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1 | INTRODUCTION

In theorem 4.4 of Morais et al," we have proved that a “harmonic conjugation” operator constructed by special sys-
tems of homogeneous harmonic and monogenic polynomials is not bounded in weighted Bergman spaces L2 of reduced
quaternion-valued functions in the 3D ball. In the present paper, we prove that, in contrast to the Bergman spaces case,
the same operator is bounded in weighted Dirichlet spaces D? of reduced quaternion-valued functions in the 3D ball.

LetD := {z = x+iy € C : |z] < 1} be the open unit disk in the complex plane and H(ID) be the collection of
holomorphic functions on I. Classical weighted Dirichlet space D2(D), @ > —1, of holomorphic functions on the disk D
is defined by

DiD) :=§ f(@ € HD) : /11,0, = [ 1/ @I~ 21)"dAR) < +oo ¢,
(D) D
where dA(z) = %dxdy is the normalized area measure. The space D2(D) is Banach and equipped with the norm | £(0)| +

[l |lpz. If a holomorphic function is expressed by its Taylor series f(z) = Z:J:o a,z" in D, we can rewrite the seminorm
Il - llp: in the equivalent form

'(m)I'(a+1) _

2 2 2 1-a 2

= E nlay|" ——— ~ E n a a>—1). 1
”f”Di e | nl F( 1) e | nl ( ) ( )

The notation A ~ B for some A, B > 0 denotes the two-sided estimate c;A < B < c,A with some positive constants ¢;
and ¢, independent of the variable involved.
The weighted (Hilbert) Lebesgue space L2(D), @ > —1, is defined by

L2(D) := {f(z) measurablein D : I|f||i§(]D>) T= /D @21 - |z])*dA) < +oo} .

*On weighted Dirichlet spaces.
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Weighted Bergman spaces of holomorphic functions are denoted by H2(D) := H(D) n L2(D). Evidently, || f lpz =11 dl 2
As is well known, the Dirichlet space D}(D) coincides with H*(ID), the classical Hardy space in ID, while the general
Dirichlet space D2(DD), @ > 1, coincides with the weighted Bergman space Hi_z(ID)) of holomorphic functions in D.

For more information on the weighted Bergman and Dirichlet spaces on the disk, we refer to literature.”® Weighted
Dirichlet spaces of harmonic functions on the unit ball of R" are also well known, see, eg, previous studies.”™ Let B, :=
{x € R" : |x| < 1} be the open unit ball in R"” and h(B,) be the collection of harmonic functions on B,,. Weighted Dirichlet
space hD?(B,,), @ > —1, of harmonic functions in B, is

hD3(By) := {u(x) € h(By) : llull, 1=/ VU2 = |x|?)* dV(x) < +00},
a T hn Bn

where dV/(x) stands for the normalized Lebesgue volume measure on B,. The space hD?(B,) is Banach and equipped with
the norm [u(0)| + ||ullp:. Let u(x) = > o Dk(x) be the homogeneous expansion of a harmonic function u(x), where p, is
a spherical harmonic of degree k, see, eg, Axler et al.”? Then we can rewrite the seminorm || - ||p: in the equivalent form
analogous to (1), see Bernstein et al,!(thm26)

el & D IDellFg ) (@> =1, ©)
k=1

where do is the normalized surface measure on the unit sphere S = 0B,,.

Similarly, the harmonic Dirichlet space th(B,,) coincides with h*(B,), the harmonic Hardy space in B,, while the
general harmonic Dirichlet space hD?(B,), « > 1, coincides with hi_z(Bn), the weighted Bergman space of harmonic
functions in B,,,

hD3(B,) = h*(B,), hDX(B,) = h>_,(B,), a> 1. (3)

In R3, holomorphic functions can be replaced by monogenic ones. It would be of interest to study weighted Dirichlet
spaces of monogenic functions in R? with values in reduced quaternions, see previous works!'*>!# for Dirichlet spaces of
quaternion- or Clifford-valued functions. For general theory of quaternionic and Clifford analysis, we refer to previous
studies.’>*®

In the present paper, we are interested in the problem of harmonic conjugation in the framework of quaternionic anal-
ysis. Beginning from the paper of Sudbery," the problem of harmonic conjugates in the framework of quaternionic and
Clifford analysis was studied by several authors, see literature. "'>2°2 In Avetisyan et al,?® for functions with values in full
quaternions, we mainly applied Sudbery's formula'® for construction of harmonic conjugates. However, since our interest
in this paper is the study of monogenic functions with values in the reduced quaternions, Sudbery's formula is not well
adapted to our case.

The collection of monogenic functions on the unit ball B = B; of R3 will be denoted by M(B) or ker D, see Section 2.
By analogy, we define monogenic Dirichlet spaces D2(B), a > —1, on the 3D unit ball B, as well as monogenic Bergman
spaces H2(B) = M(B) N L2(B) and the monogenic Hardy space H*(B) = M(B) N h?(B). Their definitions are in Section 2.

The first important result of this paper asserts that a special harmonic conjugation operator is bounded in weighted
harmonic Dirichlet spaces hD?(B) on the 3D ball.

Theorem 1. Let U be a scalar-valued square-integrable harmonic function in B. If U € hD?(B) for some a > —1, then
there exists a monogenic function f € D2(B) such that S¢f = Uin Band

IEllp: < CallUllp.
In other words, the Dirichlet D?-seminorms of this monogenic function f and its scalar part are equivalent,
I€llpe ~ 1Ullpe. @)

Unless otherwise stated, throughout this paper, the letters C(a, g, ... ), C, etc stand for positive different constants
depending only on the parameters indicated not necessarily the same in each instance.
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Our second important theorem (Theorem 3) concerns the relations of type (3). Unexpectedly, it turns out that the rela-
tions of type (3) are no longer true for the monogenic Dirichlet spaces D2(B). Moreover, in contrast to the classical cases,
no one monogenic Dirichlet space coincides with the Hardy or the weighted Bergman space. The precise formulations
are in the next sections.

In the final section of the paper, we extend Theorem 1 to the Dirichlet spaces D% (B) with the range 1 < p < oo, see
Theorem 5, though in that case, we construct a monogenic function by its scalar part by a quite different method.

2 | NOTATION AND DEFINITIONS

LetH := {x =X + X1+ 3§ + 33K, X0,X1,X,X3 € IR} be the real quaternion algebra with the basis {1,1, j, k} where the
imaginary units i, j, and k are subject to the multiplication rules:

2=j=k*=-1, ij=k=-ji, jk=i=-kj, ki=j=-ik.

Evidently, the real vector space R* may be embedded in H by identifying the element x = (xp,X;,X2,X3) € R* with
X =X +x11 + X, j + x3k € H. Consider the subset

A :=spanp{l,i,j} c H,

then the real vector space R* may be embedded in A via the identification of x := (xp,x1,%2) = (Xo,X) € R? with the
reduced quaternion x := Xy + X;i + x,j € A. It should be noted, however, that A is a real vectorial subspace, but not a
subalgebra of H. Like in the complex case, Sc(x) = xp and Vec(x) = Xx;i + x,j define the scalar and vector parts of x.
The conjugate of x is the reduced quaternion X = xy — x;i — X, j, and the norm |x| of x is defined by |x| = ﬁ = \/§ =
\/%; +X; + x5, and it coincides with its corresponding Euclidean norm as a vector in R,

Throughout the paper, only functions with values in A are considered,

f:B—> A, BCR} fx) =Ux+Vi®i+ Vax)j,

that is, reduced quaternion-valued functions, or .4-valued functions for short, where U, V1, V, are real-valued func-
tions defined in B. Properties (like integrability, continuity, or differentiability) of f are defined componentwise. For a
real-differentiable .4-valued function f that has continuous first partial derivatives, the (reduced) quaternionic operators

Df = a_f+ia_f+ja_f and Df = a_f_ia_f _;of
axo ()xl axz 0x0 0x1 6x2

are called, respectively, generalized and conjugate generalized Cauchy-Riemann operators on R3.

For a continuously real-differentiable scalar-valued function, the operator D coincides with the usual gradient V. A
continuously real-differentiable .4-valued function f is said to be monogenic if Df = 0, which is equivalent to the system

( R) 0x, 0x; 0x,
WM o UL We o MW g
ox, 0x, oox,  0x, ’ o ox, ox,

Any monogenic .4-valued function is two-sided monogenic. This means that it satisfies simultaneously the equations
Df = fD = 0. The same condition Df = 0 defines (left) monogenic H-valued functions.

We may point out that the 3-tuple f is said to be a system of conjugate harmonic functions in the sense of Stein
and Weiss,” and system (R) is called the Riesz system. Following Leutwiler, the solutions of the system (R) are cus-
tomary called (R)-solutions. The subspace of polynomial (R)-solutions of degree n will be denoted by R*(B; A;n). In
Leutwiler,* it is shown that the space R*(B; A; n) has dimension 2n + 3. We further introduce the real-linear Hilbert
space of square-integrable .A-valued functions defined in B, which we denote by L?(B; A; R). Also, R*(B) = R*(B; A) :=
L*(B; A; R) n ker D will denote the space of square-integrable .4-valued monogenic functions defined in B.
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In the next section, we review a suitable set of special monogenic polynomials, which forms a complete orthogonal
system in R*(B; A) in the sense of the scalar inner product

(£.8)2.AR) :=/B Sc(fg)dx. (5)

For a function f(x) = f(r{)inB(0 < r < 1,{ € S), its integral means of order p > 1 are defined by

1/p 1 1/p
My(E;r) 1= </|f(VC)Ide(C)> = <|S | /II |f(x)|Pds(x)> ., 0<r<1,
S r x|=r

where |Sy| = 4z is the surface area of the sphere S, = {x € R" : |x| = r} and do = ds/4r is the surface area measure
on the unit sphere S = 0B normalized so that ¢(S) = 1. We will also denote by h(B; X) the set of harmonic functions on
B with values in X (X = R or A or H). The Hardy spaces of monogenic or harmonic functions are defined as follows:

hP(B) = {u € h(B;X) : ||lullpe@) < +00},
HP(B) = h?(B) nker D.

The norm in the Hardy space of f in B is defined by

1£llheo) == Sup M, (£ ).

<r<1

As shown in Giirlebeck and Malonek,ﬂ(%l_))f defines a derivative of monogenic functions by analogy with the complex
one-dimensional case.

Definition 1. (see Sudbery” and Giirlebeck and Malonek?!). Let f be a continuously real-differentiable .A-valued
monogenic function; (%D)f is called hypercomplex derivative of f.

Definition 2. An .4-valued monogenic function with an identically vanishing hypercomplex derivative is called a
hyperholomorphic constant.

We set the weighted Bergman space of f on B by

’B) := {f measurable in B : ||f||1L’,,(B) = / If0) P — |x|H)*dV(x) < oo} , 1<p<oo, a>-1.
« B

Let the subspaces of L (B) consisting of harmonic or monogenic functions be
h(B) =1E(B)NnhB) and HEB) = LL(B)nkerD.

In polar coordinates, we have dV(x) = 3r*drdo(¢). Therefore,

1 1/p
Nl ez = <3/ My(E:r) (1 —r?)* rzdr> )
0
We set weighted Dirichlet spaces of monogenic or harmonic functions by
DYB) := {f : BfeL{,’(B)}, 1<p<oo, a>—1,

under the seminorm

_ _ 1/p
1fllpe ) 2= IIDE]l 25 = </ IDEGO)IP (1 — x|*)” dV(x)> .
B
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3 | SPECIAL SYSTEMS OF HOMOGENEOUS HARMONIC AND MONOGENIC
POLYNOMIALS

The material of this section is mainly inspired by the works of Cacdo*** and Morais and Giirlebeck.* The treatment is
only introductory since we have not attempted to cover all the ongoing research. For more detailed information, we refer
to Giirlebeck and Morais®” and Morais.*

The following constructions are based on the introduction of a standard system of spherical harmonics as considered,
eg, in Sansone.*® We use spherical coordinates, xy = rcos 6, x; = rsin cos ¢, x, = rsinfsin ¢, where0 < r < 00,0 <
0 < m,and 0 < @ < 2x. We start by recalling a suitable set of homogeneous harmonic polynomials,

n+1yrl n+ly,m
{r Un+1’r Vn+1’

1=0,1,....n41, m=1, ...,n+ 1}, (6)
Ny =1{0,1,2, ... }) formed by the extensions in the ball of the spherical harmonics

UL, (0,9) =P, (cosO)coslp) (1=0,....,n+1),

Vii(0,9) =P (cos@)sin(mp) (m=1,..,n+1).
Here, P, + stands for the Legendre polynomial of degree n + 1 and the functions Pln +1» Wherel = 0, ... ,n + 1are the
associated Legendre functions. In Cagdo*? and Caco et al,*” a special R-linear complete orthonormal system of .4-valued
monogenic polynomials in the unit ball of R3? is explicitly constructed by applying the operator %D to the system (6).
Restricting the resulting solid spherical monogenics to the surface of B, we do obtain a system of spherical monogenics,
denoted by

(Xp. Y7 0 1=0,....n+1, m=1, ...,n+ 1},

For the fundamental references for the preceding arguments and explicit expressions of these special polynomials, see
Giirlebeck,”® Morais,* and Morais and Giirlebeck.** We recall from previous studies?’-***3 the following properties:

1. The functions Xl,f :=r"X}, and Y,T’T 1= r"Y)" are homogeneous monogenic polynomials.
2. Foreachn = 0,1, ..., the polynomials Xl,f (Il =0,..,n+ 1)and Y:l”’T (m =1, ...,n+ 1) form a complete
orthogonal system in R*(B; .A), and their norms are explicitly given by

2 1 1+10)!
[ R PLSLA LA L)
L2(B;A;R) T2@2n+3)(n+1-1)! %)
’ijz zz(n+1) n+1+m)!
"lreaR)  202n+3)(m+1-m)!’

where 6, denotes the Kronecker delta.
3. Foreachn = 0,1, ..., the scalar parts of the polynomials Xl,f and Ynm’T form a complete orthogonal system in L?*(B),
and their norms are explicitly given by

2 1+1)? D!
s}, = Ty a2 LD
L(B) 2n+3 22n+1)(n-1Dn! ®)
mis ||2 m+1+mPz 1 (n+m)!
”Sc(Yn’) - z .
L(B) 2n+3 22n+1)(n—m)!
4. Forn > 1, we have
(5D) X =+ 1+ DX, A=0, ..o,
9

(%5) YZ"’T =n+m+ l)Y:l”_’T1 (m=1, ...,n),

ie, the hypercomplex differentiation of a basis function delivers a multiple of another basis function one degree
lower.
5. The polynomials XZ“’T and YZH’T are hyperholomorphic constants.
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6. Eachf € R*(B; A) can be decomposed in an orthogonal sum of a monogenic “main part” g and a hyperholomorphic
constant h:

f(x) = £(0) + g(x) + h(x), (10)

where the functions g and h have the Fourier series (a2, ", f" € R, 1 <m <n+1)

00 0, n m,T m,T
X X Y
[ (R I
=1 | I1X ) m=1 \ I1X;; " llz2) 1Yy, 2B

[+ n+1,7 n+1,}
X Y
1 1
h) = Z < +’ll i a2+ + n+711 ‘B’r’H > ’
n=1

s ST
X5 Ml r2cs) 1Y e s

4 | GENERATION OF A-VALUED MONOGENIC FUNCTIONS BY CONJUGATE
HARMONICS
We begin by recalling the notion of harmonic conjugates in the context of quaternionic analysis.

Definition 3. (Conjugate harmonic functions). Let U be a harmonic function defined in an open subset Q of R3. A
vector-valued harmonic function V'in Q is called conjugate harmonic to Uiff : = U + Vis monogenic in Q. The pair
(U; V) is called a pair of conjugate harmonic functions in Q.

We recall from Giirlebeck and Morais?” an algorithm for the calculation of any f € R*(B; .A) via conjugate harmonics.

Theorem 2. (Giirlebeck and Morais;*” Construction of a harmonic conjugate). Let U(x) be harmonic and square
integrable in B given by

- Sex?’ - Sex™t Se(y™t
Zl X)) 04 (m: s (Z: )|, (11)
= L 11SeX2 D) [1SeX; DIz 1Se(Yy, Dllz2s)

where for each n € Ny, al, (0 <1 < n)and b (1 < m < n) are the associated Fourier coefficients. If, additionally, the
Fourier coefficients satisfy the condition

< [ 2n+1 L (n+1)2n+1)
042 my2 m
+ )y — + (b , 12
;(Hl(an) Z‘MHDZ— [(@) +( )]) o (12)
then the series
s Vec(X>' “ Vee(X™' Vec(Y™'
Zl X, ) a2+2< f”” ) _ars r(”" )y (13)
= L 18X D) 1Se(X;, D2 1Se(Y " DllL2a)
is convergent and defines a square-integrable vector-valued harmonic function V conjugate to U such that fix) : = U(x) +

V(x) is an A-valued monogenic function.

Observe that by adding any hyperholomorphic constant ¢ to V, the resulting function V : = V+¢ is harmonic conjugate
to U also. On the other hand, each monogenic .4-valued function with vanishing scalar part must be a hyperholomorphic
constant.

By the direct construction of formula (13), we only get 2n + 1 homogeneous monogenic polynomials of degree n (ie,
the monogenic “main part” of f). However, since dim R*(B;.A;n) = 2n + 3, adding two hyperholomorphic constants,
the necessary number of independent polynomials is achieved. Such a result will allow the definition of a continuous
operator between spaces of harmonic and monogenic functions given by the construction of harmonic conjugates.

We will consider the “main parts” of monogenic functions in R*(B;.A) as a separate (orthogonal) subspace.
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Definition 4. Let f be a square-integrable .4-valued monogenic functions defined in B, ie, f € R*(B; .A). We will
write f € R}, (B; A), if f is represented in the form

£0x) = ) Pa(x), with (14)
n=1
XO,'I‘ n Xm,Jr Ym,wL
P,(x) = 0—"1_a2 + Z ( r:-(- a™ + n:_{_ bm ). (15)
[ISeX;; D lz2B) [ISeX,," llz2s [1Sc(Y,,"Dlz2s)

In fact, we drop hyperholomorphic constants h and £(0) in the decomposition (10) of the monogenic function f.

5 | PROOFOF THEOREM 1
Before the proof of Theorem 1, we need some preparations. We compute the norms and equivalent norms in various
spaces of monogenic and harmonic functions.

Lemma1l. (Norm in the monogenic Hardy space H?2). Suppose that fis an arbitrary A-valued monogenic function on
B, having homogeneous expansion (14)-(15). If f € H*(B), then

o [ Cn+1)(2n+3) o (m+1)2n+1)2n+3) , m
12, = 11125 = ) (n—Jrl(aii)2 + ;1 =P [(a)* + (b, )2]>

n=1

~ ) (n(an>2 +n’ ZW [(ary? + (b?ﬂ) :

n=1

Proof. By virtue of the orthogonality of the polynomials P,,, clearly ||f ||2 = |If ||L2(S AR =3Py ||i2(s; Ry SOWeE
should only compute L2(S)-norms of P,,. By Cacdo®> ™D or Giirlebeck and Morais,*> 54D
m m 7 n+1+m)!
I gy = 70+ D Xy = IRy = S0 D 1o
forall1 < m < n.Norms (16) together with (8) yield
IX ”LZ(SA]R) _ (@rn+1)(2n+3) | m”LZ(SAR) _ Y3 ”LZ(SAR) _ (n+DH(2n+1)(2n +3)
ISeXOHIR,, i+l ISe I NZ,,  ISe(Yr D2, (1+1+mn+1-m)
Hence,
, | °||L2(SAR) PR IX m||L2(SAR) R Il m||Lz(SAR) R
IPnll7as 4 ) = O—T an)” + Zm—T ar m—’r by
(17)
Cn+1)2n+3), oy w@+DCR+1CR+3) [, ., 5
=  "(a am?® + (bih*| .
— D2+ Do L@+ @]
O

Lemma2. (Norm inthe harmonic Hardy space h?). Let U be a scalar-valued harmonic function in Bwith homogeneous
expansion (1)U (x) = Y>>, ScP,(x), where P, are monogenic polynomials (15). If U € W’ (B), then

U = U s = 2(2n+3) (an>2+2<aw>2+<b’">2

m=1
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Proof. By the orthogonality of the polynomials ScP,, clearly ||U||i2 ® = = ||U|)? e = =y, lISc P,|? 125y SO We should
only compute the L2(S)-norms of ScP,,. By Giirlebeck and Morais,> (Pop-3 P643)

z(n+ 1) r 1 @m+m)!
||SC(XO)||L2(S) = onrl ||ScXm||L2(S) = ||SCYm||Lz(5) (m+1+my= 2l —ml (18)
Norms (18) together with (8) yield
ISeX)) |12 lISeXy |2 lIScy;||?
o LS _ Le _ o O 2n+3, 1<m<n. (19)
||SC(X )”LZ(B) ”SC(X )||L2(B) ”SC(Y )”LZ(B)
Consequently,
XO 2 n Xm 2 Ym 2
sepo, . - s o ISCX)I2, 5, IS Dl
IO T el ISe(xH)2 ISeCyr DIz,
L2(B) m=1 L(B) L2(B)
n
= @n+3) |(@)’ + Y @’ + B> | .
m=1 D

Lemma3. (Norm inthe monogenic Bergman space fo ). Suppose thatf € R} (B; A) having homogeneous expansion
((14)-(15)). If £ € H2(B) for some a > —1, then

o 1
I, ~ §W||Pn||L2(SAR> (20)
o n
1 1 m m
> <E<aﬁ>2 + Z o 1)2 — (@) +; >2]>, a> -1, (1)
n=1

Proof. The equivalence (20) is proved in lemma 4.1 of Morais et al.! Then by making use of (17), we obtain

12, ~ iw( 07 4 2 (n+1)2n+1)2n + 3)

a™ 2 my\2
“~n+ 1) (n+1) e (n+ 1) (n+ 172 - [( )+ (b)) ]

n=1

N[ Loop, 1N 1 m2 L pmy2
~Z<na(an) +na_2;l(n+1)2_m2 (@) +(bn>]>.

O

Lemma4. (Norm in the monogenic Dirichlet space D? %)- Suppose that f € R;,(B; A) having homogeneous expansion
(14)-(15). If f € DA(B) for some a > —1, then

113, ~ an . [(anf + Z(a:{‘)z + (b7 ]

n=1 m=1

Proof. The Dirichlet seminorm can be written by means of polar coordinates, and after that by the orthogonality of
the polynomials DP,,, we get

_ pe2\a 2 _ 2(n—-1) a2
|f|| _3/ ||Df||L2(S)(1 r)*redr = 3/0 Zr ||DPn||L2(S) —nredr

_ F((X+1)F(l’l+l/2)
=33 5P, I, / (1= dr = 23 DRI,
Z{ L) Z 9 T(a+n+3/2)

z°° 1

~ 2} 2

~ lna+1 ”DPVl”LZ(S)
n=
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So we should only compute the L?(S)-norms of the polynomials DP,,. Formulae (16) and (8) lead to

0 2 2 2
1% ”LZ(S) _ n(2n+1)(2n+3) ”le—lllLZ(S) _ ”Yr—llle(S) _ n2n+1)(2n+3)
1565 1. (n+1) ISy DI, I1SeCy DI, R+ 1+mp?
In view of (9), we obtain
— 2 > r(n+171X0_ 117
”lDPn - [ T (@)
2 L2(S) n=1 ”Sc(Xn’ )”LZ(B)
2 m 2 2 m 2
L DI DRI
e h2 ! Se(Yh|1? !
m=1 ” C( n )||L2(B) ” C( n )“LZ(B)
o0 n
= Y'n@n+1)2n+3) @)+ Y @h? + bh?| -
n=1 m=1
Thus,
S n2n +1)(2n + 3) . < 2 a .
IE1,, ~ Zl — @? + ZI(a::l)z + M| ~ z;nz (@) + Zlmz"f + B
n= m= n= m=

O

Lemma5. (Norm inthe harmonic Dirichlet space thx). Let U be a square-integrable scalar-valued harmonic function
in B with homogeneous expansion (11)U(x) = Y., ScP,(x), where P,, are monogenic polynomials (15). If U € hD?(B)
forsome a > —1, then

o] n
101, ~ Yot l(aﬁf + )@ + (b?:)zl .
n=1 m=1

Proof. Taking into account (2) and (19), we get

o0
IUIZ, ~ Y n'=lIScP,llZ, g

n=1
_ i" ISeX17. s, @re Z 18Xl ISCY;!I17, s, o
- —T n o n . n
= 1SeGDIR, = 18I, 5, [EEC ][
o n [e] n
=)' 2n+3) l(aﬁ)z + @+ (b;"f] DY l(aﬁ)z + D@’ + (b;"f] :
n=1 m=1 n=1 m=1

O

Proof of Theorem. For a square-integrable harmonic function U(x) in B, by Theorem 2, we recover the monogenic
function f with Scf = U and series expansion f(x) = Y, P,(x), where P, are spherical monogenics (15). An
application of Lemmas 4 and 5 immediately implies the required equivalence (4),

o] n
Iflip2 ~ Ullp: & ) 0™ l(aﬁ)z + )@ + (b:’hzl :
n=1 m=1

This means that the harmonic conjugation operator U +— f given by formulae (11), (13), (14), and (15) is bounded in
the weighted Dirichlet spaces D2(B). O
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6 | SHARP INCLUSIONS IN THE DIRICHLET, BERGMAN, AND HARDY
SPACES

Our second main theorem concerns relations of type (3). Unexpectedly, it turns out that the relations of type (3) are no
longer true for the monogenic Dirichlet spaces. Moreover, no one monogenic Dirichlet space coincides with the Hardy
or the weighted Bergman space.

Theorem 3.

(i) While the harmonic Dirichlet space th(B) coincides with the harmonic Hardy space W (B), this fact fails for their
monogenic subspaces:
hD; =h?, D;# H>

The monogenic Dirichlet space D}(B) in fact lies between the monogenic Hardy space H? and the monogenic
(unweighted) Bergman space H3(B) = M(B) N L(B):
DiNR}(B)CH?, H?*cCDi D:nRiB) CH, (22)

where all the inclusions are continuous and strict.
(ii) More generally, although the harmonic Dirichlet space hD>(B), a > 1, coincides with the harmonic Bergman space
hi_Z(B) =hB)N Li_z(B), this fact fails for their monogenic subspaces:

WDi=h2_,, Di#HM’, a>1
The precise relations are
H: ,cD; Di:nR,B CH!, a>1, (23)

where both inclusions are continuous and strict. Moreover, the inclusions are sharp in the sense that the subscripts
a — 2,a — 1,ain (23), as well as the subscripts 0 and 1 in (22), cannot be improved.

Proof. The continuity of inclusions (23), ie, C, ||f]| r < Ifllp: < CalIf]l o, a>1, follows from a comparison of the
Dirichlet and Bergman norms

[e3] n
IF13, ~ Y n*™ [(a‘,i)2 + Y (am?+ (bT)Z] :
¢ n=1 m=1

112, ~ Y, (nj_l @7+ —= > o 1)12 — @+ <b:,">2]> ,

n=1 m=1
o[ 1 1 % 1
DY (na_z @7 +—= 2 EEE [(@? + (bﬁ"ﬂ) :
n=1 m=1
An estimation
1 1 © 1 1 1 c
042 2 2 042 2 2
a1 (an)” + na_3mzz‘,1(n T12 - m2 [((JT) + (ba) ] < F(an) + mmz::l [(a;rqn) + (by) ]
n
1 1 02 2 2
S <;(an) +m§:‘,1 (@) + (b ])
shows that for functions f € R (B; A), one obtains ||f||Lz_1 < Cllifllp: with C = 1.
On the other hand,
1 1 % 1 1 1 c
5@+ — Zl T @+ O] 2 s+ s 21 [(@m? + by]
m= m=

1 s m m
2 o <(a2)2 + Z‘l [(amy? + (b] )2]> .
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So, for functions f € R*(B; A), we come to ||f|lp: < C|If]| I with C = \/5 Thus, inclusions (23) are continuous.
Inclusions (22) can be proved in the same manner.

Now, let us show the strictness and sharpness of the inclusions. Define the following typical monogenic functions
as possible counterexamples,

n,t 0
g = Y ——"—ap, =Yl
=1

& IsexrHILam) ISe(XY: >||Lz<3>

The exact values for the coefficients a and a2 will be defined below. We have to compute several norms of g and h, by
Lemmas 1 to 4. No one Dirichlet space D? coincides with the Hardy space H2, indeed, D2 ¢ H?forany0 < a < 1,
since

IgeD; gEM’, gl ~ an“'(aﬁ)2 <+oo, llgll?. » D n(ap)? = +oo. (24)

n=1 n=1

We can choose in (24), a” = n=3/2, for example. Conversely, H? ¢ D; forany0 < B < 1, since
dheM’, h¢D; |h|;,~ Zn(an)z < +o00, ||h||§)2 ~ an—ﬂ(ag)2 = +00. (25)
n=1
We can choose in (25), (a3)* = n”=3, for example. So, the inclusions DZ n R},(B) C H? C D? are sharp.
Further, no one Dirichlet space D? coincides with the Bergman space H2. We have already proved inclusions (23).

One can show that these inclusions are strict and sharp in the sense that the subscripts in (23) cannot be improved.
Indeed, Df} NR;(B; A) ¢ H2_ forany p > a > 1,since

IgeD; gEM gl ~ i@ <+oo, gl ~ Y@ = +oo. (26)
# n=1 “ n=1

We can choose in (26), (a")? = n*~3, for example.
Next, Hlf_z ¢ D} foranyy < a,since

JheH2, he¢D, [h% ~ ) n* @)’ <+oo, [, ~ Y n?7(@))? = +oo. (27)
a2 n=1 Y n=

We can choose in (27), (a%)? = n’ =3, for example. Thus, inclusions (23) are best possible.
This completes the proof of Theorem 3. O

7 | HYPERCOMPLEX DERIVATIVES AND PRIMITIVES IN THE BERGMAN
AND HARDY SPACES
The lemma below shows how partial derivatives act in harmonic Bergman spaces.

Lemma 6. (eg, Avetisyan et al?®1emma5)) Tet1 < p < co,a > —1,m be a positive integer, and A = (4o, 41, A2) € N2.
Then for all A-valued harmonic functions f,

Il = Y, |otr@)+ Y [otr], (28)
lil<m lil=m Lavom
where 0” denotes the partial differential operator of the order |A| = A9 + A; + A, with respect to Xy, X1, X;.
In particular,
£l % LFOI+ VANl & LF O+ VO + ||V, (29)

a+2p

The involved constants depend on the parameters p, a, m only.

It is natural here to ask whether the gradient in Lemma 6 can be replaced by the hypercomplex derivative D of mono-
genic functions. Corollary 2 below states that the answer is negative. Besides the hypercomplex derivative D, we are
interested in monogenic primitives in the mentioned spaces.
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Definition 5. For g € C'(B;H), we say that f € M(B; .A) is a (monogenic) primitive of g if Df = ginB.

We immediately obtain that if g admits a primitive f, then g is necessarily left monogenic, g € M(B; H), because Dg =
DDf = Af = 0. If fis a primitive of g, then {f+ ¢} is the set of primitives of g, where g is an arbitrary hyperholomorphic
constant, 1_)(p =0.

Sharp inclusions (22) and (23) lead to the following corollaries of Theorem 3.

Corollary 1. Forany f € R*(B; A),
IDE 1], < ClIflle.
IDEN , < Collfllz, o> -1.

Corollary 2. Foranyf € R} (B; A),
I£ll2 < CIIDE| 2,
Il < ColDEllz . a>-2.
Remark 1. The results of Corollary 1 correspond to the classical case in Lemma 6, while in the opposite direction in

Corollary 2, we have stated somewhat weaker assertion. Namely, we have obtained in our setting that the monogenic
primitive (D)~! in the weighted Bergman spaces scale H2 behaves one degree worse than a classical one.

8 | CONSTRUCTION OF A GENERAL MONOGENIC FUNCTION BY ITS FIRST
COMPONENT AND FURTHER LEMMAS

In this section, we apply an alternative algorithm for the explicit construction of a “unique” pair of conjugate harmonic
functions in R3.
Theorem4. (Moraisetal;' Construction of a harmonic conjugate). Let U be a scalar-valued harmonic function defined

in B. Define

1

aU ) [}

Vi(x) i= —x / w dp + W1, x), (30)
0 1

where the function W(x;,x;) is chosen so that

62 U(07 X1, x2)

A W= 31
0a-%2) 0x 0x1 (D
and
! Xo X X1 ox
Vox) = / — | oUw) oUwx) | + | Vi) v (o) || dt. (32)
0 0x, 0x, 0x; 0x,

Then the function f : = U + V;i + V,j is monogenic in B. Moreover, the most general monogenic function g having U as
its scalar part is given by

800) = £(x) + (1, x2),
where @(x;,X;) is a hyperholomorphic constant.
We need some more lemmas.
Lemma 7. (Flett*). Let w(x) be a nonnegative subharmonic function in B and M;(w; r) be its integral mean of order

one. If M;(w; r) is bounded on 0 < r < 1, then w(x) has a harmonic majorant h(x) € h'(B) on B so that

w(x) < h(x), x€ B, and ||hllu@m < C sup My(w;r),
O<r<1

and as a consequence, M;(h;r) < CM;(w;r),0 < r < L
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For any fixed p, r € (0, 1), we also consider the following bounded domain in R3:
X x X
E,y i=4 x= (x0,X1,%) € R* : W+ﬁ+ﬁ <1

which denotes the inner domain of the oblate spheroid JE,, ;.
Lemma 8. (Krantz*). Let Py, (x, y) be the Poisson kernel for E, . Then

dist(x, 0E, ;)

Pg, (x,y) =y

, x€E,, y€oE,,,

in particular,

Pg, (0,y) y € 0E,,.

or
R

Lemma 9. (Hardy's inequalities; Flett*> ®49 and Flett*» ®7®), If1 < p < c0,y < —1 < a, and h(r) > 0, then

1 r p 1
/ Q-1 </ h(t)dt) dr < C(p, a, y)/ 1 = r)**P P pP(rYdr, (33)
0 0 0

/ 1-r" </ h(t)dt) dr < C(p, (x)/ (1 = r)**P hP(r)dr. (34)

Lemma 10. (Zhao*). Letw = w(x;,X;) be a nonnegative superharmonic function in the unit disk I :

={x+x <1}
and f > —1,0 < p < 2 + B. Then for any point a € D,

||W||L§(JD>) < C(p, p, a)w(a).

9 | HARMONIC CONJUGATES IN WEIGHTED DIRICHLET SPACES D)

Our last theorem extends Theorem 3 to the range 1 < p < oo and generalizes it by using the method of Theorem 4 for
construction of quaternion-valued harmonic conjugates.

Theorem 5. Let U be a real-valued harmonic function in B. If U € hDE(B) for some1 < p < oo and a > —1, then
there exists a monogenic function f € DF(B) such that Scf = U in B.

Moreover, if W(xl,xz) := G [y] (x1,x,) is the Green potential of the function

02 U(Os X1, x2)

w1, %) 1= = (Vi x,) T O (35)
00X

inD, then
Ifll ey < C0, DU |l pp ) + Cp, @, ) W(a)
forany point a = (a1, az), aj + a} < 1, such that W(a) < +oo.
Proof. Given a real-valued harmonic function U, we use Theorem 4 to construct f = U + Vii + V;j where the

coordinates V; and V, are defined by (30) and (32). For any pointx = r{ € B, we can differentiate and then estimate
the first component V; in the vector part of f,

1
< |x0|/
0

oV1(x)
an

0*U(pxo, X1, X,)
()xl an

oW (x1,X2)
6xj '

=: 9V, (%) + (36)

dp+ ‘aW(xl,xz)
axj
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An application of Minkowski's inequality implies

1
Mp(f)Vl;r)S/ (/ |Xo0l?
0 |x|=r

Denote by h(x) the smallest harmonic majorant of the subharmonic function

Iy| < 4/r}, then

0*U(pxo, X1, X;)
0x10X;

4rr?

p 1/p
ds(x) ) dp

02U (x)

X, 0X;

p
intheballB\/;z {(yeR3:

p

2
TION <hy. yes.

()xldxj

A direct evaluation shows that

— 1 dsx)\ /P ! v
Mp(dVl;r)s/ </ IX%o1? (o, X1.%2) 2> dpSr/ < 2/ h(y)dS(y)> dp.
0 \Jpj=r nr o \ 47r° Jog,,

We now need the Poisson integral representation of & in the spheroid E,, C B Nz and then, we can estimate it at the
origin by using Lemma 8:

h(x) = / Pg, (x, y)h(y)do(y),
0Eﬂ.r

h(0) = / Pg, (0,y)h(y)do(y) = C / L h(yydo(y) > Cr—p2 h(y)do(y).
9E,,

o8, 1y OE,,

With these calculations at hand, we get

~ 1/ 5 1/p
My(0Vy;r) < Cr/ <r—h(0)> dp = C,r'*¥P(h(0))"/P.
0 p

By the mean value equality for harmonic functions and using Lemma 7, we obtain

1 1/p
M@ < [ [ heaso )
o \ ISyl Js ;5

1
= or2h [l oy dp
0

(37)
1
*U
<cC 1+1/P/ M s4/pr ) d
=5t o D\ 0x;0x; r)ee
r
*U
=C,r? [ M 2/t ) dt.
o’ /0 ? <0x15xj \/_>
Raising both sides of (37) to the pth power and integrating and then by using Lemmas 9 and 6, we obtain
—~ 1 —~
P an P .
||6V1||Lg(B) < C/0 (1= n*M,@Vy;r)dr
1 r 2 p
SC/ aQ-nr /Mp il ;\/E dt) dr
0 0 ax1axj
! P (38)
wrpapp [ 02U 0*U
SC (l_r) pMp 5 r drsc(p7a)
0 0x10X; 0x10X; .

< C(p, a) ||v2U

P p
o < C(p, a)||VU||L5(B)~

+p
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The last term in (36) can be estimated by means of Lemma 10 as follows. From (31) by a differentiation with respect
tox;,j = 1,2, we get

0 03 U(07 X1, xZ)
A — W, )| = ————, j=1,2, 39
(%1%5) [ axj (1 2)] X0 0% axj J ( )
As is well known (see, eg, Gilbarg and Trudinger*), the solution %W(xl,xz) of the Poisson equation (39) in D with
J
vanishing boundary values on the unit circle 0D is unique and is the Green potential of %,
0 0X1 0X;

03U(O3 Y1, J’Z)

. 3
sy = G[03,U0.9| (i3, (%) €D,

d
a—W(xl,x2)=/G(xl,xz,}’hh)
X D

where G(x, y) = log

lx_;;yx‘ < 0 (in the complex notation) is the (subharmonic) Green function for the disk. Denoting

vt i=max{v,0}, v :=max{-v,0}, sothat v=vi—v =—v —(=v"), |=vi+v,
for a real-valued function v, we split the function i?;—;‘;:) into its positive and negative parts,
PUO.x1.%) _ < 0*U(0,x1,%,) > T [_ < 03U(0,x1,x2)>+]
0X 01 0X; 0X 0X1 0X; 0X 0X1 0X; ’
and come to
a%W(xl,xz) = W01 ) = Wiali, x2), (40)

where

2*U(0, y1, -
0.< W61, 32) :=—/Dc(x,y><M> i

. .
AW (e, x2) = _<M> <0,

0y00y10y; 0y00y10Y;
PUWO, yy)\* PUO,y1,y)\"
OSWjZ(xl’xz) ;=—/ G(x’y)<M> dy, Asz(xl,x2)=—<M> <0,
D 0y00y10y; 0y00y10y;

that is, Wj; and W}, are nonnegative superharmonic functions in . Consequently, the function Wj; + W),

a*U(0, y1, »2)

0<Wiilx1,x) + Win(x1,x) = — G(x,
< Wii(x1,x2) 2(X1,%2) /]D) (x,y) 37001 9,

dy=G [— 03, U0, )H LX), j=12 (41

is nonnegative and superharmonic, too. Summing two formulae (41) forj = 1 andj = 2, we get

02U(0, y1, y2) d
— y.
0Y00y1

0 < Wi10x1,x2) + Wia(x1, X2) + Wai (X1, X2) + Waa(x1, x2) < \/5/@) =G0 Y) Vo,

Therefore, for a point a = (a;,a,) € D,
0 < Wii(@) + Wia(a) + War(@) + Wax(@) < V2G [= [Van U0, -, )[1 (@) = V2G[y](a) = V2W(a) < +o,

by assumption, where the function y is defined by (35). By Lemma 10, for four nonnegative superharmonic functions
Wu, W12, W21, and sz, we have

IWiillzmy < Cp,a)Wii(a), J,i=1,2.
Since the integral mean M, of a superharmonic function is decreasing with respect to r,
r 1/p
IWiill iz = </ A - 2P M (Wji; t) tdt) > CpM, (Wjiir)
0

for all % < r < 1. It follows that for a > —1,

1 1/p
< 1/2(1 - )My (Wjir) Vdr> < CE. 0 Wil pmy < Cp, a, @) Wji(a). (42)
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Moreover, inequality (42) remains valid for an extension Wj;(xo, X1, X2) of Wji(x1, x,) to the ball B.
According to (36) and (40),

oV1(x)

Xj

oW (x1,X;)

J

<oVi(x) + <OV1(x) + Wy + Wi (43)

Because of the increasing property of M,(u; r) in r for a harmonic function u, the cut Bergman norm

1/p
||u||L§(1/2<|x|<1) = </ lu)|P(1 - |x|2)a dV(x)>
1/2<|x|<1

is equivalent to the full norm [|ul|;» ). Therefore, by (43), (38), and (42),

oV, oy ~
— SCp,m)||=— < C||oVy + C”le + Wiallea ja<p<ny
0%; |2 s, 9% |l21241x1<1) H L/2<pxl<) e

< CE, )VUllp@ + Cp.a.0) (Win(@) + Wi@),  j=1,2

Summing two norm inequalities, we get

aV- aV;
‘ - ‘ — S C@,DVU|l e + Cp, @, a) (Wir(a) + Wiz(a) + Wai(a) + Waz(a))
oxy iz 119Xz M)
< C. D)l|VU s + Cp, 0, ) W(@).
Since % = % by the generalized Cauchy-Riemann system (R), we conclude that
0 1

IVVillzz < C@, @IVUl 12, + C, @, @) W(a). (44)

Let us proceed to estimations for V;(x), (32),

1
V(o) = / . 0U®) +xzaU(tx) IS TCINN A 1C0) D
0 0x; 0x¢ 0, ox,

ox; 0 0Xx10x, 2 0X00X1 ox; 0X10x; 2 ()xf

1 2 2 2 2
V(%) :/ l_x PUR) | PUR) | Vi) | Vi) ) Vl(tx)] "
0

An application of Minkowski's inequality implies

1
M, <%;r> < c/ (rM, (V2U:tr) + rM, (VU tr) + M, (VV13 tr) + M, (V2Vystr) ) dt
1 0
r r 1 r r
=c/ M, (V?U;t) dt+C/ M, (VU;t) dt+C;/ MP(VVl;t)dt+C/ M, (V*Vy;t) dt.
0 0 0 0

Raising to the pth power and integrating with respect to (1 — r)*r?dr, we obtain

p 1 r p 1 r P
‘ gc/ (1—r)“</ M, (V?U;t) dt> r2dr+C/ (1—r)"</ M, (VU; 1) dt> rrdr+
L2(B) 0 0 0 0
1 1 r p 1 r 14
+c/ (l—r)“r—p</ M, (VV3;1) dt) rzdr+C/ (1—r)“</ M, (V?Vi;t) dt> rrdr
0 0 0 0

1 1
< C/ A = n)™PM, (V2Usr) rdr+ C/ (1 —n*PMb (VU 1) Pdr+
0 0

ov,
ox 1

1 1
+ C/ (1- r)“+PrlprPM§ (VViit) rPdr+ C/ (1 —r)™PMp (V2Vyst) rPdr.
0 0
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Here, we have used Hardy's inequalities (33) and (34) of Lemma 9. Finally, by Lemma 6 and (44),

p

Vs 2r7|1P p p 2 |IP
=2 <
‘ ox; 2(B) < €@, <”V v LL,,B) + ”VU”L‘;W(B) + ”VVlHL{,’ﬂ,(B) + “V " LB
—~ p
< €. (IVUIE, , + 1V, ) < Co.0 IVUIE, , +Cp.0.0)(W@)
Thus,
1% —_
’ M) < @lVUlly e + C. 0 ) W@, (a5)
ox Iz

The same inequality for % can be proved similarly. By summing (45) for VV, and (44), we come to
IEllze) < C@ DUl s, + Clp, 2, ) Wi@)
for the monogenic function f = U + Vii + Vj. This completes the proof of Theorem 5. O

Remark 2. We have proved a quaternion version of “harmonic conjugation theorem” for the weighted Dirichlet spaces
Di(B)with1 < p < oo,a > —1. Earlier in Morais et al,', (thm.7.1) we proved a similar theorem for weighted
Bergman spaces H2(B) = LE(B) n ker D again with1 < p < co,a > —1. Taking into account Lemma 6 and a
close connection between D% (B) and L (B), we could derive the result by combining Morais et al' and Lemma 6. It is
possible but provides a result only for @ > p — 1, which does not include two important cases—unweighted space
Dg(B) and the limit space Dg_l(B). That is why Theorem 5 deserves an independent proof, which is given above.
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