\2|f|p> o
s

> (1- NP /S [fol? o+ AP /S 1P do.
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Thus,
/|f7“C\pd0’ )_ \/\|p /\forC\Pdo—() 0<r<l1,
ME(f;r) < CEMP(fo;r), 0<r<l.
This completes the proof of the main theorem. O

As a simple application, we obtain a result about the increasing char-
acter of the integral means as well as a Hadamard three spheres theorem for
monogenic functions (cf. [15, Th. 2.12)).

Corollary 3.1. Let f be a monogenic function on the ball |x| < R < oo. Then
M,(f;r) is an increasing function of r € (0, R) as long as p > 2/3.

Corollary 3.2. Let f be a monogenic function on the spherical shell {x € R* :
0<r <|z|=r<ry<oo}. Then M,(|f|*/3;r) is a convex function of r=2
on (r1,ra) as long as p > 1.
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