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1. INTRODUCTION

In this paper, we develop and improve our recent results in harmonic function spaces and operators
on them, see[1, 2,4, 5, 21]. Some results of the paper were announced in [3].

Let B = B,, be the open unit ball in R™(n > 2) and S = 0B be its boundary, the unit sphere. The
integral means of order p of a function f(x) = f(r() on the sphere |x| = r are denoted by
Mp(f;’l’) = Hf(T')HLp(S;dO')7 0<r<l, 0<p<oo,

where do is the (n — 1)-dimensional area-surface Lebesgue measure on S normalized so that o(S) = 1.
The set of all (real) harmonic functions in the unit ball B is denoted by h(B). Let dV be the Lebesgue
volume measure on B normalized so that V(B) =1. In the polar coordinates, we have dV (z) =
nr"tdrdo(¢).

By definition, the mixed norm space L(p, ¢, @) (0 < p,q < oo, € R) is the set of those functions f
measurable in the unit ball B, for which the quasi-norm

1 1/q
<f(1 - r)o‘q_lMg(f;r)dr> , 0<q< oo,
0

ess supg,oq1 (L —=7)*My(f5r), q =00,

||f| |L(p,q,a) =

is finite. For the subspace of L(p,q,«) consisting of harmonic functions let h(p,q,a) := h(B) N
L(p,q, ).

The mixed norm spaces h(p, ¢, «) and their analogues consisting of holomorphic, pluriharmonic or
harmonic functions in the disc, the ball in C™ or R™ have been extensively discussed in the past three
decades. The mixed norm spaces of holomorphic functions in the unit disc were introduced by Hardy
and Littlewood [11, 12], and developed later by Flett [10]. For p = ¢ < oo the spaces h(p, g, «) coincide
with weighted Bergman spaces, see [9, 13], while for ¢ = oo these spaces are referred to as weighted
Hardy spaces. The spaces h(p,p,a), h(p, q, ) on the unit ball in R™ were studied in [6, 7, 16, 14, 19,
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1026 AVETISYAN

18, 4, 5], while the space h(p, q, ) consisting of n-harmonic functions on a polydisc in C™ were studied
in[1, 2].

In the recent paper [5], we established a reproducing integral formula of Poisson—Bergman type for
functions in h(p, ¢, @) with a wide range of parameters.

Theorem A. Let a > 0 and u € h(p,q,«) be an arbitrary function. If either 0 < p,q < oo, >
max{a+ (n —1)(1/p—1),a},or1 <p<00,0<q<1,8>q,then

nri@) /(1 - |Z/|2)5—1P5(:c,y)u(y)dV(y), z € B, (1)
B

u(z) =

where Pg is the Poisson—Bergman type kernel defined in Section 2 below.
Integral formula (1) induces a linear integral operator of Bergman type
2

Ty(u)a) = = [(= ) Pl y)uln)aV (). @€ B.
B

In fact, Theorem A asserts that operator T} is the identity map on h(p, ¢, &), that is, Tg(u) = u,Vu €
h(p, q, o) for suitable parameters.
Along with the operator T}, define more general operators of Bergman type,

—z2)A
Tiaf)e) = AL [0 P P sav o)
B
—z2)A
Spalf)a) = AL [0 P Pse ) F)av (o),
B

Note that Ty = Ts. We introduce some more operators of Poisson—Bergman type with the use of
ordinary Poisson kernel Py(z,y),

®()(e) = s [ (L= ) R ) D )V, 5.6 >0,
B

where D? is an operator of fractional differentiation defined in Section 2.

Our purpose is to find out the action of operators Tj y, Sg 5, ®g,5 on Lipschitz and much wider mixed
norm spaces.

Theorem 1. for any a+ 3> > a >0, the operator ®g s continuously maps the Lipschitz

space A, onto harmonic Lipschitz space hAyi5-s, i.e. Pgs5: A, onto, hAqyp—5, with the norm

inequality
12s,5(Nhnais-s < Clas B,6,1)[[fl|na-
In particular, for B =6, the operator ®g g is a continuous projection of the Lipschitz space A,

onto its harmonic subspace, 3 3 : A, 2% hAg.

The Bergman projection T} also preserves classical Lipschitz spaces Lip «, as stated in Theorem 2
below.
Theorem 2. For 0 < a <1, 8 >0, the operator T continuously projects the Lipschitz space

Lip o onto its harmonic subspace hLip o, Tp : Lip « onto, hlLip o, that is,
HTﬁthLipa < C(a757n)|‘f”Lipa'

Remark 1. Theorems | and 2 assert that Poisson—Bergman operators ®g g and Tg act as
bounded harmonic projections in Lipschitz spaces. Preservation of Lipschitz spaces under
the Bergman projection was established earlier in [15] (for unweighted Bergman projection)
and [8] (for integer B).
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POISSON—BERGMAN TYPE OPERATORS 1027

Having established Theorem A, it is natural to ask whether the operators T , S3 ) are bounded in
mixed norm spaces.
Theorem 3. /[ 1 < p,q < oo, B> a> —A\ then the operators Tg x, Sp continuously map the

space L(p, q, o) into itself: T x,Ss.x : L(p,q, ) Into, L(p,q,), that is,
||T/37>\f||L(p,q,a) < C||f||L(p,q,a)v (2)

HS@)\fHL(p,q,a) < CHfHL(p,q,oa)a (3)

where C = C(p,q,, B, \,n) is a positive constant depending only on the parameters indicated.
Moreover, the operator Ty continuously projects L(p, q, ) onto h(p,q, o):

t
Tﬁ,O : L(pv q, Oé) M h(pv q, Oé). (4)

Remark 2. Theorem 3 is an analogue of the well-known Forelli—Rudin theorem in Bergman
spaces, see, e.g., [9, 13]. Various generalizations for holomorphic and harmonic functions can
also be found in [9, 13,7, 14, 18, 1].

2. PRELIMINARIES

Throughout the paper, we assume z = r(,y = pn,0 < r,p < 1,(,n € S, and the letters C(cv, 3, . .. ),
C,, etc. stand for different positive constants depending only on the parameters indicated.

Definition 1. (Riemann—Liouville [ractional integral and derivative for R?) For a function f
of one variabler € [0,1), let

1
M) i [ 00"
0 0

d

D7) = (45) 7). D)= DD ),
where0<r<l,a>0meZm>0m—-1<a<m.

Definition 2. (Fractional integral and derivative for R™,n > 2) Given a function f in the unit
ball B, let

r

D2 f(r) = e [ (= 0% 70

1
D,;af(l‘) — T—(a+n/2—1)D—a{ n/2— lf( ) _ / a lf( )tn/2 1dt
0

Df(x) =Dy f(x) :== 7’_(”/2_1)D0‘{r0‘+"/2_1f(x)}, r=|z|

This version of the fractional derivative in R™ is introduced in [5] and makes it possible to apply it to
the extended Poisson kernel in B
1— |=’yl?
P(x,y) = Py(x,y) := )

@0 = B = gy Py

in order to obtain the Poisson—Bergman type kernel Pg in B mentioned in Theorem A. Here x - y means
the Euclidean inner product.

Definition 3. (Poisson—Bergman type kernel in B)

Pa(:r:,y) = DgP(.’L‘,y), xayer CYZO

x € B,y € B,

Similar and equivalent kernels mostly in series or integral forms are defined in[6, 9, 7, 16, 14, 18].

Note that Poisson—Bergman type kernel P, (x,y) is a harmonic function with respect to both z and
y, and P, (x,y) = Py(y,x). Let us mention important estimates of the Poisson—Bergman type kernel
(see, e.g.,[16, 14, 19])

Clayn)  Clan)
[ — pxfotn=t|C —ryletnmt?

| Po(z,y)| < a>0, (5)
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1028 AVETISYAN
, x=r¢ y=pn, a=>0. (6)

Lemma 1. Forany 8 > o > 0, there hold the inequalities

1
Ca,ni, xEB,
/|s—a:|a+"1— () T e

1

1
- < 1
/ 1—7’t —C(a’ﬁ)(l_r)ﬁ—a’ 0<r< )
0

(1-— 1
/K_TLy“ng 1 ()Sc(a,ﬁ,n)m, r=r(eB.

The estimates of Lemma 1 are well known and can be found, for example, in [14, 16, 19].
We also need well-known Hardy’s inequalities, see, e.g., [20, 10].
Lemma 2. (Hardy's inequalities) If 1 < g < oo, 3> 0, h(r) > 0, then

1 T q 1
z Pt ( h(t)dt) de < C [ 297971 (z)d, (7)
o (o) s

0

0
r q 1
(1—r)ft ( h(t)dt) dr <C [ (1 —=r) P 10a(r)dr, (8)
/ !
1—r)~ (/h t) dr<0/ 4P he(r)dr, (9)

where the constants C = C(q,3) > 0 depend only on q and .
Inequality (9) follows from (7) by a linear change of integration variables.

/
[

3. BOUNDED PROJECTIONS ON LIPSCHITZ SPACES
It would be of interest to find out the images of classical Lipschitz spaces under the Bergman
operators. It turns out that both operators ®3 3 and T3 preserve the Lipschitz classes in B, and so
become bounded projections.
Definition 4. A function f given in the unit ball B is said to belong to Lipschitz space Lip a(0 <
a<l)if|f(x)— f(y)| < Clayn)|x —y|* x,y € B. The Lipschitz space Lip « is equipped with a

seminorm
||f||Lipa i= sup M

TH£Y |.Z‘ - y|a ’

and Lip o becomes a Banach space with the norm | f(0)| + || f||Lip o- Let ALip o be the subspace of
Lip o consisting of harmonic functions, hLip o := h(B) N Lip .
Define now slightly different Lipschitz spaces for all & > 0.
Definition 5. A function f smooth enough in the unit ball B is said to belong to Lipschitz space
Ao(a > 0) if
(1= [z))7" D7 f(z)| < Cla,y,n), x € B,
for some v > «. Note that for different values of v > «, equivalent conditions appear. The

fractional derivative DY may be replaced by a higher order gradient. A norm in A, can be defined
as follows:

||f||Aa = ||D7f||L(oo,oo,7—a)-

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.40 No.8 2019



POISSON—BERGMAN TYPE OPERATORS 1029

Denote by hA,, the subspace of A, consisting of harmonic functions, hA, := h(B) N A,.

The following lemma is an analogue of the classical Hardy—Littlewood theorem [11]. The proof runs
along essentially the same lines as in the classical theorem.

Lemma 3. For 0 < a < 1, the harmonic Lipschitz spaces defined above coincide, hLip o = hA,,
and corresponding norms are equivalent:

[uw(O)] + [[ul|Lip o = [u(0)] + Slelg(l = [2))' 7 Vu(z)| & |lulla,-
x

The notation A = B for some A, B > 0 denotes the two-sided estimate ¢c; A < B < ¢y A with some
positive constants ¢; and ¢ independent of the variable involved.

We are now in a position to prove projection theorems for Lipschitz spaces.
Proof of Theorem 1. Differentiate @4 5(f) with the operator D7 fory > o + 5 — 6 > 0, to get

D035(1)(@) = s [ (L= )P ) D F(0)aV o).
B

In view of the kernel estimate (5),

\(Dwﬁaf)(w)\<0(ﬁ,n)/( 2 |P ()| [ D £ )| aV ()

_ p2)pt
C(B,v,n /Ipx pwn =D f(om)|p" ' dpdo(n).

Replace here x by Qx, where @ is an arbitrary orthogonal linear transformation @ : R” — R", that is,
|Qz| = |z| for all z € R™. Recall that the measure o is invariant under rotations, meaning o (Q(G)) =
o(Q) for every Borel set G C S and every orthogonal transformation @. Applying also the change
n — @Qn, we find that
D'd x < C’/
[(D7®s,5f)(Qx) 0z =

2) B—1

—|D° £ (p@Qn)|p" dpda(n)

1
2)8-1
—cf / W =P8 (i) | o L dpdor ().
0

Consequently, by Lemma 1,
1

Mo (D" ®p5f;7) <C//|px—17|’7+” =Moo (D’ £ p)dpda(n / l—rp Moo (D’ f; p)dp
0

Note that the last integral converges since f € A, ,
(1 =) "Moo (D’ f;7) 11D’ fll Lso,00.6-0) = |1f]1Aa:

and
1 1

/ (1= 0P Mao(D £ p)dp < |||, / (1— 9™ 1dp < too.
0 0

Hence, in view of the conditiony > e+ 8 — § > 0 and Lemma 1,

ﬁ 1|‘D6f”L00006 )
l—rp (1—p)o—«

Mo (D7 ®p5(f);7) < C/ dp
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1030 AVETISYAN
1

< C||D5f||L(oo,oo,6 ) /

0
where C = C(«, 3,7, d,n). Therefore,

(1 =)= M (D7 ®s,5(f)i7) < ClID fllp(oocos-a)y 0T <1,

thatis, [[®ss(f)l[nrays-s < Cllf]|Aq-

For the surjectivity of @ 5 : Ay, — hAy45—5, we take arbitrary harmonic function g € hA415-5, so
DPg € h(oo, 00,8 — a). According to the continuous inclusions (ii),(vi) in [4, Thm 1.1],

DPg € h(co, 00,6 — ) C h(l,00,6 —a) C h(1,1,8), B>0—a>0.
By Theorem A, DPg(x) = Tj,0(D?g)(z), and then taking the integral operator D~#, we obtain

ﬁ S+a—1 s 1
dp < CHD f||L(oo,oo,6—o¢) (1 _ 7’)’7_54'6_0‘7

’Y

o) = o B/ (1~ y)* " Polir, »)D g )V ()
= [ =BV R D [0 D) [V (5) = B5(D70D%) @) = D502,

B

where we have used the inversion formula DYD—9F = F, see [5, Lemma 4.1]. Now it remains to
show only that the function ¢ := D=9D8¢ is in hA,. For an integer m € N,m > § > a > 0, we apply
Hardy—Littlewood type theorems on (fractional) integro-differentiation in harmonic spaces h(oo, 00, )

(see [17]). Also, by using the commutation formula D™D —9F = D=9D™F (see [2, Lemma 4] for R?),
we consecutively obtain the following implications

g€ hMNoips = DBg e h(co,00,6 —a) = D™Dy e h(co,00,6 —a+m)
— D OD"DPg =D"D DAy € h(co, 00, m — )
= D™ =D"(D D) € h(cc,00,m —a) == 1 € hA,.

Note that the surjectivity of ®g g immediately follows from the fact that ®3 5 is the identity operator
on hA,. This completes the proof of Theorem 1. 0

Proof of Theorem 2. Let f be an arbitrary Lipschitz function in the space Lip o not necessarily
harmonic. Because of Theorem A

2 _
e B/ (1~ P Py, )dV(y), @€ B.

[t follows that for any fixed point z € B,0 < |z — z| < 1 — |z|,

To0)@) = s [A= BV Paten) (1) = 1)) V) + 7(0)
B

Further differentiation with D} and estimation by using of (6) lead to
2
DT xg—/ YDl Ps(x f(2)|dv
D, T5(f) ()| nF(ﬁ)B (1 =1y DyPs(x,9)[|f (y) — f(2)|dV (y)

Y
C(a, B,n) / (1-— \yl B IHfHLlpa%dV(y)

B

— 1y —
<O pmliflpe [ C I vy,
B
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POISSON—BERGMAN TYPE OPERATORS 1031

The further application of the triangle inequality
ly—2* <ly—=|* +|z—2* (0<a<l)
and another obvious inequality |y — x| < |px — |, xz,y € B, together with Lemma 1, finally yields

L— [y Ny — 2| /(1— ly)”
DM, < . ( N T N ISl L1
PATAN@)] < Cllfllipe | 2tV () + Ol ol = 21° [ S iaviy)
B B
ly])” o [Q—lyh)"!
< Cllflhipa / ) + Clllpat - e [ S v
B
1 (1 — |z 1
< ——————— g = o y——————.
— CHfHLlpa(l o |x‘)1_a + CHfHLlpa 1 o |f1}" C(aHBJn)HfHLlpa(l - |x‘)1_a
This, together with Lemma 3, completes the proof of Theorem 2. O

4, BOUNDED OPERATORS ON MIXED NORM SPACES
Proof of Theorem 3. Let f be an arbitrary function in the mixed norm space L(p,q,«). Since
‘Tg,x(f)‘ < Sga(|f]), it suffices to prove only the inequality (3). An application of the estimate (5) gives

|(Spaf)(@)] < O — |z} /(1 = [y Paalz, v)IIf (w)dV ()

~ laf?) / Wl o),

Replace here x by Qz, where @) is an arbitrary orthogonal linear transformation @ : R — R", that is,
|Qx| = |z| for all x € R™. After changing the variable  — Qn, we find that

-1
(S50 )(Qa)] < CB A1 — Q) ”)

\pr Qn‘ﬁ-i-)\-i-n—l‘f(anﬂpn_ldpda(n)

— (B, An)(1 - [2?) / / = Wm | (pQn) " dpdo ().

Further, we use Minkowski’s inequality in the continuous form, Lemma 1, and the identity M, (F;|z|) =
(J1F(Qz)|PdQ) e ,z € B, where the integral is taken over the orthogonal group. Hence,

1_
My(Sgafir) < C(1— |zf) / / = |ﬁ+A+“ My (f: p)dpdo(n)

_ B-1
OB, m)(1 — 2 / e A (10)

0

Case 1 < g < oo. First note that the last integral in (10) is convergent since 5 > « and, by Hoélder’s
inequality (1 < ¢ < 00,1/qg+1/¢' = 1),
1 1

/ (1= o5 My (f; p)dp = / (1= )My (7 ) 2
0

1 1/q' 1 1/q
/ d d
<Cp (/(1P)q e — pp) (/(1P)aqM3(f;p)1 pp)
0
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dp



1032 AVETISYAN

= C(Q)B>Q)||f||L(p,q,a) < +o0.

Therefore, the evaluation of M,(Ss,x f;7) can be continued as follows:

MP(S/B,)\f; ) < C(B¢>‘ n 1 _T (/ /) 1 —Tp /3_‘_)\ p(fap)dp

< C(1 -2 / oL dp v o) / (1= 0P~ M (£ )dp

0 r
By the triangle inequality and next by Hardy’s inequalities (8) and (9) in Lemma 2,
1S fllLg,0) = (X = 7)* Mp(Sgafi ) La(ars1—r)

<clla-nm [ Mp(f;p)(l_d#

La(dr/(1-r))
1

wc|j@=r? [a=p) 05

1 ] 1/q
<C / a+)\ )g—1 <(1 1 _)71'_”\ p(f; 7')> dT‘]
LO

. 1/q
/(1 — p)la=Bla-1 ((1 — r)fBMp(f; r))qdr:| < CllfllLpge)
0

+C

Case g = oo. Since (1 —7)*M(f;7) < [|f|lL(p,00,a) @and B > a, the integral in (10) again converges,
1 1
/(1 — 0" My (5 p)dp < Call f 1] L(p,sora) /(1 — )’ dp < +o0.
0 0
Therefore, by (10) and Lemma 1,

1 e
My(Ssafir) < C(B, A n)(1 — 1) / (=) W llepoc
0

(1 —rp)ftr (1—p)

1

[(1—p)ot
_p a—
< Ol f I Lip,o0,a) (1 = o)t / —————=dp < C(a, B, A\, )| f1] L(p,00,0) (1 — 7"2)/\m-
0

Thus, (1 —7)*Mp(Sgaf;7) < Cla, B, A\ 0)|| fl|L(p,0c,a), 0 < 7 < 1,50 (2) and (3) are proved.

Since the operator T o (A = 0) is bounded on L(p, ¢, &) and, by Theorem A, is the identity map on
h(p,q, o), the mapping (4), Tgo : L(p,q, ) — h(p,q,«) is a harmonic projection of L(p, ¢, ) onto
h(p, q, a). The proof of Theorem 3 is complete. O
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