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ÎÖÅÍÊÀ Â Cm -ÍÎÐÌÅ ÌÈÍÈÌÀËÜÍÛÕ ÐÅØÅÍÈÉ
∂ -ÓÐÀÂÍÅÍÈß Â ÏÎËÈÄÈÑÊÅ

Â ðàáîòå Øàðïàíòüå [1] ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíêöèé u(z),
ãëàäêèõ íà çàìûêàíèè ïîëèäèñêà, ãäå äëÿ óïðîùåíèÿ çàïèñè ðàññìàòðèâàåòñÿ
ñëó÷àé áèäèñêà U2 =

{
z = (z1, z2) ∈ C2 : |z1| < 1, |z2| < 1

}
. Ýòî ïðåäñòàâëåíèå

èìååò âèä
u(z) = Pα[u](z) + Tα[∂u](z), (1)

ãäå α = (α1, α2), α1 > −1, α2 > −1 ,

Pα[u](z) =
(α1 + 1)(α2 + 1)

(2πi)2

∫

U2

u(ζ1, ζ2)
(1− |ζ1|2)α1

(1− ζ1z1)α1+2

(1− |ζ2|2)α2

(1− ζ2z2)α2+2
dζ ∧ dζ;

Tα[∂u](z) =
1

2πi

∫

|ζ1|<1

∂u

∂ζ1

(ζ1, z2)
(

1− |ζ1|2
1− ζ1z1

)α1+1
dζ1 ∧ dζ1

z1 − ζ1
+

+
1

2πi

∫

|ζ2|<1

∂u

∂ζ2

(z1, ζ2)
(

1− |ζ2|2
1− ζ2z2

)α2+1
dζ2 ∧ dζ2

z2 − ζ2
+

+
1

4π2

∫

U2

∂u ∧
(

1− |ζ1|2
1− ζ1z1

)α1+1 (
1− |ζ2|2
1− ζ2z2

)α2+1 (ζ1 − z1)dζ2 − (ζ2 − z2)dζ1

|ζ − z|4 ∧

∧ dζ1 ∧ dζ2+

+
α2 + 1
4π2

∫

U2

∂u ∧ (1− |ζ1|2)α1+1

(1− ζ1z1)α1+1(z1 − ζ1)
(1− |ζ2|2)α2 |ζ2 − z2|
(1− ζ2z2)α2+2|ζ − z|2 dζ2 ∧ dζ1 ∧ dζ2−

− α1 + 1
4π2

∫

U2

∂u ∧ (1− |ζ2|2)α2+1

(1− ζ2z2)α2+1(z2 − ζ2)
(1− |ζ1|2)α1 |ζ1 − z1|
(1− ζ1z1)α1+2|ζ − z|2 dζ1 ∧ dζ1 ∧ dζ2.

Îïåðàòîð Pα ÿâëÿåòñÿ îðòîãîíàëüíûì ïðîåêòîðîì â ãèëüáåðòîâîì ïðîñòðàíñòâå
L2(dσα) íà ïîäïðîñòðàíñòî ôóíêöèé, ãîëîìîðôíûõ â áèäèñêå. Çäåñü dσα � ìå-
ðà â U2, çàäàâàåìàÿ ðàâåíñòâîì dσα =

(
1− |z1|2

)α1
(
1− |z2|2

)α2 dλ(z1, z2), ãäå
dλ(z1, z2) � ìåðà Ëåáåãà.

Èíòåãðàëüíîå ïðåäñòàâëåíèå (1) â êðóãå âïåðâûå áûëî ïîëó÷åíî â ðàáîòàõ
[2] è [3] Ì. Ì. Äæðáàøÿíà äëÿ ãîëîìîðôíûõ ôóíêöèé êëàññà Hp(α) (α > −1 ,
p > 1), ââåäåííûõ â ýòèõ ðàáîòàõ.
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Ôîðìóëà (1) äàåò îðòîãîíàëüíîå ðàçëîæåíèå ôóíêöèè u â L2(dσα). Ýòî ïîç-
âîëÿåò âûïèñàòü ðåøåíèå uα óðàâíåíèÿ

∂u = f, (2)

èìåþùåå ìèíèìàëüíóþ âåñîâóþ L2 -íîðìó, à èìåííî, uα = Tα[f ]. Ñðåäè âñåõ
ðåøåíèé (2) uα ÿâëÿåòñÿ â íåêîòîðîì ñìûñëå ¾êàíîíè÷åñêèì¿, è äëÿ ïðèëîæåíèé
íóæíû îöåíêè ýòîãî ðåøåíèÿ â ðàçëè÷íûõ íîðìàõ. Â [1] äàíû îöåíêè uα â Lp -
íîðìå, ò. å.

‖uα‖Lp(U2) 6 γ(‖f1‖Lp(U2) + ‖f2‖Lp(U2)), (3)

ãäå p ∈ [1, +∞] α1 > 0, α2 > 0 , êîíñòàíòà γ çàâèñèò ëèøü îò α è p . Íåñêîëüêî
ðàíåå â ðàáîòå Ëàíäó÷÷è [4] áûëà ïîëó÷åíà îöåíêà (3) ïðè α = (0, 0) è p = ∞ ,
à â [5] òåì æå àâòîðîì äàíà îöåíêà ïðîèçâîäíûõ ðåøåíèÿ u0. Íàñòîÿùàÿ ðàáîòà
ïîñâÿùåíà îöåíêå uα â íoðìå ïðîñòðàíñòâà Cm(U2) .

Íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:
Cm(U2) � ïðîñòðàíñòâî m ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ íà U2 ôóíê-

öèé h , ‖h‖m � íîðìà â Cm(U2) ;
Cm

(0,1)(U2) � ïðîñòðàíñòâî ôîðì f = f1dz1 + f2dz2 òèïà (0,1), êîýôôèöèåíòû
êîòîðûõ ïðèíàäëåæàò Cm(U2) , ‖f‖m = ‖f1‖m + ‖f2‖m ;

Cm+σ(U2) � ïðîñòðàíñòâî òåõ ôóíêöèé èç Cm(U2) , ó êîòîðûõ âñå ïðîèçâîä-
íûå ïîðÿäêà m óäîâëåòâîðÿþò â U2 óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì σ , ãäå
0 < σ < 1 ;

∂u =
∂u

∂z1
dz1 +

∂u

∂z2
dz2.

Âñþäó â äàëüíåéøåì ïðåäïîëàãàåòñÿ óñëîâèå α1 > 0, α2 > 0.

Ë å ì ì à 1. Ïóñòü u ∈ Cm(U2), r+s 6 m, r > 1, s > 0. Òîãäà èìååò ìåñòî
ñëåäóþùåå òîæäåñòâî:

Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z) = Pα

[
ζ1ζ

r−1
1 ζs

2

∂r+su

∂ζ1∂ζr−1
1 ∂ζs

2

]
(z)−

− (r − 1)Pα

[
ζr−1
1 ζs

2

∂r−1+su

∂ζr−1
1 ∂ζs

2

]
(z) + z1

∂

∂z1
Pα

[
ζr−1
1 ζs

2

∂r−1+su

∂ζr−1
1 ∂ζs

2

]
(z). (4)

Àíàëîãè÷íîå òîæäåñòâî èìååò ìåñòî è îòíîñèòåëüíî ïåðåìåííîé z2 ïðè óñëî-
âèè r > 0, s > 1.

Ñìûñë ñîîòíîøåíèÿ (4) çàêëþ÷àåòñÿ â òîì, ÷òî ïðîåêöèÿ Pα ïðîèçâîäíîé îò
u âûðàæàåòñÿ ÷åðåç ïðîåêöèè ïðîèçâîäíûõ ïîðÿäêà íà åäèíèöó ìåíüøå îò ôóíê-
öèè u è ∂u

∂z1.
Ñîìíîæèòåëè òèïà ζr

1ζs
2 ïîÿâëÿþòñÿ çäåñü ïî ÷èñòî òåõíè÷åñêèì

ïðè÷èíàì.

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èâ

Cα(ζ, z) =
(α1 + 1)(α2 + 1)

(2πi)2
(1− |ζ1|2)α1

(1− ζ1z1)α1+2

(1− |ζ2|2)α2

(1− ζ2z2)α2+2
,
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èìååì

∂

∂ζ1
(ζr

1ζs
2Cα(ζ, z)) = rζr−1

1 ζs
2Cα(ζ, z)− α1ζ

r
1ζ1ζ

s
2

Cα(ζ, z)
1− |ζ1|2 ,

∂

∂ζ1

(ζ1ζ
r−1
1 ζs

2Cα(ζ, z)) =

= ζr−1
1 ζs

2Cα(ζ, z)− α1ζ
r
1ζ1ζ

s
2

Cα(ζ, z)
1− |ζ1|2 + (α1 + 2)ζr−1

1 ζ1ζ
s
2z1

Cα(ζ, z)
1− ζ1z1

,

∂

∂z1
Cα(ζ, z) = (α1 + 2)ζ1

Cα(ζ, z)
1− ζ1z1

.

Èç ýòèõ ðàâåíñòâ ñëåäóåò

∂

∂ζ1
(ζr

1ζs
2Cα(ζ, z)) =

∂

∂ζ1

(ζ1ζ
r−1
1 ζs

2Cα(ζ, z)) + (r − 1)ζr−1
1 ζs

2Cα(ζ, z)−

− ζr−1
1 ζs

2z1
∂

∂z1
Cα(ζ, z). (5)

Äàëåå

Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z) =

∫

D2

ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

Cα(ζ, z)dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2 =

=
∫

U2

∂

∂ζ1

(
∂r−1+su

∂ζr−1
1 ∂ζs

2

ζr
1ζs

2Cα(ζ, z)
)

dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2−

−
∫

U2

∂r−1+su

∂ζr−1
1 ∂ζs

2

∂

∂ζ1
[ζr

1ζs
2Cα(ζ, z)]dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2. (6)

Ïî ôîðìóëå Ñòîêñà ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (6) ðàâíî
∫

U2

dζ1

(
∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

ζr
1ζs

2Cα(ζ, z)dζ1 ∧ dζ2 ∧ dζ2

)
=

=
∫

{|ζ1|=1, |ζ2|61}

∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

ζr
1ζs

2Cα(ζ, z)dζ1 ∧ dζ2 ∧ dζ2 = 0,

òàê êàê Cα(ζ, z) ≡ 0 ïðè |ζ1| = 1. Ñ ó÷åòîì ýòîãî, à òàêæå ðàâåíñòâà (5), èç (6)
èìååì

Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z) = −

∫

U2

∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

∂

∂ζ1

[ζ1ζ
r−1
1 ζs

2Cα(ζ, z)]dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2−

− (r − 1)
∫

U2

∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

ζr−1
1 ζs

2Cα(ζ, z)dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2+

+ z1
∂

∂z1

∫

U2

∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

ζr−1
1 ζs

2Cα(ζ, z)dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2 =
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= −
∫

U2

∂

∂ζ1

(
∂r−1+su(ζ)
∂ζr−1

1 ∂ζs
2

ζ1ζ
r−1
1 ζs

2Cα(ζ, z)
)

dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2+

+
∫

U2

∂r+su(ζ)
∂ζ1∂ζr−1

1 ∂ζs
2

ζ1ζ
r−1
1 ζs

2Cα(ζ, z)dζ1 ∧ dζ1 ∧ dζ2 ∧ dζ2−

− (r − 1)Pα

[
ζr−1
1 ζs

2

∂r−1+su

∂ζr−1
1 ∂ζs

2

]
(z) + z1

∂

∂z1
Pα

[
ζr−1
1 ζs

2

∂r−1+su

∂ζr−1
1 ∂ζs

2

]
(z). (7)

Ðàâåíñòâî íóëþ ïåðâîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (7) äîêàçûâàåòñÿ ñ ïîìîùüþ
ôîðìóëû Ñòîêñà êàê âûøå. Òàêèì îáðàçîì, èç (7) ñëåäóåò óòâåðæäåíèå ëåììû.

Ë å ì ì à 2. Ïóñòü u ∈ Cm+σ(U2), 0 < σ < 1. Òîãäà

Tα[∂u] ∈ Cm+σ(U2).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî (1) èìååì

Tα[∂u](z) = u(z)− Pα[u](z).

Òîò ôàêò, ÷òî Pα[u] ∈ Cm+σ(U2) ïðè m = 0, äîêàçûâàåòñÿ ýëåìåíòàðíî ñ ïðè-
âëå÷åíèåì ëåììû Õàðäè�Ëèòòëüâóäà. Ïðè m > 0 ñëåäóåò èñïîëüçîâàòü ñîîòíî-
øåíèå

z1
∂

∂z1
Pα[u](z) = Pα

[
ζ1

∂u

∂ζ1

]
(z)− Pα

[
ζ1

∂u

∂ζ1

]
(z),

(à òàêæå àíàëîãè÷íîå îòíîñèòåëüíî ïåðåìåííîé z2 ), êîòîðîå ÿâëÿåòñÿ ÷àñòíûì
ñëó÷àåì (4) è ñëåäóåò èç íåãî ïðè r = 1, s = 0.

Ñ ë å ä ñ ò â è å . Åñëè u ∈ Cm+1(U2), òî Tα[∂u] ∈ Cm(U2) .
Âñþäó íèæå ÷åðåç γ1, γ2, . . . îáîçíà÷àþòñÿ êîíñòàíòû, çàâèñÿùèå òîëüêî îò

r, s è α.

Ë å ì ì à 3. Ïóñòü
à) u ∈ Cm(U2), ∂u ∈ Cm

(0,1)(U2) ;
á) Pα[u] ≡ 0 â U2 .

Tîãäà äëÿ r + s 6 m èìååò ìåñòî îöåíêà
∥∥∥∥

∂r+su

∂zr
1∂zs

2

∥∥∥∥
0

6 γ1

∥∥∂u
∥∥

r+s
. (8)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü, äëÿ îïðåäåëåííîñòè, r > 1. Ïðèìåíÿÿ ðåê-
êóðåíòíóþ ôîðìóëó (4) ïîñëåäîâàòåëüíî r ðàç, ïîëó÷èì

Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z) =

r∑

k=1

k−1∑

p=0

akpz
p
1

∂p

∂zp
1

Pα

[
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su

∂ζ1∂ζr−k
1 ∂ζs

2

]
(z)+

+
r∑

p=0

cpz
p
1

∂p

∂zp
1

Pα

[
ζs
2

∂su

∂ζs
2

]
(z).
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Åñëè s = 0, òî âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ðàâíî íóëþ
â ñèëó óñëîâèÿ á). Åñëè æå s > 1, òî, ïðèìåíÿÿ àíàëîã (4) ïî ïåðåìåííîé z2

ïîñëåäîâàòåëüíî s ðàç è ó÷èòûâàÿ à), èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì

Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z) =

r∑

k=1

k−1∑

p=0

akpz
p
1

∂p

∂zp
1

Pα

[
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su(ζ)
∂ζ1∂ζr−k

1 ∂ζs
2

]
(z)+

+
s∑

k=1

k−1∑

q=0

r∑

p=0

bkpqz
p
1z

q
2

∂p+q

∂zp
1∂zq

2

Pα

[
ζ2ζ

s−k
2

∂s−k+1u

∂ζ2∂ζs−k
2

]
(z). (9)

Çäåñü êîýôôèöèåíòû akp, cp è bkpq çàâèñÿò îò r è s. Èñïîëüçóÿ (1) è (9), ïîëó÷èì

zr
1z

s
2

∂r+su(z)
∂zr

1∂zs
2

= Pα

[
ζr
1ζs

2

∂r+su

∂ζr
1∂ζs

2

]
(z)− Tα

[
∂

(
ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

)]
(z) =

=
r∑

k=1

k−1∑

p=0

akpz
p
1

∂p

∂zp
1

{
z1z

r−k
1 zs

2

∂r+1−k+su(z)
∂z1∂zr−k

1 ∂zs
2

−Tα

[
∂

(
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su(ζ)
∂ζ1∂ζr−k

1 ∂ζs
2

)]
(z)

}

+
s∑

k=1

k−1∑

q=0

r∑

p=0

bkpqz
p
1z

q
2

∂p+q

∂zp
1∂zq

2

{
z2z

s−k
2

∂s+1−ku(z)
∂z2∂zs−k

2

−

− Tα

[
∂

(
ζ2ζ

s−k
2

∂s+1−ku(ζ)
∂ζ2∂ζs−k

2

)]}
− Tα

[
∂

(
ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

)]
(z). (10)

Îòìåòèì ïðè ýòîì, ÷òî äëÿ ñïðàâåäëèâîñòè ôîðìóëû (1) äîñòàòî÷íî, ÷òîáû
ôóíêöèÿ u è êîýôôèöèåíòû ôîðìû ∂u (ïîíèìàåìûå â îáîáùåííîì ñìûñëå),
áûëè áû íåïðåðûâíû íà U2. Äîêàçûâàåòñÿ ýòî óòâåðæäåíèå ñòàíäàðòíûì ñïî-
ñîáîì ðåãóëÿðèçàöèè, êàê ýòî ñäåëàíî, ê ïðèìåðó, â [6] â îòíîøåíèè ôîðìóëû
Êîøè�Ãðèíà. Èç (10) èìååì

∥∥∥∥zr
1z

s
2

∂r+su(z)
∂zr

1∂zs
2

∥∥∥∥
0

6 γ2

∥∥∂u
∥∥

r+s−1
+

+ γ3

r∑

k=1

k−1∑

p=0

∥∥∥∥∥zp
1

∂p

∂zp
1

Tα

[
∂

(
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su(ζ)
∂ζ1∂ζr−k

1 ∂ζs
2

)]
(z)

∥∥∥∥∥
0

+

+ γ4

s∑

k=1

k−1∑

q=0

r∑

p=0

∥∥∥∥∥zp
1z

q
2

∂p+q

∂zp
1∂zq

2

Tα

[
∂

(
ζ2ζ

s−k
2

∂s+1−ku(ζ)
∂ζ2∂ζs−k

2

)]
(z)

∥∥∥∥∥
0

+

+
∥∥∥∥Tα

[
∂

(
ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

)]
(z)

∥∥∥∥
0

. (11)

Â ïîëó÷åííîì íåðàâåíñòâå ñïðàâà ó÷àñòâóþò ïðîèçâîäíûå ôóíêöèé Tα

[
∂(. . . )

]
ïîðÿäêà íå âûøå, ÷åì r + s− 1. Ýòî ïîçâîëÿåò ïðîâîäèòü èíäóêòèâíûå ðàññóæ-
äåíèÿ îòíîñèòåëüíî ïîðÿäêà ïðîèçâîäíîé.

Äîêàæåì íåðàâåíñòâî
∥∥∥∥zr

1z
s
2

∂r+su(z)
∂zr

1∂zs
2

∥∥∥∥
0

6 γ5

∥∥∂u
∥∥

r+s
. (12)
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Èç (10) ïðè r = 1, s = 0 èìååì
∥∥∥∥z1

∂u

∂z1

∥∥∥∥
0

6 γ2

∥∥∂u
∥∥

0
+ γ3

∥∥∥∥Tα

[
∂

(
ζ1

∂u

∂ζ1

)]∥∥∥∥
0

+
∥∥∥∥Tα

[
∂

(
ζ1

∂u

∂ζ1

)]∥∥∥∥
0

. (13)

Çàìåòèì òåïåðü, ÷òî èç (3) ïðè p = ∞ è äëÿ íåïðåðûâíîé íà U2 ôîðìû f
ñëåäóåò îöåíêà

‖Tα[f ]‖ 6 γ‖f‖0, (14)
ñîãëàñíî êîòîðîé èìååì

∥∥∥∥Tα

[
∂

(
ζ1

∂u

∂ζ1

)]∥∥∥∥
0

6 γ4

∥∥∥∥∂

(
ζ1

∂u

∂ζ1

)∥∥∥∥
0

6 γ5

∥∥∂u
∥∥

1
, (15)

∥∥∥∥Tα

[
∂

(
ζ1

∂u

∂ζ1

)]∥∥∥∥
0

6 γ6

∥∥∥∥∂

(
ζ1

∂u

∂ζ1

)∥∥∥∥
0

6 γ7

∥∥∂u
∥∥

1
. (16)

Èç (13), (15) è (16) ñëåäóåò
∥∥∥∥z1

∂u

∂z1

∥∥∥∥
0

6 γ8

∥∥∂u
∥∥

1
.

Àíàëîãè÷íîå íåðàâåíñòâî âåðíî è äëÿ z2
∂u

∂z2
. Èòàê, äëÿ ïðîèçâîäíûõ ïåðâîãî

ïîðÿäêà îöåíêà (12) ñïðàâåäëèâà. Ïðåäïîëîæèì, ÷òî (12) èìååò ìåñòî äëÿ âñåõ
ïðîèçâîäíûõ ïîðÿäêà ìåíüøå, ÷åì r + s. Ïðèìåíÿÿ ýòî èíäóêòèâíîå ïðåäïîëî-
æåíèå ê ôóíêöèÿì

Tα

[
∂

(
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su(ζ)
∂ζ1∂ζr−k

1 ∂ζs
2

)]
(z) è Tα

[
∂

(
ζ2ζ

s−k
2

∂s+1−ku(ζ)
∂ζ2∂ζs−k

2

)]
(z),

(ïðè ýòîì ó÷èòûâàåì, ÷òî ñîîòâåòñòâóþùåå óñëîâèå ãëàäêîñòè à) îáåñïå÷èâàåòñÿ
â ñèëó ñëåäñòâèÿ ëåììû 2, à óñëîâèå á) ñëåäóåò èç òîãî, ÷òî Pα ◦ Tα = 0), áóäåì
èìåòü

∥∥∥∥∥zp
1

∂p

∂zp
1

Tα

[
∂

(
ζ1ζ

r−k
1 ζs

2

∂r+1−k+su(ζ)
∂ζ1∂ζr−k

1 ∂ζs
2

)]
(z)

∥∥∥∥∥
0

6

6 γ9

∥∥∥∥∥∂

(
z1z

r−k
1 zs

2

∂r+1−k+su(z)
∂z1∂zr−k

1 ∂zs
2

)∥∥∥∥∥
p

6 γ9

∥∥∂u
∥∥

p+r+1−k+s
6 γ9

∥∥∂u
∥∥

r+s
, (17)

òàê êàê p + r + 1− k + s 6 r + s,

∥∥∥∥∥zp
1z

q
2

∂p+q

∂zp
1∂zq

2

Tα

[
∂

(
ζ2ζ

s−k
2

∂s+1−ku(ζ)
∂ζ2∂ζs−k

2

)]
(z)

∥∥∥∥∥
0

6 γ10

∥∥∂u
∥∥

r+s
, (18)

òàê êàê p + q + s + 1− k 6 r + s. Èç (14) ñëåäóåò
∥∥∥∥Tα

[
∂

(
ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

)]
(z)

∥∥∥∥
0

6 γ11

∥∥∥∥∂

(
ζr
1ζs

2

∂r+su(ζ)
∂ζr

1∂ζs
2

)∥∥∥∥
0

6 γ11

∥∥∂u
∥∥

r+s
. (19)



Îöåíêà ìèíèìàëüíûõ ðåøåíèé 105

Ïîäñòàâëÿÿ (17)�(19) â (11), ïîëó÷àåì îöåíêó (12). Îòìåòèì, ÷òî ñîìíîæèòåëü
zr
1z

s
2 â ëåâîé ÷àñòè ýòîé îöåíêè íå ñâÿçàí ñ ñóùåñòâîì äåëà è âîçíèê îí èç òîæ-

äåñòâà (4) ëåììû 1. Îñâîáîäèìñÿ îò ýòîãî ñîìíîæèòåëÿ. Ïðèìåíÿÿ ïðè ôèêñè-
ðîâàííîì z2 ôîðìóëó Êîøè�Ãðèíà ê ôóíêöèè ∂r+su(z)

∂zr
1∂zs

2

, ïîëó÷èì

∂r+su(z)
∂zr

1∂zs
2

=
1

2πi

∫

|ζ1|=1

∂r+su(ζ1, z2)
∂ζr

1∂ζs
2

dζ1

ζ1 − z1
+

+
1

2πi

∫

|ζ1|=1

∂r+s+1u(ζ1, z2)
∂ζ1∂ζr

1∂ζs
2

dζ1 ∧ dζ1

ζ1 − z1
= J1(z) + J2(z). (20)

Îöåíêà

‖J2‖0 6 γ12

∥∥∥∥
∂r+s+1u(z)
∂z1∂zr

1∂zs
2

∥∥∥∥
0

6 γ12

∥∥∂u
∥∥

r+s
(21)

èçâåñòíà åùå ñî âðåìåí Äàíæóà. Äàëåå

J1(z) =
1

2πi

∫

|ζ1|=1

∂r+su(ζ1, z2)
∂ζr

1∂ζs
2

dζ1

ζ1 − z1
=

=
1

2πi

∫

|ζ1|=1

dζ1

(
∂r+s−1u(ζ1, z2)

∂ζr−1
1 ∂ζs

2

1
ζ1 − z1

)
−

− 1
2πi

∫

|ζ1|=1

∂r+s−1u(ζ1, z2)
∂ζr−1

1 ∂ζs
2

∂

∂ζ1

dζ1

ζ1 − z1
− 1

2πi

∫

|ζ1|=1

∂

∂ζ1

∂r+s−1u(ζ1, z2)
∂ζr−1

1 ∂ζs
2

dζ1

ζ1 − z1
=

=
1

2πi

∫

|ζ1|=1

∂r+s−1u(ζ1, z2)
∂ζr−1

1 ∂ζs
2

dζ1

(ζ1 − z1)2
− 1

2πi

∫

|ζ1|=1

∂r+su(ζ1, z2)
∂ζ1∂ζr−1

1 ∂ζs
2

dζ1

ζ1 − z1
. (22)

Îöåíêó J1(z) áóäåì ïðîâîäèòü îòäåëüíî äëÿ |z1| < 1
2 è äëÿ |z1| > 1

2 . Èç (22)
èìååì

max
|z1|< 1

2

|J1(z)| 6 γ13

∥∥∥∥
∂r+s−1u(z)
∂zr−1

1 ∂zs
2

∥∥∥∥
0

+ γ14

∥∥∥∥
∂r+su(z)

∂z1∂zr−1
1 ∂zs

2

∥∥∥∥
0

6

6 γ13

∥∥∥∥
∂r+s−1u(z)
∂zr−1

1 ∂zs
2

∥∥∥∥
0

+ γ14

∥∥∂u
∥∥

r+s−1
. (23)

Èç (20), (21) è (23) ñëåäóåò

max
|z1|< 1

2

∣∣∣∣
∂r+su(z)
∂zr

1∂zs
2

∣∣∣∣
0

6 γ15

(∥∥∥∥
∂r+s−1u(z)
∂zr−1

1 ∂zs
2

∥∥∥∥
0

+
∥∥∂u

∥∥
r+s

)
. (24)

Íåðàâåíñòâî (24) ïîçâîëÿåò äîêàçàòü óòâåðæäåíèå (8) ëåììû èíäóêöèåé ïî r+s.
Ïðè r = s = 0 (8) ñëåäóåò èç (12). Ïðåäïîëîæèì, ÷òî (8) ñïðàâåäëèâî äëÿ âñåõ
ïðîèçâîäíûõ ïîðÿäêà r + s− 1. Äàëåå ðàçëè÷àåì 2 ñëó÷àÿ:
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1) Åñëè s = 0, òî

max
|z1|> 1

2

∣∣∣∣
∂ru(z)

∂zr
1

∣∣∣∣ 6 2r

∥∥∥∥zr
1

∂ru

∂zr
1

∥∥∥∥
0

6 γ16‖∂u‖r

ñîãëàñíî (12). Âìåñòå ñ (24) è èíäóêòèâíûì ïðåäïîëîæåíèåì îòñþäà ïîëó÷àåì
(8).

2) Åñëè s > 0, òî èìååì îöåíêó

max
|z1|< 1

2

∣∣∣∣
∂r+su(z)
∂zr

1∂zs
2

∣∣∣∣ 6 γ17

(∥∥∥∥
∂r+s−1u(z)
∂zr

1∂zs−1
2

∥∥∥∥
0

+
∥∥∂u

∥∥
r+s

)
, (25)

àíàëîãè÷íóþ (24). Äàëåå

max
{|z1|> 1

2
, |z2|> 1

2
}

∣∣∣∣
∂r+su(z)
∂zr

1∂zs
2

∣∣∣∣ 6 2r+s

∥∥∥∥zr
1z

s
2

∂r+su(z)
∂zr

1∂zs
2

∥∥∥∥
0

6 γ18

∥∥∂u
∥∥

r+s
(26)

ñîãëàñíî (12). Èç (24)�(26) è èíäóêòèâíîãî ïðåäïîëîæåíèÿ ñëåäóåò (26).
Ëåììà äîêàçàíà.

Ò å î ð å ì à . Ïóñòü f � ∂ -çàìêíóòàÿ ôîðìà òèïà (0, 1), f ∈ Cm
(0,1)(U2),

uα � ðåøåíèå óðàâíåíèÿ (2), èìåþùåå ìèíèìàëüíóþ íîðìó â L2(dσα) , ò. å.
uα = Tα[f ] , è α1 > 0, α2 > 0. Òîãäà

1) uα ∈ Cm(U2);
2) ‖uα‖ 6 γ‖f‖m .
Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèì fn(z) = f

((
1− 1

n

)
z
)
. Ôîðìû fn ∂ -

çàìêíóòû â íåêîòîðîé îêðåñòíîñòè U2 (êàæäàÿ â ñâîåé). Ïóñòü vn � êàêîå-ëèáî
ðåøåíèå óðàâíåíèÿ ∂v = fn â óïîìÿíóòîé îêðåñòíîñòè. Â ñèëó ýëëèïòè÷íîñòè
îïåðàòîðà ∂ vn ïðèíàäëåæèò Cm+σ(U2) äëÿ ëþáîãî σ , 0 < σ < 1 . Âîçüìåì
ôóíêöèþ uαn = vn − Pα[vn]. Î÷åâèäíî

Pα[un] = 0. (27)
Òàê êàê ôóíêöèÿ Pα[vn] ãîëîìîðôíà â U2, òî

∂uαn = fn. (28)
Ïî ôîðìóëå (1) ñ ó÷åòîì (27) uαn = Tα[∂vn] è, êàê ñëåäóåò èç ëåììû 2,

uαn ∈ Cm+σ(U2). (Äëÿ íàøèõ öåëåé äîñòàòî÷íî òîãî, ÷òîáû uαn ∈ Cm(U2). Èç
ëåììû 3 ñëåäóåò, ÷òî ‖uαn‖m 6 γ19‖fn‖m, (29)

‖uαn − uαk‖m 6 γ20‖fn − fk‖m. (30)
Ïîñêîëüêó ïðàâàÿ ÷àñòü (30) ñòðåìèòñÿ ê íóëþ ïðè k, n →∞, òî ïîñëåäîâà-

òåëüíîñòü uαn èìååò ïðåäåë u∗α ∈ Cm(U2). Ïåðåõîäÿ ê ïðåäåëó â ðàâåíñòâàõ (27)
è (28), áóäåì èìåòü Pα[u∗α] = 0 è ∂u∗α = f (ïðè m = 0 ýòî ðàâåíñòâî ïîíèìàåòñÿ
â îáîáùåííîì ñìûñëå). Ýòî îçíà÷àåò, ÷òî u∗α ÿâëÿåòñÿ ìèíèìàëüíûì ðåøåíèåì
(2) â L2(dσα), ò. å. u∗α = uα. Ïðåäåëüíûé ïåðåõîä â (29) äàåò îöåíêó 2). Òåîðåìà
äîêàçàíà.

Åðåâàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò Ïîñòóïèëà 17.I.1990
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A. I. PETROSYAN. Bazma�rjanum ∂ -havasarman minimal lu�umneri Cm -normov
gnahatum� (am�o�um)

A�xatanqum hetazotvum � bazma�rjanum ∂̄u = f havasarman ayn uα lu�um�,
or�

(
1− |z1|2

)α1 · · · (1− |zn|2
)αn k�rov L2 tara�u�yan mej uni minimal norm: Parzu{

�yan hamar ditarkvum � erk�rjani depq�: Apacucvum �, or e�e f ∈ Cm
(0,1)(U2) , apa

uα ∈ Cm(U2) ,  te�i uni ‖u‖m 6 γ‖f‖m anhavasaru�yun�, orte� γ -n miayn α-ic  
m-ic kaxva� hastatun �:

A. I. PETROSYAN. The estimate in Cn -norm of the minimal solutions of ∂ -equation in
polydisc (summary)

The article is devoted to the investigation of the solution uα of equation ∂u = f in
polydisc, which has the minimal norm in the space L2 with the weight

(
1− |z1|2

)α1 · · ·(
1− |zn|2

)αn . For simplicity the case of bidisc U2 is considered. It is proved that if f ∈
Cm

(0,1)(U2) , then uα ∈ Cm(U2) and we have the estimate ‖u‖m 6 γ‖f‖m , where γ is a
constant, which depends only on α and m.
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