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Summary: It is proved that any function holomorphic in a real, non-degenerate Weil polyhedron
G and continuous in its closure G can be uniformly approximated by functions holomorphic in
a neighborhood of G. Besides, it is proved that such functions can be approximated by polynomials
if G is a polynomial polyhedron.

1 Introduction

1. This paper is studies the possibility of uniform approximation of functions holomorphic
in a Weil polyhedron G ¢ C" and continuous in its closure G. It is proved that if G is real
non-degenerate, then any function holomorphic in G and continuous in G can be uniformly
approximated by functions holomorphic in a neighborhood of G (Theorem 3.1). Besides,
it is proved that such functions can be approximated by polynomials if G is a polynomial
polyhedron (Theorem 3.2). Note that the class of real non-degenerate polyhedrons is wide
enough to provide approximation of any holomorphity domain by real non-degenerate
polyhedrons.

The following method is used: after establishing the possibility of local approxima-
tion (Lemma 2.2), a global approximating function is “glued” from functions realizing
local approximations (Theorem 3.1). To this end, an improvement of an argument from
[1] is used for strictly pseudoconvex domains. This argument is based on some uniform
estimates [2], [3] for the solutions of the equation du = g, where g is a d-closed dif-
ferential form of (0, 1)-type in G. Note that for arbitrary Weil polyhedrons there is no
theorem on approximation. Besides, using a different method the author [4] has proved
an approximation theorem under the requirement on complex non-degeneracy.

It turns out that if n = 2, then for the validity of the main result of paper it suffices to
require that the non-degeneracy condition is satisfied only on the distinguished boundary
of G. Nevertheless, in this case (Theorem 4.1) G is required to be a special polyhedron,
i.e. the number of functions determining G equals 2 (to the dimension of C?).

2. A bounded domain G < C" is called Weil polyhedron if there are some functions
X1, - - -, xN holomorphic in a neighborhood V of G and such that

G={zeV: xi@l <1, i=12...,N, N>n} (1.1)
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The boundary dG of G consists of the (2n — 1)-dimensional “edges”
oi ={z€dG: [xi(l=1}
intersecting along the k-dimensional “ribs"

,,,,,

The union of all the n-dimensional ribs is the distinguished boundary of G. The domain G
is called polynomial polyhedron if all determining functions yx; are polynomials in (1.1).

Definition 1.1 We call a polyhedron (1.1) real non-degenerate if for any collection
i1,...,ikthematrix

(gradr I i, @), .. .. gradr | xi, (2)1)
attainsits maximal rankin all pointsz € oj, ... j,. Here
gradg x(2) = '(D1x(2), . ... Dax(2), D1x(2. ..., Dnx(2),

where the superscript t before the bracket means transposition and

@ = x(2
Dix(z2) = —, Dkx(2 =——, k=1,...,n.
kx(2) oz kx(2) e
Geometrically, Definition 1.1 means that the edges i, , ..., oj, intersect in a general

position (in the real analysis sense).

2 Local approximation

We start by proving the following geometrical property of non-degenerate polyhedrons.

Proposition 2.1 Let G bea real non-degenerate polyhedron (1.1) and let N < 2n. Then
for any point ¢ € 3G there exist aneighborhood B, and a vector v, suchthatz+év; € G
if ze By N G for sufficiently small 6 > 0.

Proof: Denote ¢ = |xi| — 1 and assume that the point ¢ € 3G belongs to the edge
Oiy,.iks 1.8, 9, () =0, ..., ¢j, (&) = 0and

By k < 2n and our assumptions, the vectors gradr ¢i, (), . . ., gradr ¢j, (¢) are linearly

independent. Hence, there is some point w such that

n n
Y Dmgj () (wm—=&m) + Y Dmgj () (Wm —Cm) <0, | =i1,..., ik

m=1 m=1
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Due to the continuity of Dmej (¢) and ﬁmwj (), there is a neighborhood B, such that

n n
> Dngj@wm—¢m) + Y Dmgj (@ (Wm —Tm) <0, j=i1....ik (22)

m=1 m=1

for all points z € B;. If z€ B¢, § > 0, then

n
@i (Z+8(w—10) =¢j(2) + 26Re Z Dme;j (2)(wm — &m) + 0(8). (2.3)

m=1

Denoting v; = w — ¢ and taking into account that ¢j(z) < 0 for z € G, from (2.2)
and (2.3) we conclude that there exists some 8y > 0 such that for § < &g

(pj(z+8v;)<0, j=i1, ..., 0k ZEE;OG. (2.4)

By continuity of ¢j, it follows from (2.1) that one can choose a neighborhood B, and
a number &g such that for § < &g

gos(z—i—SvC) <0, s#ig,...,Ik ZEE{ NG.
Hence, by (2.4) we conclude that z + v, € G. O

Let A(G) be the uniform algebra of functions holomorphic in G and continuous in G.
Recalling that a function is said to be holomorphic in a compact set K if it is holomorphic
in some neighborhood of K, we prove

Lemma 2.2 Thereexistsafinitecovering {Ux: k=0, 1, ..., p} of G by open sets, such
that for anye > Oandany f € A(G) there are somefunctions fx holomorphicin UxN G
and such that

sup | f(2) — fk(2)| < &. (2.5)

ZEUk NG

Proof: Let f € A(G), ¢ € 9G and let B; be a neighborhood satisfying the conditions of
Proposition 2.1. Then the family of open sets {B; : ¢ € G} covers the compact 3G, and a
finite subcovering {B;,, k=1, ..., p} can be chosen. By Proposition 2.1, the functions
f(z + v are holomorphic in B, N G for any sufficiently small § > 0. Besides, by the
uniform continuity of f in G

sup | f(z+8vy) — f@| >0 as §—0.
ZEECkmé

Now, choosing § > 0 small enough and denoting Ux = By, fk(2) = f(z + dvy), we
get (2.5) for k = 1, ..., p. Further, taking a compact subdomain Ug C G such that the
system {Ux: k = 0,1,..., p} is an open covering of G and setting fo(z) = f(z) we
conclude that (2.5) obviously is true also for k = 0. O
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3 Global approximation

The following Theorem is the main result.

Theorem 3.1 Let G beareal non-degenerate\eil polyhedron(1.1) andlet N < 2n. Then
any function f € A(G) can be uniformly approximated in G by functions holomorphic
inG.

Proof: Lete > 0, let f € A(G) and let {Ux: k =0,1, ..., p} be those of Lemma 2.2.
Then by Lemma 2.2, there are functions fx holomorphic in Ux N G and such that
| fk — fllupne <&, k=0,1,...,p. (3.1)

Now suppose {ex(z), k =0,1,..., p} is a partition of unity, i.e. a system of infinitely
differentiable, nonnegative, finite functions such that

(a) Suppex Cc Uk, k=0,1,...,p,

(b) ZIE]:O gk(2) = 1 in some neighborhood of G.
Then, choose n(¢) > 0 small enough to provide the holomorphity of fy in the sets

Vi=UcNG®, k=0,1,...,p,
where
G'={zeV: |xi@| <1l+n), i=12,...,N}.

It is obvious that

I fk = fillugwing < I fk = fllugne + I fi = flluine < 2¢, i, k=0,1,....p, (3.2
and, if necessary, taking smaller n(¢) > 0 we can get

I fk — fillvinv, <3¢, kii=0,1,...,p, (3.3)

by continuity. Now consider the functions

i@ - k@)@ if ze ViN Vg
hik(2) = :
0 ifzeVi\ W,

p
hi(2 =) hi(2). (34)
k=0

One can see that the support of gk(z) belongs to the set Bk (by the assumption (a)) and
the set V/* (1) dV,c does not intersect with this support. Therefore, the functions hf} and h?
are infinitely differentiable in \;®, and by (3.3)

p p
i@ <> 1fi@ - k@@ <3¢ Y ok(@) =3¢ (35)

k=0 k=0
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forall z € Vi (N G*. Further, if z € V; N Vj, then

p p
hi(@—hj@ =Y [fi@- k@]«@ - _[fj@ - k@]«@
k=0 k=0
p
= [ti@ - fi@]«@ = fi@ - fj@,
k=0

This means that the function
Y@ = fi@-h@ if zeV, (3.6)

is globally given in G?, and moreover h € C*°(G¥). Besides, using the inequalities (3.5)
and (3.1), from (3.6) we obtain

(2 — @I < hi@|+1fi@ - f@] <4, zeUiNG.

Consequently,
Iy — flle < 4e. (3.7

Considering the differential form g = 9y in the domain G¢, one can see that g = 0.
Besides, by (3.4) and the holomorphity of f; inV;
9=0y(2 =dhi(@ =) hk@ =) _ (fi(2) - k(2) (2 (3.8)
k=0 k=0

for z € V; N Ge. In addition, if it is set yo = »(G) = Jmax l9&x|lu,, then by (3.8)
<k=p
and (3.3)

lgllc: <Z|| fi — fillee |98y, < 3voe. (3.9)

Now consider the equation du = g. In [2, 3] it is proved that in the domain G¢ there
exists a solution ug of this equation, which permits the uniform estimate

uollee < (G")lIgllce. (3.10)

One can be convinced that from the proof of (3.10) it follows that the constants y(G?)
are bounded, i.e.

VG®) <y = y(G). (3.11)
Besides, (3.10), (3.9) and (3.11) imply

Uollcs < 3roye. (3.12)

“1ap|oy ybrAdos ayy Aq uoissiwiad uapum yym pamoje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoA 1o} ajonpe siyy anquisip pue Ados Aew no, mej JybrAdos uewsas) g pajosjoud si 9ja1ue siyL



204 Petrosyan

Further, the function F(z2) = ¥(2) — uo(2) is holomorphic in the domain G* since
0y — dug = g — dug = 0. Besides, by (3.7) and (3.12)

I'f —Fle = ll¥ — fllc + lluollc < 4¢ + 3yoye = y1¢,
where the constant y; depends solely on G. O

For polynomial polyhedrons a stronger assertion than Theorem 3.1 is true. Before proving
this assertion, recall that a compact set K is said to be polynomially convex if for any
point ¢ ¢ K there is a polynomial P; such that |P;(¢)| > maxzek | P; (2)|. Besides, the
Oka-Weil approximation theorem (see, e.g. [5]), states that any function holomorphicin
a neighborhood of a polynomially convex compact set K can be uniformly approximated
on K by polynomials.

Theorem 3.2 Let G beareal non-degenerate polynomial polyhedron (1.1) and let N <
2n. Then any function f € A(G) can be uniformly approximated on G by polynomials.

Proof: Suppose ¢ ¢ G and note that |x(¢)| > 1 for some i by the definition of the
polyhedron G, i.e. G is polynomially convex compact set. It remains to see that the
desired assertion follows from Theorem 3.1 and the Oka—Weil theorem. O

4 Non-degenerate distinguished boundary
Below we shall assume that D ¢ C? is a special polyhedron
D={zeC?% |x@|<1,i=12} (4.1)

with real non-degenerate distinguished boundary I' = {z € dD: |x1(2)| = |x2(2)| = 1},
ie.

rank (gradr | x1(2)|, gradr [x2(2))) =2, if zeT. (4.2)

The following Theorem relates to approximation on special Weil polyhedrons with
real non-degenerate distinguished boundary. Note, that the set of special polyhedrons is
wide enough: due to Bishop’s theorem (see [6]) any polyhedron can be approximated by
special ones.

Theorem 4.1 Let the polyhedron (4.1) satisfy (4.2). Then any function f € A(D) can
be uniformly approximated in D by functions holomorphic in G. If D is a polynomial
polyhedron any function f € A(D) can be approximated by polynomials.

Proof: By continuity, it is possible to choose a number 6 > 0 small enough to provide
that the polyhedron

G={zeC® 1-5<|xi@l <1 i=12}
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(in a sense “attached" to I') be real nondegenerating. One can be convinced that Theo-
rem 3.1 is true for G. Hence forany f € A(D) C A(G) andany ¢ > Othere is a function
F. holomorphic in some neighborhood of G and such that

max | f(z) — F.(2)| < e. (4.3)

2eG

Further, choose a number n = n(e) > 0 such that closure of the polyhedron
Ge={zeC® 1-5<[xi@| <1+n), i=12]

belongs to the mentioned neighborhood. Then F. is holomorphic in G,. Further, intro-
ducing the notations

n={zeG:: @l =@l =1+n0©}:
v2={2€G:: 1@l =@ =1-24};

y3=1{zeG:: 1@ =1-36, Ix2(@] =1+ n(e)};
yi={zeGe: 1@|=14n(), @] =1-3},

observe that the distinguished boundary of the polyhedron G; is the union of y1 — v
oriented in an appropriate way. Therefore, according to the Bergman—Weil integral rep-
resentation (see [7, 8]), fora z € G, we have

4
1 J(¢, 2)d¢1 A di
Fs = D FE
@ g 4mp fyk @ [x1(0) — x1@D1[x2(0) — x2(D)]

where

4
=> k@, (4.4)
k=1

Pi1 P12
Po1 P2

and Py and Py, are Hefer’s coefficients of the polynomial xx, which are defined by the
decomposition

xk(@) — xk(@ = (&1 — 2D Pa(¢, 2) + ({2 — 22)Pe(¢, 2, k=1,2.

One can see that the summand 11(2) in the right-hand side of (4.4) is holomorphic in a
neighborhood of D since for ¢ € y; and z € D the denominator

[x1(®) = x1(D1[x2(8) — x2(2)]

of the integrand of 11(2) does not vanish. Besides from the below proposition it follows
that

J({, Z) =]

’

3

max |Fe(2) = 11(2)] < g max [1k(2)| < cie, (4.5)

where the constant c; is independent of ¢. Hence, by the maximum principle and (4.3)

max | f(2) — 11(2)| = max| f(2) — 11(2)| < (1 + cp)e,
zeD xel

i.e. in D the function f is uniformly approximated by functions holomorphic in D. For
polynomial polyhedrons our statement is proved as that in Theorem 3.2. O
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Proposition 4.2 The following estimates are true for the summands of (4.4):

max |Ik(2)| <ce, k=234,
zel

where c is a constant independent of ¢.

Proof: Obviously y» is the distinguished boundary of the polyhedron
[zeC?: |x@|<1-6, i=12}

Therefore, by our assumptions the function f is holomorphic in the closure of y», and
according to of Bergman-Weil formula

J(¢, 2)dgy A dEp

T =0 f T.
an? /yz D000 = 1@he® — @] or ze€

Thus

1 J(¢, 2d¢1 A dip
I = —5 Fs
22 = 2 /y D50 - 1 @Ie© - n@)]

1 (¢, 2dgy A dip
= [ (Fo-f .
4 /yz[ O = Ol O = 1 @1he© — @]

As y, C G, from (4.3) we obtain

£
@) < —/
Ay o

Further, it is obvious that

J(¢, 2dz1 A dip
[x1(0) — x1D1[x2(0) — x2D1|’

zeT. (4.6)

IXk(©) — xk@| = [Ixx@| — xx@|| =8, k=12,
forze ' and ¢ € y,. Therefore, by (4.6)

max |l2(2)] < ce. 4.7
zel

To estimate the integrals I3 and l4, consider the following real, three-dimensional edge
of the polyhedron G,:

o={teG: [x1(DI=1-36, 1-6<I[x2(O)l <1+n(e)}.

This edge is bounded by the cycles y, and ys3. Besides, for a fixed zg € T the set of
singularities of the differential form

(¢, 20)dgy A S

o= F:(0) )
[x1(0) — x1(Z0)1[x2(8) — x2(20)]
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which lie on o, is the curve

Pr=1{¢e€o: [x1(0l=1-61, x2(0) = x2(20)},

and the mentioned form is closed in o \ P,. Besides, by Stocks’ formula
/ w—f w:fdw+/ res w,
Y2 V3 o Pz,

12(20) — 13(20) = / res .
Pz
Hence, by (4.7) the desired estimate of |3 follows from the estimate of res w. Besides,
Pz

or, which is the same,

one can be convinced that

L R@Iczo) dn R z)  de

T 1@ —x1(20) D2x2©) — x1(9) — x1(20) Dix2(Q)’
where the second equality holds since x2(¢) = x2(zo) for ¢ € P, and hence dx, = 0 in

res w (4.8)

. deg deo . . . .
Py, i.e. = . Replacing F; by f in (4.8), we come to the differential
o Dy ~ Due Placing R f In (48)
orm
() (¢, 20) doin f(9) (¢, 20) dsz

T 1@ — xa@) D2x2(@) ~ x1(0) — x1(z0) Dix2(?)
which is holomorphic in all points of the analytic subvariety

Tz ={¢: 1@ <1—-6 x2(0) = x2(20)},

except the singularities M N T, where
M= {¢ eC? grad x2(5) =0}.

Observe that each component of the set M is either a point or a level surface of the function
x2 (obviously differing from the level x2(¢) = x2(2o)). Thus, Tz, can contain only single-
point components of the set M, and hence for all z from a certain neighborhood of a point
Zo (except zp), lying on the surface Tz, the form  has no singularities.

Now note that 0T, = P, and

/Q: de =0
Pz Tz

by Stocks’ formula. It is obvious that the integral Q continuously depends on z (at
Pz

least in some neighborhood of zp), and hence/ Q = 0. Therefore, taking into account
Pz
that | x1(¢) — x1(z0)| = & for ¢ € P4, we obtain

/ I’ESa)‘ = ‘f rESa)—/ Q‘ R / [Fe(0) — f(©)] I, z0)digy
P Py Py Po LX1(0) = x1(20)] D2x2(%)
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Now it remains to observe that if in the argument above the derivative D x, vanishes

in some points of Py, then D1x> # 0 in these points, and we replace déz
q D2x2(%)
__d . The integral 14(z) is estimated similarly. O
D1x2(9)
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