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Abstract: The Riccati equation method is used for study the behavior of solu-
tions of the system of two linear first order ordinary differential equations. All
types of oscillation and regularity of this system are revealed. A generalization
of Leighton’s theorem is obtained. Three new principles for the second order
linear differential equation are derived. Stability and non conjugation criteria
are proved for the mentioned system, as well as estimates are obtained for the
solutions of the last one.

1. Introduction

Let ajx(t) (j,k = 1,2) be real valued continuous functions on
[to; +00). Consider the system of equations

¢ = an(t)o + a2(t)y;
(1.1)
@D/ = agl(t)gb + (Igg(t)@b, t 2 to.

Study of the questions of the asymptotic behavior (oscillation, non
oscillation, non conjugation, rate of growth) of the solutions and
stability of the linear system of ordinary differential equations, in
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particular of the system (1.1) is an important problem of the qualitative
theory of differential equations and many works are devoted to them (see
[1] and cited works therein, [2], [3], [4], [5], [6], [7]). Let p(t), ¢(t) and r(¢)
be real valued continuous functions on [ty; +00), and let p(t) > 0, ¢ > t,.
Along with the system (1.1) consider the equation

(p()¢") + )" +r(t)p =0, t=>t. (1.2)
The substitution

p(t)¢' =1 (1.3)
in this equation reduces it to the system
¢ = s
(1.4)

¢/ = —T(t)¢— %(ﬂ% 752 tO?

which is a particular case of the system (1.1). For p(t) =1, ¢(t) = 0 Eq.
(1.2) takes the forme

" +r(t)p=0, t>t. (1.5)

It is well known (see for example [8]), that by using different transfor-
mations Eq. (1.2) can be reduced to the Eq. (1.5). One can show
that the system (1.1) can be reduced to Eq. (1.5), if (for example)
ajo(t) # 0, t > to. There exist also other conditions for which the
system (1.1) can be reduced to Eq. (1.5). Of course the reduction of the
system (1.1) to Eq. (1.5), if it is possible to carry it out (until now, it
is not known whether this can always be done), can be very useful for
study of different qualitative characteristics of the system (1.1). However
this method not always can help to solve the assigned problem. One of
effective methods of qualitative investigation of Eq. (1.5), as well as of
the system (1.1) is the Riccati equation method. In this work we use
this method for the study of the behavior of solutions of the system of
two linear first order ordinary differential equations. We reveal all types
of oscillation and regularity of this system. We obtain a generalization
of Leighton’s oscillation theorem. We derive three new principles for
the second order linear ordinary differential equation. We prove some
stability and non conjugation criteria for the mentioned system. We also
obtain estimates for the solutions of the last one. Due to large number of
sheets of this article we represent here the first part of obtained results of
this work. The second part of it we will represent for publication later.
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2. Auxiliary propositions

Let a(t), b(t) and ¢(t) be real valued continuous function on [ty; +00).
Consider the Riccati equation

v +alt)? +b(t)x+ct) =0, t>t. (2.1)

In this paragraph we study some important properties of global solutions
(existing on [t1; +00) for some t; > tg) of this equation which will be used
further for the study of asymptotic properties of solutions of the system
(1.1). Along with Eq. (2.1) consider the system of equations

¢ = a(t)y;
W= —e()p—bt)b, >t

The solutions z(t) of Eq. (2.1), existiong on some interval [ti;ts)
(to < t; < tg < 400), are connected with the solutions (¢(t),(t)) of
the system (2.2) by the equalities (see [9], pp. 153 — 154)

(2.2)

ww:¢mnm{/aﬂﬂﬂm},mm#n,wwzx@mw (2.3)

t1

In this paragraph we will take that all solutions of equations and systems
of equations are real valued. For brevity we introduce the denotations:

Ju(ti;t) = eXp{/ta(T)u<T)dT}, Ju(t) = Ju(to; 1),

t1

t —+o00
Iiv(h;t) = /U(T)J_U(tl;T)dT, ]J’v(tl) = /u(T)J_v(tl;T)dT,
t1 t1

t
Lu(tin = [Jamiuman vz
t
where u(t) and v(t) be arbitrary continuous functions on [tg; +00). Rewrite
Eq. (2.1) in the form:

o+ h(t)x+0b(t) =0, t>tg,
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where h,(t) = a(t)z 4+ b(t), t > ty. The by virtue of the Cauchy formula
Eq. (2.1) is equivalent to the following integral equation

x=J_p, (t1;t) {x(tl) — /t Jp(t; T)C(T)¢x(t1;7'>d7"|, t>ty, (24)

t

where ¢, (t1;t) = exp{f a(T)x(T)dT}, t1,t > to. Let ay(t), bi(t) and
t1

c1(t) be real valued continuous function on [ty; +00). Along with Eq. (2.1)

consider the equation
o +a () + () +ei(t) =0, >t (2.5)
and the differential inequality
0 +a(t)n* +b(t)n+c(t) >0, t>t. (2.6)
Note that for a(t) > 0, t > t, each solution of the linear equation
0 +bt)n+c(t)=0, t>t,

is a solution of (2.6). Therefore for each initial condition 1) inequality
(2.6) has a solution 7y(t) on [to; +00) with no(to) = 1)0)-

Theorem 2.1. Let Eq. (2.5) has a solution x1(t) on [to; 7o) (70 < 400)
and let the following condition be satisfied:

20, [ew{ [Ta©m) +2.0) + o)) de
x [(a1(r) = a(7))23 (1) + (bi(7) = b(7))z1(7) + e1(7) — c(7)]dT > 0,
t € [to;70),

where ny(t) is a solution of (2.6) on [to; 7o) with no(to) > x1(ty). Then
for each xy > x1(ty) Eq. (2.1) has a solution xo(t) on [to; 7o), and
{L'()(t) Z l‘l(t), t e [tQ;TO).

See proof in [10]. Let t; > to.
Definition 2.1. A solution of Eq. (2.1) is called ti-regular, if it exists
on [t1;+00). Eq. (2.1) is called reqular if it has a ti-reqular solution for
some t1 > tg.
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Definition 2.2. A ty-reqular solution x(t) of Eq. (2.1) is called t;-
normal, if there exists a neighborhood U,(t1) of the point x(t;) such that
each solution T(t) of Eq. (2.1) with T(ty) € U,(t1) is ti-regular. Other-
wise x(t) is called ti-extremal.

Remark 2.1. From the results of work [11] it follows that for some
t1 > to the reqular equation (2.1) can have: the unique t1-regular solution
(then it is ti-extremal); no ti-extremal solution (then its all ti-reqular
solutions are ti-normal); the unique ti-extremal solution (and all other
t1-reqular solutions are ti-normal); two t1- extremal solutions (all other
t1-reqular solutions are t1-normal).

In what follow we will assume that the functions a(t) and c(t) have
unbounded supports (the case when one of these functions has a bounded
support is trivial). For arbitrary continuous function w(t) on [tg; +00)
denote:

t T

(i) = [ alr) exp{— / [2a(£)U(£)+b(§)]d€}dT,

t1 t1

“+o00

vu(t) = / o() exp{— / [za(g)u(g)w(g)]dg}df, —

Theorem 2.2. Let for some ty-reqular solution zo(t) of Eq. (2.1) the
integral v,,(t1) be convergent. Then the following assertions are valid.
A) For each t >ty and for all t,-normal solutions x(t) of Eq. (2.1) and
only for them the integrals v,(t) converge.

B) In order that Eq. (2.1) have ti-extremal solution it is necessary and
sufficient that

Ve (1) £ 0, ¢ >ty

Under this condition the unique ty-extremal solution x.(t) is defined by
formula

2. (t) = wolt) — >t (2.7)

and
Vg, (t) =400, t>t1, or v, (t)=—o0, t>t, (2.8)



72 Gevorg Avagovich Grigorian

/ a(7) [361(7') — :cg(T)]dT =1In {%] . t>ty, (2.9)
/ a(7)[21(7) — 22(7)]d7 = — 0. (2.10)

t1

Proof. All assertions of this theorem except (2.8) and (2.10), are proved
in [11]. Let as prove (2.8). We will use the equalities (see [11]):

Moz (tQ; t)

e (25 1) = , 2.11
1% (2 ) 1—1—)\*(152)/13,0(252,25) ( )

A12(t2) eXp{— ft[Qa(T):cg(T) + b(T)]dT}

t1

x1(t) = xo(t) + T (o) (D) , L2t 2,
o (2.12)
where  A\.(t2) = z.(ta) — mo(ta), Ai(ta) = wi(te) — 2a(t),

t >ty > t1, x1(t) and z5(t) be arbitrary ¢;-regular solutions of Eq. (2.1).
From (2.12) it follows that p,,(t2;t) is bounded by t on [to; +00). Then
since obviously

Vﬂ?o(tQ) = tlg-noo M«TO(tQ; t) 7£ 0, to > 1, (213)
necessarily

t11+m []_ + /\*(tg),uzo (tg,t)] = 07 tg Z tl. (214)

—+00

From here from (2.11) and (2.13) it follows (2.8). Let as prove (2.10).
By (2.12) we have:

Ai(t1) exp{—tj[2a(7)xo(7') + b(T)]dT}
wlt) = oolt) = SN e

Multiplying both sides of this equality on a(t) and integrating from ¢; to
t we will get

t

/a(T)[x*(T) — zo(T)]dT = In[1 + A (t)pay (t15 1)), 2> 0.

t1
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Passing to the limit in this equality when ¢ — 400 and taking into
account (2.14) we will come to (2.10). The theorem is proved.
Corollary 2.1. If for some ti-reqular solution x.(t) the equality
Vg, (t1) = Loo is fulfilled, then x.(t) is the unique t,-extremal solu-
tion of Eq. (2.1), and Eq. (2.1) has ty-normal solutions, and for each
t >ty and for all t;-normal solutions x(t) of Eq. (2.1) the integrals v,(t)
converge; for every normal solutions xo(t), x1(t), xo(t) of Eq. (2.1) and
for x.(t) the correlations (2.7) - (2.10) are satisfied.
Proof. Let v, (t;) = +oo (the proof in the case v,,(t;) = —oo by
analogy). Then

o (tiit) > 1, t>T, (2.15)

for some T" > t. Let fi, = n[lag;] |z, (t1;1)], and let z4(t) be a solution
tE€|to;

to Eq. (2.1) with z.(t1) < zo(t1) < x.(t1) + 4} Then taking into

max{1,i,
account (2.15) ve will have:

where A (t1) = x)(t1) — x.(t1) > 0. Hence (see [11]) by (2.11) zo(t) is a
t1-regular solution of Eq. (2.1). Show that the integrals v,, (t) converge
for all t > t; and v,, (t) # 0, . We use the equality (see [11])

2, (Lot
,ul‘o(tQ;t) = a *( 2 ) tZtQ Z t17

L At e, (t3 1)

where A\, (t2) = xo(t2) — x.(t2) # 0. For enough large values of t > t5 we
have p, (t2;t) > 0. Therefore,

1 1
v 0( 2) t_g_noo'u 0< 2 ) t—g—noo )\*(tg) + m A*(t2) 7

So for zy(t) all conditions of Theorem 2.2 are fulfilled. Therefore Eq. (2.1)
has ¢1-normal solutions and for every ¢;-normal solutions z(¢) of Eq. (2.1)
and for all t > t; the integrals v,(t) converge; also for every t;-normal
solutions zo(t), 1(t), wa(t) of Eq. (2.1) and for z,(t) the correlations
(2.7) - (2.10) are satisfied. The corollary is proved.

Denote by reg(t1) the set of values z(py € R, for which the solution
x(t) of Eq. (2.1) with x(t1) = () is t;-regular.
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Lemma 2.1. Let a(t) > 0, t > to, and let Eq. (2.1) has ty-reqular
solution.  Then it has the wunique ti-extremal solution x.(t), and
reg(tr) = [ (t1); +00).

See proof in [2].
Lemma 2.2. let a(t) > 0, t > to; to < t1 < to, and let (t1;t2) be
the mazximal existence interval for the solution x(t) of Eq. (2.1). Then

lim z(t) = 4o0.
t—t140

See proof in [10].
Lemma 2.3. Let a(t) > 0, t > to, xo(t) be a to-normal solution of
Eq. (2.1), zo(t) # 0, t > to. Then for its unique ty-extremal solution
x(t) the equality

/t a(r)z.(T)dr = — In vy, (to)+1n [exp{ /t a(g)xo(g)dg} X
X 7)% exp{ / {;(é)) - a(f)mo(f)}df}ds}, t>1. (2.16)
holds.

Proof. By Lemma 2.1 Eq. (2.1) has a fp-normal solution xy(¢). Then
since a(t) > 0, t > to and has unbounded support, the integral v, ()
converges for all t >ty and v,,(t) # 0, t > ty. By virtue of Theorem 2.2
from here it follows that Eq. (2.1) has the unique tp-extremal solution
7, (t), satisfying the equality x.(t) = x¢(t) — — -, t > t;. From here it

Vfco(t)7
follows:
t t t )
alT
/a(T)x*(T)dT = /a(T).TO(T)dT — / on(T)dT =
to to to

= ]n[exp{/a(T)Io(T)dTH —1In Vo (t0)+

t

+ / d(anma(s) exp{— / [2@(§)x0(§)+b(§)}d§}ds}>, >t (217)

to T to
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On the strength of (2.1) from the condition xo(t) # 0, t > to, it
follows:

2a(€)ro(€) +b(e) = — 2= agg(&) +el€)

(

From here and from (2.17) it follows (2.16). The lemma is proved.
Lemma 2.4. Let a(t) > 0, c(t) >0, t > ty, I7,(to) = +oo and let
Eq. (2.1) has a solution on [t;;+00) for some ty > to. Then Eq. (2.1)
has a positive solution on [t1;4+00).

See proof in [5].
Theorem 2.3. Let a(t) > 0, c(t) < 0, t > tg. Then the following
assertions are valid.
P). For each x) > —— (for I, (tg) = +o0 we take that L 0)

I7, (to) If(to)

Eq. (2.1) has a ty-regular solution xo(t) with xo(to) = (), and

) thO

ro)Jot) )
t) < myJp(t) — I (tst), t>t¢ 2.18
Tt 2 Lyt ) zo(t) < o) J-b(t) — I, ,(to3 t), >to,  (2.18)

moreover if xy = 0, then there exists t1 > to such that xo(t) = 0,
t € [to;ta], zo(t) >0, ¢t >t1. If xg) > 0 then xzo(t) >0, t>t.

IP). The unique to-extremal solution x.(t) of Eq. (2.1) is negative.
IIP). If 17,(to) = 400 or I]_,(to) = —oc, then for each solution x(t) of
Eq. (2.1) with x(to) € (x.(t0);0) there exists to = to(x) > t; = t1(x) >ty
such that z(t) < 0, t € [to;t1), x(t) = 0, t € [t1;ta] and z(t) > 0,
t>ts.

IV°). If I, (to) = +o0, then foe each to-normal solution xx(t) of Eq. (2.1)

+o0
the equality [ a(T)xn(7)dT = +00. is fulfilled.
to
+o0o
Vo). If 17, (to) = —oo, then [ a(7)z.(T)dT = —00, where x.(t) is the
to
unique to-extremal solution of Fq. (2.1).
VP). If 17,(to) < 400 and I*, ,(t)) < +oo, then Eq. (2.1) has a
negative to-normal solution xy(t) such that for each solution x(t) of Eq.
(2.1) with xo(to) € (xx5(to);0) there exists ty = ta(x) > t; = ti(x) > 1o
such that x(t) <0, t € [to;t1), x(t) =0, t € [t1;ta], x(t) >0, t > to.
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VIP). If
I}, (ty) = +oo, /| (to; 7Yl < 40, (2.19)
+00
then [ a(T)z.(r)dr > —o0, f (1)dT = 400, where u,(t) is the
to

unique to-extremal solution of the equation

u —c(t)u? —b(t)u —a(t) =0, >t

Proof. Set ai(t) = a(t) bi(t) = b(t), t > to, c1(t) = 0. Then for

1 dgf : = —m(O)Jfb(t)
each x() > T A the function z(t) = o) Ly (07)

regular solution of Eq. (2.5), and the conditions of Theorem 2.1 are
fulfilled. Therefore for each x@y > A Eq. (2.1) has a to-regular solu-
tion wo(t) with zo(tg) = (o) and the first of conditions of inequalities
(2.18) is satisfied. Set a1(t) = a(t), bi(t) = b(t), c1(t) = c(t), t > to.
Then by already proven Eq. (2.5) will have to-regular solutions, coin-
ciding wit the to-regular solutions of Eq. (2.1). In the Eq. (2.1) set:
a(t) = 0. Then x5(t) = x(0)J-s(to;t) — I, .(to;t) is a to-regular solu-
tion of Eq. (2.1). Obviously in this case the conditions of Theorem
2.1. are satisfied. Therefore the second of the inequalities (2.18) is ful-
filled. Let x = 0. Then since c(t) has unbounded support by virtue
of (2.17) from the inequality c(t) < 0, ¢t > to, it follows existence of
ty > to such that x(t) = 0, t € [to;t1] and x(t) > 0, ¢ > t;. The asser-
tion 1° is proved. Prove II°. Let z((t) be a solution of Eq. (2.1) with
zo(to) > 0. By virtue of I° x4 (t) is tp-normal and positive. Therefore from
Theorem 2.2 it follows that for each t > ¢, the integral v,,(t) converges.
Obviously v,,(t) > 0, t > ty. Then by virtue of the same Theorem 2.2
1.(t) = x0(t) — ﬁ is the unique tg-extremal solution of Eq. (2.1).
Show that z.(t) <0, t > to. By virtue of the first of inequalities (2.18)

we have: (t)J (t )
xo(t)JJ_p(t; s

< to <t <s.

1+ 2ot s) = To(s), o <t<s

Multiplying both sides of this inequality on a(s ) and integrating by s from

is a to-

t to 7. we will get: In[l + xo(t)I5(t; 7)) <f s)ds, tg <t < s.
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Then
()Tt T 1
a(T)J_p(t; T)dT
VmO(t) S / + /.. - - /d — =
L+ 2o(t) 15 (t; 7) xo(t) L+ 2o(t) 1,5, (L5 7)
t ¢
_ 1 ! L t>t
T2 | T e0L G| S 70
From here it follows that x.(t) <0, t > t,. Show that
2, (t) <0, t>t. (2.20)

Suppose that it is not true. Then since z,(t) < 0, ¢t > to, there exists
t1 > to such that z.(t;) = 0. By the first of the inequalities (2.18) from
here it follows that x.(t) > 0, t > t;. Hence z.(t) = 0 on [t;;+00),
which is impossible (since on [t;; +00) c¢(t) #Z 0.) The obtained contra-
diction proves (2.20), and therefore the assertion II°. Prove III°. Let
xo(t) and z1(t) be solutions of Eq. (2.1) with the initial conditions
zo(to) > 0, x1(to) € (x4(t9); 0). By virtue of Lemma 2.1 z(t) and z;(t)
are to-normal. Therefore by (2.8) we have

—+o00

/ a(T)]xo(T) — 21 (7)]dT < +00. (2.21)

to
Let I, (to) = 4+00. Then from the first of inequalities (2.18) it follow:

—+00

/ a(r)zo(r)dr > W[l + zo(t1) I (1)) = +00, (2.22)

to

Show that there exists £; > t, such that xl(a) = 0. Suppose that it is
not true. Then z;(t) < 0, t > to. Taking into account (2.18) from here
we will get:

—+00 —+00

/ a(T)(zo(T) — 21(7))dT > / a(T)zo(7)dT = +00, (2.23)

to to
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which contradicts (2.21).  The obtained contradiction shows that
z1(t;) = 0 for some #; > t,. Since ¢(t) has unbounded support by
virtue of (2.4) from here and from non positivity of ¢(t) it follows that
x1(t) <0, t € [to;t1), z1(t) =0, t € [t1;t2] and z1(t) > 0, t > to, for
some ty > t; > ty. Let I;“_b(tg) = —o00. Consider the equation

u —c(t)u? —b(t)u —a(t) =0, >t (2.24)

By II° the unique tg-extremal solution w,(t) of this equation is negative.
Therefore 7, (t) = Lt) is a tg-regular solution of Eq. (2.1). By already

U (
proven, from here and from the equality I;_,(tg) = —oo it follows that
each solution u(t) of Eq. (2.24) with u(ty) € (u«(to);0) vanishes on
[to; +00). Therefore each solution z(t) of Eq. (2.1) with x(tg) < Z(to) is
not tg-regular. By virtue of Lemma 2.1 from here it follows that
1
u.(t) = @tz (2.25)
Suppose that some solution Z(t) of Eq. (2.1) with Z(t) € (x.(0);0)
is negative. Then u(t) = %, t > 1o, is a to-regular solution of Eq. (2.24),
and u(ty) = % < m From here and from (2.25) it follows that
u(ty) < us(to), which contradicts Lemma 2.1. The obtained contradic-
tion shows that for each solution z(t) of Eq. (2.1) with x(t9) € (x.(o);0)
there exists t; = t1(x) > to such that z(¢t;) = 0, z(t) <0, t € [to;t1).
Since ¢(t) has unbounded support by (2.4) from here and from non
negativity of c¢(t) it follows that there exists to = to(x) > t; such that
xz(t) = 0, t € [t1;t2], x(t) > 0,t > ty. The assertion III° is proved.
Prove IV°. Let z,(t) be a solution of Eq. (2.1) with 2, (ty) = 1. On
the strength of Lemma 2.1 from the assertion I° it follows that x () is to-
normal. By the first of the inequalities (2.18) we have
x(t) > Jo(t), t > to. Let IS (to) = +oo. Then from the last
inequality it follows that

“+o00

/ a(r)as (r)dr > I (to) = +oo. (2.26)

to

Let zn(t) be an arbitrary typ-normal solution of Eq. (2.1). By (2.9)
+oo
we have: [ |z(7) — an(7)|dT < +00.
to
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From here and from (2.26) we will get:

Tmm(f)m . Tam(mm e (P +/Ooa(7)x+(r) P

The assertion IV® is proved. Prove V°. Since on the strength of II°
t

I(t) = [a(r)z.(7)dr is a monotonically non increasing function on
to
[to; +00), from Lemma 2.3 it follows (after differentiation (2.10)):

(b)) exp{ / @(ﬁ)xo(f)di}'

to

| /oo% eXp{ / [;jfg) - a(@xo(s)]da}ds <

to

SMeXp{/t () } t>ty.  (2.27)

Io(f)df

to

where z((t)(> 0, t > ty) is a tp-normal solution of Eq. (2.1) (by virtue of

Lemma 2.1 from I° it follows the existence of zo(t)). Since ugy(t) = #(t)

is a to-normal solution of Eq. (2.24) and I7,_,(to) = +oo, by IV® we

have:
+o0 +o0

/ c()uo(7)dr = / ) 4r - oo (2.28)

.To(T)

to to
Since a(t) has unbounded support there exists infinitely large sequence
to < t1 < ... < ty, < ... such that a(t,,) >0, m = 1,2,... . Then from
(2.27) it follows

eXp{7a(€)xo(€)d€} /w% exp{ / [%%—a@)xo(o]ds}ds <

SeXp{f ;o(fg>d5}’

to
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m = 1,2,... . Due to Lemma 2.3 From here and from (2.28) it folloes
“+oo
that I.(t,) — —oo for m — +oo. Hence, [ a(r)x(r)dr = —oc. The

to
assertion V° is proved. Prove VI°. Show that Eq. (2.1) has a tg-normal
negative solution. In Eq. (2.1) make the change: © = J_(to; )X, t > t.
We will come to the equation

X' +at)J () X* +c(t)Jy(t) =0, t>to. (2.29)

Due to conditions of VI° chose ¢;(> ty) so large that

+o00 +o00

{ / a(T)J_b(T)dT} T / o(7)Jy(7)dr.

t1 t1

Then
—[IH(t0)] Tt < I (t) < 0. (2.30)
)

Let then X_(¢) be a solution to Eq. (2.29) with

1

X_(t) € (—[If,(t0)]”

By (2.18) the inequalities

IE(to)). (2.31)

X_(t)
SX () S X_(t) = L, (tet),  t=h, (232
T+ X () (b t) (1) < X () = IF ,(tit),  t>th, (2.32)

are fulfilled.

From here and from (2.30) and (2.31) it follows that X _(¢) is
defined on [t;;+00) negative t;-normal solution of Eq. (2.29). Then
x_(t) = X_(t)J_p(t1;t) is defined on [t;;+00) negative t;-normal
solution to Eq. (2.1). Show that z_(t) is continuable on [to; +00) as
a solution to Eq. (2.1). Suppose z_(t) can not be continued on [t(; +00)
as a solution of Eq. (2.1). Let then (¢9;+00) be the maximum existence
interval for x_(t), where ty > to. By Lemma 2.2 there exists t3 > to such
that x_(t3) > 0. On the strength of the first of the inequalities (2.18)
from here it follows that x_(¢) > 0, t > t3. The obtained contradiction
shows that z_(t) is continuable on [ty; +00). By virtue of the first of the
inequalities (2.18) the supposition that z_(¢4) > 0 for some t4 > t, also
leads to the contradiction.



The solutions of the system of two first order linear ODE 81

So, x_(t) < 0, t > to. Since x_(t) is t;-normal, by continuable
dependence of solutions of Eq. (2.1) from their initial values, the solu-
tion z_(t) also is tg-normal. According to I° the solution z((t) of Eq.
(2.1) with x¢(tp) = 0 starting with some t; = t;(z9) > ts becomes pos-
itive. Then by continuable dependence of solutions of Eq. (2.1) from
their initial values, all initial values x(g), for which the solutions x(t) of
Eq. (2.1) with x(ty) = x () eventually become positive, form an open set.
From here from Lemma 2.1 and from the fact that z_(¢) is negative it
follows that there exists a negative ¢p-normal solution X y(¢) of Eq. (2.1)
such that each solution z(t) of Eq. (2.1) with z(ty) > Xy (¢y) eventually
becomes positive.

By (2.4) from here it follows that for each solution z(t) of Eq.
(2.1) with x(tg) € (xy(to);0) there exists to = ta(x) > t; = ty(z) >
to such that z(t) < 0, t € [to;t1), z(t) = 0, t € [t1;ts], x(t) > 0,

400
t >ty By (2.8) [ a(7)[x.(7) — an(7))dT = —00.

to

Then :fooa(T)x*(T)dT < :rj?oa(T)[x*(T) — zn(T)]dr = —o0. Let

x4 (t) is a solution to Eq. (2.1) with z,({y) = 1. On the strength of
Lemma 2.1 from I° it follows that = (¢) is tp-normal. Then by (2.9) we
have:

+00 +o00
0< / a(T)zy(T)dr < / a(7)[z4 (1) — 2y (7)]dT < 400. (2.33)

Let zx(t) be an arbitrary tp-normal solution to Eq. (2.1). Then

+o0o +oo +oo
since [ a(m)an(r)dr = [ [zn(T) — 2o (T)]dT + [ a(r)zs(7)dr and by
to to to
+oo
virtue of (2.9) [ a(7)|zn(7) — 24(7)|dT < +o0, from (2.33) it follows
to

+oo

that the integral | a(7)xn(7)d7 converges. The assertion VI° is proved.
to

Prove VII°. Due to the second of inequalities (2.18) taking into account
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the inequality c¢(t) <0, t >ty we have:

t t
/ ;()((TT))dT > xo(lto) / o(7)Jy(1) {on(to)qb(tm) dr. >,
to to
(2.34)
where z((t) is a positive fp-normal solution of Eq. (2.1), existence of
which follows from Lemma 2.1 and from I°. By virtue of Fubini’s theorem
from the second relation of (2.19) it follows that I, _ (to; +00) < +oo0.
From here and from the second relation of (2.19) and from (2.34) it

follows that
—+o0

/ ) 4r > oo (3.35)

330(7')

to

From the first relations of (2.18) and (2.19) it follows that

400
/ a(7)xo(T)dT = 400. (2.36)

t

Let g(t) = exp{— i a(f)xo(f)dﬁ}. Obviously the inverse function g~ (¢)
to

of g(t) exists on supp a(t). Denote:

g (t), t e supp a(t);

91(t)
to, t¢ supp a(t), t>to.

Then taking into account (2.36) the equality (2.16) can be rewritten in
the form

g(t) 91O
t Of exp{ f acco((gé))alé}dC
t/a<7')115*(7')d7' = —Invy,(to)+In o(to)g(t) ]

From here and from (2.35) it follows that

+oo +oo

/ a(r)z.(7)dr > — nfz(to)vay (fo)] + / A8)

to to
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By virtue of Lemma 2.1 uo(t) = - is a to-normal solution of Eq. (2.24)
(since for x1(tg) > zo(to) the function u,(t) = #(t) is a to-regular solution

of Eq. (2.24), where z4(t) is a to-regular solution to Eq. (2.1)). Then by
(2.8) taking into account (2.35) we will have:

;/OOC(T)u*de - t:/ooc@)(u*m — up(7))dr + :/OO;)((TT)) dr = +oo.

The assertion VII° is proved. The theorem is proved.

On the basis of Theorem 2.3 it can be make phase portrait of solu-
tions of Eq. (2.1) in the case a(t) > 0, c(t) <0, t > to, for the following
two possible restrictions:

a) I, (tg) = +oo or I7_,(ty) = —oo (see pict. 1) ;

b) I, (to) < 400 and I, _,(tg) < +o0 (see pict. 2).

In pict 1. we see only one negative global solution of Eq (2.1), meanwhile
in pict. 2 we see whole slice of negative global solutions of Eq. (2.1).

@)

tOw:

T N ———

™~ “\é (1)

pict.1. I:b(to):"‘oo or Ijg,fb(tO):'*‘oo

pict.2. [Ib(t0)<+oo and chﬁb(to)<+oo
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Theorem 2.4. Let a(t) >0, c(t) >0, t > ty, and let Eq. (2.1) has a
to-reqular solution. Then the following assertions are valid.
I If I (to) = +o0o, then each to-regular solution of Eq. (2.1) is positive

+oo
and for its each to-normal solution xn(t) the equality [ a(T)xy(T)dr =
to

400
+o00 is fulfilled. Moreover if in addition [ c(7)I]

a,—b
to

(to;7)dT = 00,

+o0o
then also [ a(T)z.(7)dT = 400, where x.(t) is the unique to-extremal

to
solution of Eq. (2.1).
IF If IF (to) = +oo, then for each ty -regular solution x(t) of Eq.
(2.1) with x(ty) > 0 there exist to = to(x) > t; = ti(x) > to such
that z(t) > 0, t € [toits), z(t) = 0, t € [ty:ts], z(t) < 0, t > t,
and if x(ty) = 0(< 0), there exists t; = t1(x) > to such that x(t) = 0,
t

t € [to;ta], x=(t) < 0, t > t; (then z(t) < 0, t > ty), and
+oo +oo

[ a(r)z.(T)dT = —oco. Moreover if in addition [ a(7)I, (to;7)dT =
to to

+o00, then for each ty-normal solution xy(t) of Eq. (2.1) the equality
“+o0o

[ a(m)an(r)dr = —oc0 is fulfilled.

to
1T If I, (to) < +o0 and I7_,(to) < +oo, then there exist t; > to such
that x.(t) < 0, t > t1; the solutions x(t) of FEq. (2.1) with
x(t1) € (x.(t1);0) are to-reqular and x(t) < 0, t > ty; there ezists a
t1-normal positive on [ty;+00) solution 3 (t) of Eq. (2.1) such that
fir each solution x(t) of Eq. (2.1) with z(t;) € (0;x%5(t1)) there ex-
ist ty = t3(x) > to = ta(x) > t; such that z(t) > 0, t € [t1;t2),
z(t) =0, t € [tao;ts], x(t),0, t <ts, andif x(t1) =0 (x(t1) <0), there
exists to = to(x) > t1 such that x(t) =0, t € [t1;ta], x(t) <0, t > 1o
(then z(t) < 0, t > t1); for each to-normal solution xn(t) of Eq. (2.1)

+00 400
the integral [ a(t)xn(T)dr converges and [ a(T)z.(7)dT = —00.
to to

Proof. Let us prove I*. Let z.(t) be the to-extremal solution of Eq. (2.1).
Show that z,(t) > 0, t > to. Suppose for some t; > t, the inequality
z.(t1) < 0 is satisfied. Let then z(t) be a solution to Eq. (2.1) with
x(t1) € (x4(t1);0). By virtue of Lemma 2.1 x(t) is t;-normal. Since
x(t1) <0 and ¢(t) >0, t > ty, by (2.4) we have z(t) <0, t > t.
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From here it follows that
ve(ty) > I, (t). (2.37)
Let I;fb(to) = +o00. Then from the easily verifiable equality
I4(to) = I, (t0st) + h(t) [, (1) (2.38)

and from (2.37) it follows that v,(¢t;) = 4+o0o. But on the other hand
since x(t) is t;-normal by virtue of Theorem 2.2 we have v,(t1), +oc.
The obtained contradiction shows that x.(t) > 0, ¢ > t,. Show that the
equality x,.(t) = 0 impossible for all ¢ > ¢;,. Suppose for some t5 > ¢,
the equality x,.(t) = 0 is satisfied. Then by (2.4) from the inequality
c(t) >0, t >ty it follows that z.(t) < 0, t > to. Hence, x.(t) = 0 on
[t2; +00), which is impossible (since on [t9; +00) we have ¢(t) #Z 0). On
the strength of Lemma 2.1 from here it follows that each ¢y-regular solu-

tion of Eq. (2.1) is positive. Let xy(t) be a to-normal solution of Eq. (2.1).
+00
Then since z,(t) > 0, ¢ > to, by (2.8) we have: [ a(r)an(r)dr =

to

_ :fma(f)[m(f)—x*(f)]d7+:[wa(f)x*(f)d7 > ?wa<7)[xN(T)—x*(T)]dT _
+o<?. Let ’ ’

+00

/ (1) p(to; 7)dT = 400. (2.39)

to

+00
Suppose [ a(7)z.(T)dT < 400. Show that then
to

—+00

z.(t) = / Jp(t; T)e(T)pu(t; T)dT, > to, (2.40)

t
where ¢, (t;7) = exp{ [ a(s)z.(s)ds}, 7>t >t,. By (2.4) we have:
t

t

z.(t) = J_p, (t1;1) {:p*(tl) - / Jy(t1; T)e(T) g (t; T)dT |, t >t > ty,

t1

(2.41)
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where h.(t) = a(t)z.(t) +b(t), t > ty. From here and from the positivity
of z,(t) it follows that

+oo
T4(t) > /jb(tl; T)e(T)bs(t1; T)dT,  t1 > to.
t
Show that the strict inequality
+oo
T (t) > / Jp(t1; 7)e(T)pu(tr; T)dT (2.42)
t1

impossible for all #; > ¢;,. Multiplying both sides of (2.41) on a(t)¢.(t1;1)
and integrationg from ¢; to +o00 we will get:

+o0 t

t1

Suppose for some t; > tg the inequality (2.42) is satisfied. Then by

(2.38) from the equality I,(tg) = +o0 and from (2.43) it follows that
+o0o
[ a(r)x.(T)dr = +o0o. The obtained contradiction proves (2.40).

t1
Multiplying both sides of (2.40) on a(t)¢.(to;t) and integrating from ¢,
to 400 we will get:

+o00

exp{ / a(T)x*(T)dT} _
— 1+ 70@(7)@5* (to; T)dr +/00Jb(t; )e()gu(t;7)dr >

—+00 +o0

>14 / a(t)dt / Tyt 7)e(r)dr.

to t
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By virtue of Fubini’s theorem from here and from (2.39) it follows that
+oo

[ a(m)z.(T)dT = +00. We came to the contradiction. The assertion I*
to

is proved. Let us prove II*. Let z(t) be a ty-regular solution of Eq. (2.1).
If z(ty) < 0, then by (2.4) from inequality c(t) > 0, ¢ > t, it follows that

z(t) <0, t>tg. Let z(tp) > 0. Show that in this case impossible that
z(t) >0, t>to. (2.44)

Suppose that this relation takes place.  Then since a(t) > 0,
c(t) >0, t>ty, we have

/tJb(T)c(T) exp{]a(s)x(s)ds}dT > 17, (toyt),  t>to.

to to

By (2.4) from here and from equality I_,(t;) = +oo it follows that
x(t1) < 0 for some t; > t5. We came to the contradiction. Hence by
(2.4) if z(ty) > 0, then there exists to = to(z) > t; = t1(x) > o such
that () > 0, t € [to;t1), x(t) =0, t € [t1;ta], x(t) <0, t> ty, and if
x(to) = 0, then there exists t; = t;(x) > to such that z(¢t) = 0, t € [to; t1],
and x(t) <0, t>t;. Let 2¢(t) be a ty-normal solution of Eq. (2.1) with

zo(to) > 0, and let t; = t1(x) > to such that zo(t1) = 0, zo(t) < 0,
+oo
t > t;. Then since by (2.8) [ a(7)[z.(7) — zo(7)]dT = —00, we have

t1

= /tla(T):v*(T)dT + 70061(7')[1:* (1) — xo(7)]dT + +/Ooa(7')x0(7')d7- <
< /ta<7'>l‘*(7')d7' + 70@(7')[3:*(7) — zo(7)]dT = —00.

Using Theorem 2.1 by analogy of the second of inequalities (2.18) can be
obtained the estimation

Jfo(t) S Ig(tl)J_b(tl;t) - ]l;c(tht) = _]b_,c(t17t>7 t 2 tl.
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Then
yooa(T)xo(T)dr < 7Q(T)x0(7-)d7- - ]OOG(T)];b(tl;T)dT. (2.45)

Since I, (to;t) = I, (to; t1)Jp(t1;t) + I, (t1;t), we have

—+00

/“a@jgﬁﬁmTﬁh':

to

11 —+o00
:/]I;C(tl;T)dT+Il;c(t0;t1)I;b(t1;—|—OO)+/a(T)]l;c(tl;T)dT. (2.46)
to t1

Since zq(t) < 0, t > t1, by virtue of I* we will get

I;fb(tl) < +00. (247)

+oo
Let [ a(r)l, (to; T)dT = +00. Then from (2.45) - (2.47) it follows that

to

“+o00

/qﬂ%mmz—m. (2.48)

to

Let zn(t) be an arbitrary fo-normal solution of Eq. (2.1). Then since

by (2.9) Jrfooa(T)|xN(7') — 2o(7)|dT < 400, taking into account (2.48) we
to

will have: +fooa(T)ng(T)dT = +fOOa(T)[mN(T)—xO(T)}dT—FJrfooa(T)xO(T)dT =

—o0. The ;)ssertion IT* is proégd. Let us prove IIT*. Shotgv that

for some t; > tg. Suppose that it is not true. Then z,(t) > 0, t > tg
and therefore v, (tg) < I, (to) < +oc. But on the other hand by (2.7)
we have v, (tg) = +o0o0. The obtained contradiction proves (2.49). By
(2.4) from (2.49) and from non negativity of ¢(t) it follows that

z.(t) <0, t> 1. (2.50)
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Hence v,(t) = t > t; is a ty-regular solution of the equation

T« (t)?
v et —b(t)v +a(t) =0, t>to. (2.51)

Let I7_,(to) < +oc. By (2.38) from here it follows that 17, (1) < +oo.
Then by already proven v,(t) < 0, t > ty for some ty > t1, vhere v,(t)
is the tj-extremal solution of Eq. (2.51). From here it follows that
x1(t) = —U*l(t) is an positive solution of Eq. (2.1) defined on [ta; +00).
Since according to (2.50) x.(t2) < 0, by virtue of Lemma 2.1 x(¢) is
to-normal. By virtue of continuously dependence of solutions of Eq.
(2.1) from their initial values from here from (2.4) and (2.50) it fol-
lows that there exists ¢;-normal positive solution z}(¢) of Eq. (2.1) on
[ta; +00) having the property: for each solution x(t) of Eq. (2.1) with
z(ty) € (0;2%(t2)) there exists t; = ty(x) > t3 = t3(x) > ty such
that z(t) > 0, t € [tyits), x(t) = 0, t € [ts;ta], 2(t) < 0, t > ty;
if z(ty) = 0, then there exists t3 = t3(x) > to such that z(t) = 0,
t € [t27t3] ( ) <0, t>tg;if l’(tg) S (JI*(tg),O), then I(t) <0, t>ts.
Let x_(t) be a solution of Eq. (2.1) with z_(t3) € (z.(¢2);0). Then by
virtue of Lemma 2.1 z_(t) is t;-normal and, as it was already proved,
x_(t) <0, t>ty. Therefore taking into account (2.9) we will have:

+o00 to +o00
0< /CL(T).CE—;\_;(T)dT < /a(T):Ej(,(T)dT—l—/ a(7) [z} (T)—2_(7)]dT < +00.

(2.52)

Let zn(t) be an arbitrary tp-normal solution of Eq. (2.1). Then
+oo t2

[ a@en(r)dr = [a(r)en(r)dr + f Dlen(r) — ay(7))dr +
to to t2
+oo

+ f 7)dr. Since by (2.9) [ a(7)|zn(7) — 2k (7)]dT < 400, from
the last equality and from (2.52) it follows convergence of the inte-

+oo
gral f a(r)zy(T)dr. Since z((t) > 0, t > to; [ a(r)z(r)dr =

0 ¢

to ’ ~+o00 40 ’
[a(m)z(r)dr+ [ a(7)[x () =2 (T)|dr+ [ a(r)z},(7)dr. and by (2.8)
to to to
+oo
[ a(7)[z.(7) — 2§ (7)]dT = —o0, taking into account (2.52) we will have:
to
+o0

[ a(r)z.(7)dT = —00. The theorem is proved.
to
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Remark 2.2. Ezistence criteria of ty-reqular solutions of Eq. (2.1) are
proved in [5] and [12].

Remark 2.3. Ifa(t) > 0, t > t), then existence of ti-reqular solutions
of Eq. (2.1) is equivalent to the non oscillation of the equation

Y o
(@> OO — () =0, >t

Non oscillatory criteria for the last equation is proved in [15].
Corollary 2.2. Let a(t) > 0, c(t) >0, t > ty, I, (to)) = L. s(to) =
+oo. Then Eq. (2.1) has no ti-regular solutions for all t; > tg.

Proof. Suppose that for some ¢; > t) Eq. (2.1) has ¢;-regular solution
(t). Then by virtue of Theorem 2.4 from the equality I, (t1) = I, (to)
(see (2.38)) it follows that z(t) > 0, t > t;. Therefore v(t) = —ﬁ,
t > t1, is a negative t;-regular solution of Eq. (2.51). But on the other
hand by virtue of Theorem 2.4 T* from the equality I;_,(t1) = I, (to) =
+oo it follows that v(t) > 0, t > t;. We came to the contradiction. The
corollary is proved.

On the basis of Theorem 2.1 and corollary 2.2 we can make the
phase portrait of solutions of Eq. (2.1) if a(t) > 0, c(t) >0, t > t, for
the following four cases:

a) Izb(to) = +o00; and Eq. (2.1) has a t;-regular solution for some ¢; > t
(see pict. 3);

z(t)

D R B

pict.3. I;,b(to):Jroo
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(t)

e =
)

pict.5. T (tg)<+oo and [T (tg)<+oo

pict.6. % (to)=I]_,(to)=+o0
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B) I} ,(to) = +o0; and Eq. (2.1) has a t;-regular solution for some
t1 > to (see pict. 4);
v) I15,(to) < +oo, I ,(tg) < 400; and Eq. (2.1) has a t;-regular solu-
tion for some t; > t( (see pict. 5);
) I (to) = I _,(to) = +oo (see pict. 6).

Let a(t) > 0, t > to, and let xo(t) is a solution of Eq. (2.1) with
zo(to) = 0. Then by virtue of Theorem 2.3. I° x((t) is te-normal and

non negative. Obviously

wo(t) + /t alr) <x0(7')—|— 2(;<z_7?>>2d7': /t v(r) ;f(i()ﬂcmdr, t> to.

to to

Then since xo(t) > 0, t > ty, we have

/t a(7) (zo(r)+%)2m < j v() ;j(i()T)C(T)dT, t >t (2.53)

to to

According to Cauchy - Schwarz inequality we have:
t

[ et (on+ 20 Var < | [atorar | [ atr(ontr + 2

to to to

From here and from (2.53) we get:

t t t t

/ a(r)ro(r)dr < — / b{r)dr+5 / o(r)dr [ / P) ;?f)(”c(”}dﬂ

to to to to
(2.54)
t > to. Let z,(t) be a tg-extremal solution to Eq. (2.1). Then (see [11])

(b)) = Eg CalBzolt) — b(E),  t>to.

From here and from (2.54) we carry out:
¢ t

/ a(7)a(F)dr > —% / b(r)dr—

_% /a(T)dT{/bQ(T)—4&(T>C(T)]d7_l_lnyﬂc0_(t) E> 1y (2.55)

a(T) Vay (fo)

to to
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Remark 2.2 The estimates (2.54) and (2.55) are sharp in the sense that
fora(t) = const, b(t) = const, c(t) = const the estimate (2.54) becomes
an equality up to constant summand and the inequality (2.55) becomes
an equality.

Let I, (to) < +oo, If,_,(ty) < +oc0. Then due to Theorem 2.3.
VI° Eq. (2.1) has a negative typ-normal solution. Therefore,

+oo T

Vo (1) :/a(T) exp{—/[2a(s)(930(5)—:13]_\,(5))+2a(§)x]_v(§)+b(§)]di}dTZ

t t
+o0

zexp{— / za(s)(xo(g)—xN(g))dg}I;b(t,+oo>, t> to.

From here and from (2.55) we get:

t t

/ o(7)za(7)dr > —% / b(r)dr—
—% /ta(T)dT{/t B(r) _a?f;ﬂcm dr+InI5, () +e,  t> 1
’ ’ (2.56)
where

c=— / a(r) (z0(r) — 2 (7)) dr — In gy (f0). (2.57)
to
Let a(t) > 0, c(t) >0, t >ty, I;,(to) = +o0, and let Eq. (2.1)
has a ty-regular solution. Obviously

21(t) + j a(7) (x1<7)+ ;j(:)))zdrle(to)%— /t al ;;L(“T()T)C(T)df,

to to

t > to. Then since by Theorem 2.4. I* x1(t) > 0, ¢ > ty, we have

/t a(r) (x1(7)+ ;‘E(T:)>2dr < 21(to) + ] alGa) ;a‘ti()”c(”dﬂ > to.

to to
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From here using Cauchy - Schwarz inequality by analogy of (2.54) we
get:

t t

/ a(r)zo(7)dr < —% / b(r)dr+

to to

t t

41 / a(r)dr [4x1(t0)+ / ) Zdamem)) sy,

2

to to

3. The behavior of solutions of the system (1.1)

Definition 3.1. The function u(t) is called oscillatory if it has arbitrary
large zeroes, otherwise u(t) is called non oscillatory.

Definition 3.2. The system (1.1) is called oscillatory (non oscillatory),
if for its each non trivial solution (¢(t),1(t)) the functions ¢(t) and ¥(t)
are oscillatory (non oscillatory).

Remark 3.1. Some oscillatory and non oscillatory criteria are proved
in [6] (see also [5]).

Definition 3.3. The system (1.1) is called weak oscillatory (weak non
oscillatory), if for its each non trivial solution (¢(t),1(t)) at least one
of the functions ¢(t) and ¥ (t) is oscillatory (non oscillatory) and there
exist two solutions (¢;(t),v;(t)),j = 1,2, such that ¢1(t) and 1(t) are
oscillatory (non oscillatory), and at least one of the functions ¢o(t) and
Wo(t) is mon oscillatory (oscillatory).

Definition 3.4. The system (1.1) is called half oscillatory if for its
each non trivial solution (¢(t),1(t)) one of the functions ¢(t), ¥(t) is
oscillatory and other is non oscillatory.

Definition 3.5. The system (1.1) is called singular, if it has two non
trivial solutions (¢;(t),v;(t)), 7 = 1,2, such that ¢1(t) and 1(t) are
oscillatory, and ¢o(t) and 15(t) are non oscillatory.

Remark 3.2. [t is evident that each system (1.1) is or else oscillatory or
else non oscillatory or else weak oscillatory or else weak non oscillatory
or else half oscillatory or else singular.
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Example 3.1. Consider the system

¢' = cos(At)y
(3.8)
Y = —cos(At)p, t >ty

where A = const > 0 is a parameter. The general solution (¢(t),1(t)) to
this system is given by formulas:

1 1
o(t) = Sin(X sin A\t + CQ) . WU(t) = ¢pcos (X sin A\t + cz) ,

where ¢; and ¢, are arbitrary constants. It is not difficult to verify that
if:

1) 0 < XA < 2, then the system (3.8) is oscillatory;

2) 2 < X < 2, then the system (3.8) is weak oscillatory;

3) A > 2, then the system (3.8) is weak non oscillatory.

Example 3.2. Consider the system

¢ = ¥;
(3.9)
Y = (— cos’t — Sint)gb, t > to.

The general solution (¢(t), 1 (t)) of this system is given by formulas:

o(t) = esint ((31 + 02/6251“7d7'>, P(t) =

to

t
___sint —2sinT —2sint
=e¢ |:ClCOSt+CQ{COSt/€ dr +e H,

to

where ¢; and ¢y are arbitrary constants. Obviously ¢(¢) is non oscillatory
and 1 (t) is oscillatory. Hence the system (3.9) is half oscillatory.
Example 3.3. Consider the system

¢ = 3cost ¢ — 2cost Y,
(3.10)
¢’ =4cost ¢ —3cost, t>ty.
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It has the solutions
(esmt7 esmt) ’ (esmt - efsmt’ esmt o Zefsmt) 7 t Z t0~

Obviously the components of the firs solution are non oscillatory; the
firs component of the second solution vanishes in the points 7k > tg,
k = 0,+1,£2,..., and the nulls of the second component of the
second solution are all solutions of the equation sin¢ = In /2 on [to; +00).
Therefore the system (3.10) is singular.

Definition 3.6 The system (1.1) is called stable by Lyapunov (asymp-
totically), if its all solutions are bounded on [ty; +00) (vanish on +00).
Theorem 3.1. Let for each solution (¢(t),1(t)) of the system (1.1) the
Junction J_g/5(t)p(t) is bounded. Then there exists a solution (¢o(t),1o(t))

of the system (1.1) such that J_g/2(t)o(t) # 0 for t — +o00. Moreover
+o0o

if in addition ay5(t) does not change sign and [ |a12(7)|dT = 400, then
to

the system (1.1) is oscillatory and for each nontrivial solution (¢(t), 1 (t))
of the system (1.1) J_g/2(t)¥(t) # 0 for t — +o0.
Proof. By (3.3) from the conditions of the theorem it follows that

w(t) >e,  t>to, (3.11)

for some ¢ > 0. Suppose for each solution (¢(t),?(t)) of the system

(1.1) J_gpa(t)v(t) — 0 for t — 4oo. Then according to (3.4) we

have yo(t) — 0 for t — 400, which contradicts (3.11). The obtained

contradiction shows the existence of a solution (¢g(t),1(t)) of the

system (2.1) with J_g/s(t)yo(t) # 0 for t — +oo. If in addition a;s(t)
+oo

does not change sign and [ |aia(7)|dT = +oo, then from (3.11) it
to
+o0o

follows that | [ a12(7)yo(7)dr| = +oc0. From here and from (3.6) it
to

follows oscillation of the system (1.1). From the last equality from (3.6)
and (3.11) it follows that for each solution (¢(t),(t)) for the system
(1.1) the relation J_g/o(t)1(t) # 0 for t — +oo is fulfilled. The theorem
is proved.

Theorem 3.2. Let for each solution (¢(t),1(t)) of the system (1.1)
the relation J_gs5(t)p(t) — 0 for t — oo be satisfied. Then there
exists a solution (¢o(t),vo(t)) of the system (1.1) such that J_g/(t)o(t)
is unbounded. Moreover if in addition ai5(t) does not change sign and
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+o0
[ lawz(7)|dr = +o0, then the system (1.1) is oscillatory, and for each
to

nontrivial solution (¢(t),1(t)) of the system (1.1) the function J_g/(t)(t)
is unbounded.
Proof. By (3.3) from the condition of the theorem it follows that

Yo(t) = +oo for t — +o0. (3.12)

Suppose for each solution (4(t),(t)) of the system (1.1) the function
J_g2(t)1(t) is bounded. Then from (3.4) it follows that yo(t) is bounded,
which contradicts (3.12). Hence for at last one solution (¢o(t), 1o(t)) of

the system (1.1) the function J_g/5(t)1o(t) is unbounded. Let aq5(t) does
+oo

not change sign and let [ |a12(7)|dT = +00. Then from (3.6) and (3.12)
to

it follows that the system (1.1) is oscillatory and by virtue of the second
of equalities (3.6) from (3.12) it follows that for each nontrivial solution
((t),¥(t)) of the system (1.1) the function J_g/s(t)(t) is unbounded.
The theorem is proved.

Theorem 3.3 (about rings). Suppose  for each solution
O(t) = (P(t),(t)) of the system (1.1) there exists R > 0 such that
|@(t)]| < RoJga(t), t > to. Then for each nontrivial solution ®(t) of
the system (1.1) there exists ro such that

R(t)]] > rodssp(t), t>to. (3.13)

Proof. By (3.3) - (3.5) from the conditions of the theorem it follows that

1 <M o(t)
Yo(t) Yo(?)
for some M = const > 0. Suppose for some solution ®y(t) = (¢o(t), 1o (t))

of the system (1.1) the relation (3.13) does not fulfill. Then there exists
infinitely large sequence {t,}° such that

8

Yo(t) < M, <M, t>t. (3.14)

J_ssa(tn)o(tn) = 0, J_ga(tn)iho(tn) = 0 for n — +oo.  (3.15)

By (3.6) we have:

T_spa(tn)oltn) = — sin(7,):
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J_sata)o(t) = poy |1+ % Yot €08(n — at0(t)).

tn
where v, = [yo(T)dT + 19, n=1,2,...; vy and po are some constants.
to

From here from (3.14) and (3.15) it follows:
sin(y,) = 0, for n — +o0; (3.16)

cos(vn — ap(ty)) — 0, for n — +o0; (3.17)

From (3.14) and from (3.7) it follows that there exists § > 0 such that
|cos(ap(ty))| > d,n =1,2,..... From here and from (3.16) it follows
that | cos(7, —ag(t,))| = 1£+/1 — sin?~, cos(ag(t,))+sin v, sin ag(t,,) >
> §/2 for all enough large values of n, which contradicts (3.17). The
obtained contradiction proves (3.13). The theorem is proved.
Remark 3.3. The geometrical meaning of Theorem 3.4 is that if for
all solutions ®(t) = (¢(t),1(t)) of the system (1.1) the vector functions
J_g/2(t)®(t) are bounded then each of the last ones lies in some ring of
radiuses 0 < rp < Rg.

By correlation (1.3) between Eq. (1.2), Eq. (1.5) and the system
(1.4) From Theorems 3.1 — 3.4 we deduce the following three principles
for Eq. (1.5):

A) If all solutions of eq. (1.5) are bounded then it is oscillatory and for
its each nontrivial solution ¢(t) the relation ¢'(t) /4 0 for t — 400
15 fulfilled.

B) If all solutions of Eq. (1.5) vanish on +o0o, then the derivative of
its each nontrivial solution is unbounded.

C) If Eq. (1.5) is stable by Lyapunov then for its each nontrivial
solution ¢(t) there exist positive numbers ry < Ry such that

re <V QHE) + (1) < Ry, t > to.
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i

v

Pict.7. An illustration to the principle B)

Yol

Pict.8. An illustration to the principle C)

Let us compare these principles wit the following assertion proved
in [1] (see [1], p. 222, Corollary 6.2.4).
Proposition 3.1. Let |r(t)] < M, t > to. Then if all solutions of
Eq. (1.5) vanish on 400, then Eq. (1.5) is asymptotically stable.
Obviously from any of principles A) - C) it follows that the
equations (1.5) satisfying the conditions of Proposition 3.1, form an
empty set.
Example 3.4. Consider the Mathieu equation (see [14])

"+ (6 +ecost)p=0, t>ty, de€R.

From the principle A) it follows that this equation for all pairs (4, ¢)
of zone of stability is oscillatory, and from the principle C) it follows
that (for this restriction) for its each nontrivial solution ¢(¢) there exist
Ry > rg > 0 such that rg < ¢*(t) + ¢'(t)* < Ry, t >ty (see Pict. 8),
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which agrees quite well with the Floquet’s theory. Note that some part

of mentioned above zone of stability relates to the extremal case of
+o00

Eq. (1.5), when [ r(t)dt = —oc0.
to
Example 3.5. Consider the Airy’s equation
o Htd=0, t>t.

By virtue of L. A. Gusarov’s theorem (see [15], Theorem 1) all solutions
of this equation vanish on 4+o00. From the principles A) and B) it follows
that this equation is oscillatory and for its each nontrivial solution ¢(t)
the function ¢/(¢) is unbounded (see Pict. 7).
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