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ON BOUNDED OPERATORS IN 7 SPACES
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In the present paper the linear operators that depend on a normal pair of
weight functions {@,w} in the Banach spaces L”(D), where D is the unit disk
in the complex plane, are considered. It is investigated, for which values of p
these operators are bounded.
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Introduction. The paper is devoted to investigation of some linear operators
depending on a normal pair of weight functions in L”(D) spaces. The concept of

a normal pair of weight functions introduced for the first time by Shields and
Williams [1] and was appeared convenient for statement of the estimates of  in-
tegrals and for exposition of projectors in weight spaces. The basic result of paper
is formulated in Theorem 2. The case p =1 is discussed in [1]. Note that the case

of power weight functions is considered in [2] (Chapter 1, § 2, Theorem 1.9).
We use the following notations: D ={z eC: |z| <1} is the unit disk in the
complex plane C, dA is the normalized area measure on D . In terms of real co-

. 1 1 ;
ordinates we have dd(z)=—dxdy=—rdrd0, z=x+iy=re".
T T

We define L7 (D,dA) as the set of all functions f that are measurable by
dA in D, for which

p 1/p
17, =4[ iron 1 1daom ] <+, 0< p<e
Let the functions ¢(r) and w(r) be positive and continuous on (0,1] with

1
lin} p(r)=0 and jg//(r) dr < o,
r— 0

Definition 1. A function @(7) is called normal, if there exist k£ >&>0 and
7y <1 such that

o(r) o) A 3
Qry N0, i / (r,<r, r—>1-0). (1)
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Definition 2. The functions {p,y} is called a normal pair, if ¢ is normal and
if for some k satisfying (1), there exists a >k —1 such that
(M (r)=1-r*)*, 0<r<l.
Consider the integral operator

T1(2) = J V@O 1) a4 @)

|2+a

We want to establish for Wthh p this operator is bounded.

Auxiliary Lemmas.
Lemma 1. For y>-1 and m >1+y we have

1
[a=pr)y™(1=ry dr<C(1-p)""™, 0<p<l,
0

where the constant C'=C(m,y) does not depend on p. For the proof see [1]

(Chapter 1, § 3).
Lemma 2. Fora positive f>0and ze D

T o _(__1
o[1-ze™ "7 -1z} )

For the proof see [3] (Chapter 4, § 6).

Lemma 3. For k-« <£<1+8 there exist a constant M|, such that
p
[ ﬁ/(w) ——dA(W) <M, ! -
(1= w71 - 2] y(2)A=|z[")

Proof. According to the definition of a normal pair of functions,
(M (r)=(1-r*)* for 0<r<1,and it will be sufficient to show that

p(w) 9(2)
.[D Blp 2+adA(W)SM0 2\(B/p)ta *
(= w7 {1 z3w] (1=[z[")
Let w=re. As a+1>0, then, due to Lemma 2, there exists a constant C
2z 1
such that ——d0 < ¢ N
o [1—zre™|* A=(0zlrH*
Passing to polar coordinates, we receive
1 1 2 46
I o0) e dAw :_I “Dgr)/ I ———dr <
D= |wly |-z (A=rY'7 y N=zre™ | 5
< Cj (1) dr<C ] (1)
o (=[PP A=( 2| r))™ A==z
Divide the last integral into three parts:
j (1) _ f (1)
(=Y (1= |z | S A=Y P (12| )] W

1

o(r) o(r) _
o (=)= 2 )" r+'[(1—l”)ﬁ/p(1—|z\r)““dr Ll + 1.

|2

I2]
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Obviously 7, is bounded for all z. Therefore, there exists a constant C, such that
o(2)
p(r) . _9(2)
(1=n* =]z

From the definition of normal function (1) we have

ry <r <|z|. Therefore,

[2:? o(r) \j.l o(r)(1- r)k-(ﬁ'/p) < o(z) |2 (l_r)k—(ﬂ/p) .
o (=17 (1= | 2 ‘”l o A=) =]z (=2 5 =z
As k—a<£<1+g, then k—£<a and —1<8—£<k—£, that s
p P 'z P
1<k £ < a, and taking into account Lemma 1 we have
P
|z (1 _ },.)k_(ﬂ/P) 1 (1 _ r)k—(ﬂ/p) 1
o ar s e dr <G (Blp)rak
» (=1z]r) o (=[z[r) (=[z])
for some constant C;. Therefore,
S PALR C
9@ FUnt L el S B
A=z ; A=lz[r)* (=12 A=|z PP (I=| z )/ ore
Now we shall pass to 7;. As qo(r)g < P(2) — for |z[<r<1,then
A-r)  (-]z])
1 1 _N\é(B/p)
. o(r) 4= [N

5 (== 2 1) (1=r)* (=] z|r)™

(0D UL e 1-n
(=127 & (=12 (=127 3 (=] 2] )
i i p

We have also &k —a <—<1+¢, therefore, s ——>-1 and ¢-a<k-a<—, ie.
p p p

|21

a+l>1+¢ s . Again using Lemma 1 we get
P

1 (1 _ r)é‘*(ﬂ/p) 1
<
o (=] 2| (e

whence we have
() j(l N o(z) (2)
120 3 (2l = Sz = oz
with some constants Cs; and C;. Combining the obtained results (3)—(7), we get
the constant M|, such that
p(w) ?(2) 1
b (1= w )PP 1=z ™ B B e M P

(7

3
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B

for k—a<—<l+¢.
p
The Lemma is proved.
Lemma 4. Let —¢< s <a+1-k . There exists a constant M, such that
q
v(2) 1
dA(z) <M .
b (=27 1= zaf ™ L= w

Proof. For 0<r<1 we have o(r)y(r)=(1-r*)*. Therefore, it is neces-
sary to prove that

1= z Py (B/p) 1
.[ (H—)zmdA(z)SMl 2\B/p
P p(2)|1 - zw] pw)(1-|w[")
for any constant M,. Let z= re’ . Then
1- a- (ﬁ/p) 1— a—-(B/p) 2« do
.[ ( |Z|) BVINTEE 2 - J‘r( r) — 0 a+2dr’
P(z)[1 -z A o(r) o [1—wre" |
and, due to Lemma 2, there exists a constant K, such that
1 lr(l_r2)a—(,5/17) 2z 4o 1 1 r(l_r2)a—(ﬂ/p) 20 do
P T 7! o) o [l—wre 2T
(1 P2 )06 (B/p) (1 r)a*(ﬁ/p)
J I

R (R P s P e P
(we have replaced (1-7*) by (1-7) and (1-(w|r)*) by (1-|w]|r), therefore,
the value of K, was replaced by some other value of K, ). Dividing the last inte-
gral into three parts we obtain

J_ (1 r)a*(ﬁ/p) Ty (1 _ r)a*(ﬂ/.v)

r = r+
0 @(r)(1=| w|r)*! o (r)(1=|w|r)*
w (1 r)a (B/p) 1 (1_r)a—(ﬂ/p)

+]

o i ) o
Integral J, 1s bounded for all w, therefore, there is K; such that
K3
p(w)(1=|w )"

=J, +J,+J;.

J, <

(®)

A-r° _(-lwh
o(r) p(w)

From the definition of normal function (1) we have

1y <r <|w|. Therefore,

(1)) W (1= ) (1 = )=l

=Wl T = [wl )

Q) WA= ]y =)
o0 3 (= |w[r)™ o) 3 (= w|r)™

)=
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As —g<£<a+1—k, then a—é—g>a—£—k>—1 and a+1>a—£—e+1.
q q q q

1— r)a—(ﬁ/p)—s 1
a+l r= K4 e+(p/p)
(=[w[r) (I=lw
LUmlwd K K K
e (= [w)TP e = w)P T p(w)(i=| W)
Nk _ k
For estimation of J; we use the inequality a=r < a={wh ,if [wl<r<l1.
o(r) p(w)
B Jl_ (1 _ r)!l—(ﬂ/p) . 1 (1 _ r)k (1 _ ’,)a—(ﬂ/p)—k
3T a - a
g @A=[w[r)™ L ()= w|r)
R Y o G R A Yt it
— p(w) wo (= w] ”)Ml ~ p(w) o (I=[w] ”)0‘+1
B

From —5<£<a+1—k we have a—k—£>—1 and a—k——+1<a—g—£+1<a+1.
q q q q

1
Using Lemma 1 we obtain j( and, therefore,
0

©)

r <

1 (1 _ r)a—(ﬂ/p)—k 1
Taking into account Lemma 1 we get j —dr < K()W fo
o (I=|w[r) (A=[w)™77
a constant K, . Therefore,
SO K KK
3= ’ k+(B/p) Blp = 2\B/p *
p(w)  (1=[w]) p(w)(1=|w]) pw)(1=[w[")
Combining the obtained inequalities (7)—(10) for J,, J, and J;, we get the con-

v(2) 1
= S

(10)

stant M, such that j
D=1z 1 zw|

The Lemma is proved.
TheMain Result. The following Schur test is a useful tool for estima-

tion of L”.
Theorem 1 (Schur test). Suppose (X, u) is a measure space, 1< p <o,

1 1 . . .
and —+—=1. For a nonnegative kernel H(x,y) consider the integral operator
p 9

(TN)(x) = [ Hx0) f(0)du(y).
If there exist a positive function # on X and a positive constant C such that
[ H @ 2)(p) dp(y) < Ch(x)"
for almost all xe X and
[ H (%, 2)h(x)" d p(x) < Ch(y)”
for almost all y € X, then the operator 7 is bounded on L” (X, ) with ||T || <C.
Theorem 2. For p(k—a)<]1 the integral operator (2) is bounded in 17 (D,dA).
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Proof. According to the Schur test, it would be sufficient to find an ap-
proximation function %, for which the inequalities

[ "’(Z)‘/’(W) VRPN ()t dA(w) < Mh(z)?

|2+a
and
[ '/’(Z)("rzf h(2)? dA(z) < Mh(w)?
are fulfilled. We find the function /4, having #A(z) =; form. That is
(1= |z [)7™
we should prove that
p(w) 1
—dA(w)<M (11)
ID( lw PP 1=z’ w(2)(1=|z )"
and
y(2) 1
—dA(z) <M . (12)
b (=[ 2?7 |1- zf’ A T
According to Lemrnas 3 and 4, the inequalities (11) and (12) are valid under
the conditions k-« <£<1+£, - Lo a+1-k. Here M =max{M,,M,}.
p q
Taking into account that ¢ = Ll , we rewrite these conditions as
p—
p p
k—a)p<p<(l+e&)p, —£—1<ﬂ<(a+1—k)—1.
p_ —

It is only necessary to establish, at what values of p the intersection of intervals

((k=a)p, (1+&)p), [—517, (a+1_k)pj
p-1 p-1

is nonempty. As p >1, hence always _ng <(1+¢&)p . Therefore, it is necessary

to clarify when (a+1- l’c)i1 >(k—a)p. From this inequality we obtain

p(k—a)<1. That is why for p(k —a) <1 the operator (2) is bounded in I (D,dA).
The Theorem is proved.
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U. b. TEnpnujuib, U. . PEjtwqupjut.
L? Swpwénipinibitbpnid uvwhdwbwihwl) oykpuwnnpibph dwuhb

Zopuédnid htnwqnuynid & 27 (D) pwbwhyub tnwpwsnipiniibpnid gdught
oyhpwwnpubp, npnip Juwjdws tu Yopuwyht dniblighwbph {@,ir} tnpduyg

qnyghg: Ujunbn D-u dhwynp opowut b Yndwykpu hwppnipjut  Jpu:
NMupqupuiynd t, pk np  p-tiph hwdwp wyn owkpwwnpubpp  Yhuku
uwhdwbwhuly:

A. . IletpocsH, A. ®. bexHa3zapsH.

06 orpaHHYEHHBIX OIIEPATOpax B mpocTpaHcTax LP

B craTtbe uccneayroTes JIMHEeHHbIE OniepaTophbl B 0aHAXOBBIX MPOCTPAHCTBAX
L’ (D), 3aBucsmme OT HOPMAILHOM Tapbl BECOBBIX (OYHKIWM {@,y/}. 3nech D —
eIMHUYHBIA KPYT HAa KOMIUIEKCHOW IIIOCKOCTH. BBISCHSAETCS, A KakWX p 3TH
OTIEPATOPHI SBIISIOTCS OTPaHUYECHHBIMH.



